MANTFOLDS WITHOUT MIDLDLE DIMENSIONAL HANDLES

Jean-Claude HAUSMANN

Let M¥* be a closed CAT-manifold of dimension n{CAT = PL or
n

DIFF). Consider M as & handlebody : ¥ = U {i-handles). The mid-
i=0

dle dimensional handles are those of index k if n = 2k and those

of index k and k + 1 4f n = 2k + 1 .

A large amount of work on menifolds {related for instance
to surgery) consists of the study of the middle dimensional
structure of a manifold, i.,e, the way in which middle dimensio-
nal handles fit together, This gives rise to invariants like

intersectlon or linking palrings, signature , ete,

In this paper, we take a somewhat complementary approach,
in which we study manifolds admitting a handle decomposition with-
eut middle dimensional handles, Such manifolds are called

(WMDH)-manirolds {the initials WMDH stand for "without middle

dimensional handles"),

We first introduce some fundamental constiructions produs
cing (WMDH).manifolds. Call a compact manifold VP! a stable
thickening if it admits a nandle decomposition with handles of
index <k - 1 (n =12k or 2k + 1). Let 8 : a(V x I)— a(V x I)
be a CAT-homeomorphism, The stable twisted double STD(V x I,B) =
(v x bc_w {(VXx1I)1is a (WMDH)-manifold. If B | V X O U 8V x T = 14,

the manifold STD(V x I,8) is an open hook (in the sense of Wine
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kelkemper [Wi]) with page V and monedromy a = p|V x I. Sueh
a (WMDH}-manifold is called a stable open book and we wrilte
it SOB(V,a) . Finally, if @ = id, the manifold SOB(V,id) is
just the boundary of the "super stable thickening" V x D?.

Qur first results concern the classlfication up to homeo-
morphlism and up to h-cobordism of the stable open books and of
the boundaries of super stable thickenings {these two classes are
closed under h-cobordism), The results are analogous to the
Tietze theorem for group presentations, l.e. they tell us that
S0B(V,a} is homeomorphic (or h-cobordant) to SOB(V',a') if
and only if (V',a') can be obtained from (V,2) by some transfor-
mations. The author was not able to find such a classification
for the class of stable twisted doubles., One may observe that

the latter 1s not closed under h-cobordism {see Theorem (12.7)).

Having classified the stable open books and the boundary
of super stable thickenings, we next define invarlantz for a
(WMDH }-manifold M which tell us wether or not M belongs to the-
se slmpler classes. For instance, the torsion invariant
t(M) ¢ H -Hﬁwmm Wh(M)) which vanlshes 1f and only if M 1s a
stable open book {Wh(M) is the Whitehead group of M). Using
this invarlant, we construct (WMDH}-manifolds homotopy equi-
valent to SOB{V,id} which are not stable open books. We also
show the existence of a (WMDH)-manifold which is not h-coborw

dant to a stable twisted double,

Cther invariants for a {WMDH)-manifold M are the virtual
monodromy and the virtual detached page wVNZV. which carry in-

formation on the tangential homotopy type of M. The virtual de-

tached page is a homeomorphism class of interiors of stable
thickenings (its name comes frem the fact that Z(S0B(V,a) =

= [intV]).

In Part IV, we study the set (V) of h-cobordism
classes of (WMDH)-manifold with virtual detached page equal
to the open manifold ¢ . If ¥V is a stable thickening with
int¥ =2 ¥, the mm&x&ﬂbeﬁdv is shown to be the quotient of an
abelian group wobﬂﬁ<u which is trivial if and only if any
{WMDH)-manifold with virtual detached page T is the boundary
of a super stable thickening. We then construct a space

F (V) such that m ( FouplV)) = ToynlV x pl). The space
mmobeﬁ<v is involved in a pull-back diagram of fibrations,
which permits us to put the group Tp,p(V) in relation with
some classical gadgets of surgery, homotopy and Whitehead
theory. As an application, we prove that ﬁobeﬁ<v is finitely
generated when apﬂ<v ig finite. A last ssction is devoted to

some computaticns of ﬁobeﬁ<u is particular cases,

Some ideas of Part IV were already present in the author's
thesis [Ha 1], The theory of (WMDH)-manifolds has had applica-
tion in knot theory [Ha 2 and 3]. In a subseguent paper, the
author will give a soluticn of the problem of characterizing
{WMDH }-manifolds in terms of homotopy invariants {to be a (WMDH)-
manifold is a condition on the homotopy type of the manifold;

see Proposition {2.3)).
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I. GENERALITIES

1, Notations and definitions :

The abreviation "CAT" stands for PL or DIFF C° . The words
"manifold" and "homeomorphism” mean always "CAT-manifold” and
"CAT-homeomorphism". The proofs given here usually work for
CAT = PL , We leave to the reader the standard arguments to make
them valid in the smooth category. The classifying space BCAT
is understood as usual as to be BC for CAT = DIFF and BPL other-

wise.

If V is a manifold, &V denotes 1ts boundary. If a manifcld
M bounds two manifold A and B, we denote by A Cwm the manifold
constructed by gluing A to B along their commen boundary M,

with the lidentity as gluing map.

2. Stable pre-open book decompositions :

A pre-open bock decompesition of a closed manifold M™ is

a homeemorphism g : V X I U,W—3M where V is 2 compact mani-
fold with non-empty boundary and (M,V x 0,V x 1) is an h-cobor-
dism, If V is a stable thickening (i.e. V has a handie decompo-
sition with handles of index € kx - 1 (n = 2k or 2k + 1)) we talk

about a2 stable pre-open book decomposition .

(2.1) Proposition : If n *> 6, a (WMDE)-manifold M” admits a

stable pre-open book decomposition.

Proof : Let Z € M be the union of the handles of index € k - 1

of & (WMDH}-handle decomposition of M, Thus one has an embedding
of & {k - 1}-dimensional complex K into Z which is a2 simple homo-
topy equivalence. By general position, this embedding is isotopic
to an embedding K C 82. Let V be a regular neighborheod of X

in 8Z. We check essily that (Z,V,Z-1ntV) is an s-ccbordism. As

n 2 6, the s-cobordism theorem implles that the pair (Z,V)

is homeomerphic to (V x I,V x 0) ,

The manifoléd W = M - intZ has also a handle decomposition
witn handles of index € k - 1 {the dual handle decomposition to
the handle decomposition of the pair (M,Z)) Consider the follo-

wing commutative diagram of inclusions :
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HSmUoanowﬁﬁwmam ﬂuﬁuwv mzn duﬁwmv mwmwmosouﬁﬁwmgmwou
J€n-%kX 2>k . Thus i is a k-connected map between (k-1)-
dimensional complexes, hence a homotopy equivalence. The
same argument holds as well for the inclusion 8Z - intV < W.

Therefore (W,V x 0,V x 1) is an n-cobordism,

Remerk : In order to avoid complicate notaticns, the homeo-

morphism g : V X I cm W—M will often be ommited in the de-
finition of a pre-open book decomposition and we shall write
M=V x1I Cm W . We can do that easily, even when several pre-
open book decompositicons of the same manifeold are considered,

as in the feollowlng proposition :

(2.2) Proposition : Let M = (V x ch W= ({V'x chm W' be two
stable pre-open book decompositions of MP, n 2 5, Then, there

exists an ambient isotopy mﬁ : M—— M with :o = id, such that :
1) m»? x 0) Cint(V' x 0)
2) Hy{x,t) = (Hy(x,0},t) for (x,t) ¢ Vx I,

3) V! X0 . stnmpﬁﬁ x 0)) is an h-cobordism from
8V' X O to Hy(8V x 0) .

Proof : Consider V X O as a regular neighborhoecd in a(V x I) of

a (k-1)-dimensional complex K(dimM = 2k or 2k + 1). By general
position in M, the inclusion K< M is isotopic to an inclusieon
of K int{V' x I). By general positiocn again in V' X I and in
(V' x I), the inelusion K< V' x I ig isotopic to an ineclu-
sion K< int(V' x 0), Let U X O be a regular neighborhood of K
in int(V' x 0). By extension of isotopies and unicity of regu-

lar nelghborhecod there exists an ambiant isotopy Od of M with

Gy = id such that QHA< vauCXHﬂHmd<_XH.w%ﬁSmmmaw
kind of argument, one can assume that mpﬁ< X Q) = U x 0, Now,
Dp_d % I and the embedding (x,t)— AOHﬁxuovﬁu are two homeo-
morphisms from V X I onto U < I which coincide on V ® 0O, There-
fore, there are connected by an isotopy relative to V x O,
which can be covered by an ambient dﬁﬁmd = id). The ambient

isotopy H, = Gy ° G, satisfies Properties 1) and 2) by cons-

truction,

As in the proof of (2.1), one shows by general position

that the inclusion mwﬁ< A 0}es V' X 0 is 3 homotopy equivalence.

By excision, one deduces that H (87 x 0)ja W = V' x O int (H, (vx0)}

is also a homotopy equivalence. One checks by general position
and Van-Ksmpen Theorem that the inclusion &8V’ X 0 <= W induces
an isomorphism on the fundamental groups. {Cne uses here the

fact that n > 5). Thus, by Poincars$ duality, the map aV' x 0 < W
is also a homotopy eguivalence and Aaumwﬁm< x 0}, aV' x 0) is

an h-cobordism.

The existence of a pre-open book decomposition for a (WMDH)a

manifold can be used to prove the following result @

(2.3) Proposition : A manifold of dimension n 2 & which is
homctopy equivalent to a (WMDH)-manifeld is itself a {WMDH)-mani-
fold.

Proof : Let £ : M—— M' be a homotopy equivalence, where M' is

a (WMDH)-manifold. Let M' = V' x I U W' be a stable pre-open

book decomposition for M', By [Ca, Theorem 1, {ii)], there is
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a decomposition M = EH Cmam such that f is homotepic to a homo-

topy equivalence of Y-ads T : hzhapnzmumzwunll (M',V'x I,W', W),
Thus the pairs Aswumzwv are (n-k)-connected. By the classical
procedure for eliminating handles [Ke], EH can be constructed
from sz by adding handies of index 2 n - k¥ + 1 . Therefore

! uwmwwp (i-handles). This proves that M is a (WMDH)-menifold.
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3. Stable thickening and their dcubles:

4 compact manifold v is a stabie thickening if 1t admits

a handle decomposition with handles of index € mww . It is a

super-stable thickening if it admits a handle decomposition with

handles of index <€ mww )

Let W7 be a compact manifold with non-empty boundary.
Let B : oW — 2W be a CAT-homeomorphilsm. We define the twisted-

double TD(W,B)} as the closed CAT-manifold :

TH{W,B) =W Ui, 1.e. TD(W, B} = szwzmxﬁmﬁumv = X
for x5 ¢ mzww ;
where the ﬂw.m are copies of W, When W = V X 1 with V a stable
thickening, we talk about a stable twisted double and write

STD{W,8).

{3.1) Lemma : A stable twisted double iz a (WMDH)-manifold.

Proof : Construct a handle decomposition for mﬂunaéhmv by ta-

king a handie decompositicn of EM of index < mwm and the corres-
ponding dual handle decomposition for im. This gives a {WMDH)-

handle decomposition of STD(W,B).

Let V be a stable thickening and let & : Ve—— V be a CAT-
homeomorphism such that the restriction of ¢ to a neighborhood

8V is equal to the ldentity. The stable open book with page

V and menodromy @ is defined as ¢
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S0B(V,a) = STD(V x 1,8,)

where g, : (V x I) —— {V x I) 1s defined by :

- (x,t) if t £ 1
(a(x),1)if £t =1 .

This definition coincides with the usual definition of an
open book : 0B(V,a) = zapvcm v x p° {union over 8M(a) = aV x mpuu
where M(a) 1s the mapping torus of a{see [Ha 4])). The manifold

8V is the binding of the open book and intV is the detached
page. Being a stable twisted double, a stadble open bock 1s a
(WMDH }-manifcld by (3.1},

When @ = 14, one gets SCB{V,id) = a8{V x Umv. Observe that
V X Um is a super stable thickening. Thus, the stable open books
with monodromy equal to the identity are exactly the boundaries

of super stable thickenings.

(3.2) Remark : A stable open book decomposition M ¥ SCB(V,a) of

a (WMDH)-manifold M produces a stable pre-open book decomposi-
tion M =V x I UW of M with {(W,¥ x 0) ¥ (V x I,V x 0},

13-

IT. CLASSIFICATION OF STABLE CPEN BOCKS AND OF BOUNDARIES CF

SUPER=- STABLE THICKENING

b, Classification of stable thickenings :

Let us consider pairs (K,v) where K is a finite complex
and y: K — BCAT 1s a continuous map. Two such pairs Axwquv
are called equivalent if there exists simple homotopy equiva-
lence g : Nm.ltvmm such that Yo ° g is homotopic to Yq e Cne
denotes by hwmbensv the set of equivalence classes of pairs
(K,v) as above with dimk < mww .

To a stable thickening qah one can assoclate a pair (K,v)
representing a class in “NMbeﬁaw in the following way : X is
a complex over which V collapses and v : K—— BCAT ig a charac-
teristic map of the stable tangent bundlis. One checks essily
that the class of (K,v) depends only on the CAT-homeomcrphism
class of V. The classification of CAT-stable thickenings goes

as follows :

{h.1) Proposition : If m 2 5, the above correspondance is a
bijection befween the CAT-homeomorphism classes of stable thi-

ckenings and the set Fp,n(m).

Proof : This correspondance is surjective by [WA 1, Proposition

5.1]. To prove the injectivity, let V, and V, be two stable
thickening with eguivalent characteristic pairs AMH.QHV ~ mmthMVn
By definition, there exists a simple homotopy egquivalence

g WH||WNM such that Yo “ g is homotopic to Yy The composition
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wputimil.wm ﬂ.<m is homotopic to an embedding by general posi~
tion and a regular neighborhcod E of mm in <m is a stable thi-
ckening of NH. As Yo g = Yqo the manifold E is CAT-homeomor-
phic to <p ty (Wa 1, Proposition 5.1]. By the excision princi-
ple for Whitehead torsion [Co, {23.1)], the cobordism

~<m - intE, 3k, mdmv is an s-cobordism. As m » 6, it follows
from the s-cobordism theorem that dm is CAT-homeomcrphic to

<H.

The following lemma will be useful. It is an eagy conse-

quence of the general position principle and of the s-cobordiam

thecrem.

(4.2) Lemma : A stable thickening V" of dimensicn m 2 § is homeo-

morphic to a product V < Vo x I,

~15-.

. v
5. The homomorphism Dobe

Let V be a CAT-manifold. Denote, as usual, by Whi(V) the
Whitehead group of V{{Co] or [Mi]) endowed with the involution
O+ J depending on the orilentation character of V ([Mi,
p. 338]. One denctes by manzdﬁ<vv the subgroup of the ele-

ments ¢ ¢ Wh(V) satisfying ¢ = (-1)0 3 ,

If &V &£ @, define Auto,p{V reld) as the group of CAT-
homeomorphisms @ : ¥V~ ¥V such that o |(neighborhood of &V)= ig,
The group of concordance classes of elements of bmﬂobﬂmﬁ reld )

Mbeﬁﬂ relé) (concordances relative to V).

is denoted by Aut
If n - 1 = diny, we will define a homomerphism

v . ¢ < c -
Bepp 3 mmpzwﬁﬁvvlllL bnﬁob%h< reld) .

Let W' be a compact CAT-manifold such that 8W = 8{V X I)

and such that {W,¥ x 0,V x 1) is & s-cobordism. Let o « 8_{Wh{v})

and lst {(R,.W,¥?) be an h-cobordism such that (R.,¥) = iv 5 (O).
SR 0 V, R,

hs o & 3 (Wn(V)} the duality formula (M4, p. 3541 implies that

(WP,V % 0,¥ % 1} is a s-cobordism (sse [Ha 4, proo? of (5.3)),

The s-cobecrdism theorem then provides two CAT-nomeomorphisms

h: VAI—W

g2V X Temmy i

such that h,g|V x 0 U ¥ x I U({neighborhood of 8V x 1) = 14,

-1

Then g © °hl|V x 1 determines a class in bcwaHA< reld) which

we take as a definition for DM»HAQVQ One checks sagily that

uMbH is thus well defined.
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(5.1) Lemma : DM»H is a homomorphism of groups.

Proof : Let U, and cm C int V be two compact codimension O
CAT-submanifolds such that ﬂHAGwV:§iL 7(V) is an isomorphism
and Uy N U, = @ . Ir o, and O, € 8 :Q::r the h-cobordisms
nmouz shv and (R,,W,W') used in the definition of bobﬂﬁa )
and uM>HﬁQP + qmw can be chosen so that :

)
[S
Il

[W - int h(U, x 1)} x I U T,

ansd::cpccmva: I UT, UT

<
il

1 2’

(h: VXI-—Wl1is a CAT-homeomorphism), where ﬁewbwﬂcw X Hvuwpv
are suitable h-cobordisms. They give rise to CAT-homeomorphisms
g * vV X H.IIVE_H and g ¢ V x I—— W' such that

gy [{v - int ct %1 =nhand glv - int(u, U U,) = h. By our
definition of DES: this implies that bmﬁﬁa» + 0,) 1s the
compositicn of bdbeﬁq ) with Dobeﬁa ).

Besides its simple geometric definition, the homomerphism
9M>H has another description involving surgery ingredients.
ﬁmﬂnmwm>eh< % I relé) be the set of homotopy CAT-structures
on V x I [Wa 2, Chapter 10] , i.,e. the set of concordance
classes of maps f : X——V x I , where X is a compact CAT-
manifeold, f 1s a simple homotopy equivalence and £|8X : 3X—- (vxI)
is a CAT-homeomorphism. The Wall surgery obstruction group
hm+uﬂﬁuﬁ<w.€v (w ﬁpﬁ<vil Z, is the orlentation character of

V) acts osnmwmbeﬁ< % I reld) [Wa 2, Theorem 10.5] and sc we

get a map
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v hmi? (7),0)—F 5 (¥ % I rels)

by restricting this actlion to idy .1 . Now define a map

5 mpeﬁ X I reld) ——m Autg,n(V,rel 8) in the following
way. Let £ t (X,8X})— {V x I1,8(V X I}) represent a class in

oap(V % I rels) thus £|8X : aX— a8(V x I) is a CAT-homeo-
morphism. The manifold X is then a s-cobordism from wupﬁ< x 0)
to w:mﬁ< X I)., By the s-cobordism theorem, there exists a CAT.
homeomerphism h ¢ ¥V X I— X such that h|V x 0 U 8V x I U
neighborhood (8V x 1) = £7% , One defines 3([f]) to be the

concordance class of £ © hiV % 1,

Finally, recall that the elements of the form x + (-1
constitute a subgroup maﬁssﬁﬁvv and that the gquotient
8, (Wn(V))/{x +(-1)"%} is isomorphic to EP(Z,;Wn(T))}. There
iz & homomorphism &, ¢ mﬁmNmmzﬁﬁ<vw = J+MAN SWh{V)}—-
— MM+pAﬂwA<u ®w) which takes place in the Rothenberg exact

sequence [Sh, §4] .

{(5.2) Propeosition : The map bwbﬂ is equal to the composition
Pn n < n .3
s (W (V)) —2— BMZ;M(V)) —2— 1P, (7, (V),0)

L|||J¢%Nm>@ Vo I HmHmV.IILWIl& bsaobﬂfﬂ reld)

where €_, ¥ and § are the maps defined sbove,

HHM
Proof : This follows immediately from our varicus definitions,
using the geometric interpretation of the homomerphism e (see

[Sh, p. 315-316] ; for more details, see [(Ha 1, § 4.2 and 4.3]).
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6. Transformations cof open book decompositicns by h-cobordisms

First we complete the notations of § 5 ¢ if

Y € Autp,n(V rels), we denote by +° its class in bcdmbeﬁq rela).

The Whitehead torsicon of a homotopy equivalence £ : X— Y
is denoted by t(f) if 1t is measured in Wn(Y) or by <C(f) if
it is defined as an element of Wh{X) (with the relation
(f) = W*Aakouv. If X CY ig an inclusion, we denote by
iy v ¢ Wn(X)—— Wn(Y) the induced homomorphism.
3
(6,1} Theorem : Let M™ = OB(V,a) with n 2 6. Let o « s, ((v))
and (R,M,M') be an h-cobordism with <°(W,M) = iy (7). Then
2
M' is CAT-homeomorphic to OB(V,a ¢ @) where d ¢ Auto,n(V rel av)
e _ LV
satisfies d = Domeﬁqv .

Proof : Write M =V x I Uy W, using (3.2). As the h-cobordism
R is characterized by its Whitehead torsion, one has

R =V xIxIUR,, where mwo“sha_u is an h-cobordism with
Aoﬁwo“sv = 1y (o). As in the definition of Aipm » ORe proves
that (W',Vv x 0 x 1, Vx 1 x 1) is an s-coberdism, which implies
M' = OB{V,3), for some 3 ¢ Aut. m(V rel? ). In fact, one has
@=nh|Vx1and p = gV x1, where h and g are the homecmor-
phisms arising in the definition of DMbeﬁqv (see, for the
details of this kind of consideration, [Ha 4, (2.5)]) ., Thus
p=ao° A:.Ho g|lVv x 1) and, by definition, Aﬁup °g)lv x 1

\i
represents DObHAQV .

{6.2) Remark : In the case V = V, x I , the group AutS,..(V rela)

0 CAT
is abelian (by disjunction of supports), thus the order of a
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and & in the formula of (6.1) is irrelevant,

Another transformation of open book structure by h-cobordism
is given in {Ha 4, (3.1)] . For the convenience of the reader,

we recall the statement here {Theorem (6.3) below) :

Let VO be a CAT-manifold, with 8V £ @ . Let ¢ ¢ Wh(aV) .
A c-enlargement of V is a manifeld V, such that V C int V,
and U = 4& - int V is an h-cobordism from 8V to m<q with
L(u,ev) = o .

For any ¢-enlargement 4& of V, one has & map

e(Vv. ) : bcdo>aﬁ< TeldV) —— Aut

qv : o wmwm<qv defined by

canV

) r e on V
e{Vgi(a) =
id elsewhers .

Clearly ma<av is a monomorphism of groups. It induces a
< B c c y
nomomorphism e (V) : Aut, o (V wmwm<v1llwbcﬁa>ﬁﬁ<q relsv ) .
As <Q - ¥ is contained in a collar along &V, , the homomorphism

mnAQQVHm an isomorphism.

{6.3) Theorem : Let M = OB{V,a) withn 2 5 . Let (R,M,M') be

an h-cobordism with aoﬁwuzv = i zﬁav for © ¢ Wh{8V), Then ,
¥

for any d-enlargement da of V, the manifold M' has an open

book decompositicn CB(V, mﬁ<quﬁ9vv.mlvz_ .

The compariscn between Theorems {6.1) and (6.3} gives

the following resuit :
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1

(6.4) Proposition : Let V™' be a compact CAT-manifold with

n27and VLY, Let o ¢ Aut,,o{V releV) and ¢ ¢ Wh(aVv)
such that pm<n<nqv € 5, (Wn(V)). Let d(v) « >gﬁa>eﬁ< TeldV)
be a representative of DM»HAHQ< v{6)) . Then, for any o-enlar-

gements <a of ¥V, cne has the following CAT-homeomorphisms
1) oB(v,, e(vV,)(a)) Zopr OB(V,a © d{s}) .
2) OB(V,2) =040 OB(V,, e(V )[a °d(s}]) .

Putting o = id, one gets in consequence
11} omﬁ<an 1d) B 0B(v, d(o)) .
27) OB(V, id) =opp OBV e(V)(d(a))) .

Proof : Let M = 0B(V,a) and (R,M,M') be an h-cobordism with

ﬂoﬁwuzv = quuzﬁqv . The CAT-homec 1) comes from Theorems (6.1)
and (6.3} which give these twc open book decompositions of M',
Te prove 2), observe that, by the duality formula [Mi, p., 395] ’
T(R,M!) = Hm<uwﬁqv + Then, giving on M' the open book Gecom-
position of (6.1), cne gets M = om?qh mﬁ<auﬁn °d{o)]) by
Theorem (6.3), This proves 2), If we exchange the roles of

(6.1) and (6.3) in this last argument, we get :

2"} OB(V,a) Foam omﬁqqu mﬁ<QVAau o aqmquv

sﬁmwm aslo) ¢ Auto,p (Vg relsV ) is a representative of

g ;.
Dobeﬁum<“¢aﬁavv . But 2") can alse be deduced from the follo-
wing general relationship between bnba and e{ )} which is a

direct consequence of the definitions :
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(6.5) Lemma : Let Ve pe a compact CAT-manifold with 8V £ @

and k > 6 . Let ¢ ¢ Wh(aVv), 0 « mw+pﬁzsh<vv and @ ¢ Aut{V relsv).
Then, for any O-enlargement <Q of V, the following equality

. c .
holds in Autg,n(V, relav ) :

c c \J c o <q
e A<Qv_”0.. ° DO;PHmdu”_ = e A<Quﬁ9v DO?HA,JV -
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7. Llassification of stable open books

(7.1) Theorem : Two stable open books SOB(V?~1 a) ana

mowﬁesepumv are CAT-homeomorphic if and only if there exists
a torsion O e msﬁzsﬁm<vv and s CAT-homeomorphism h : T — Yy,
where 4& is a d-enlargement of V, such that 8 is CAT-ccncordant

-1
to h™" ° [e{V )(2 °d}] °h, for a representative d of DMbHAQv .

Proof : Suppose that such a torsion ¢ and such a homeomcrphism
h exist. Then, SOB(T,8) ¥ 80B(V_, e(V }{a °d)) (see [Ha ¥,
(2.7)1). By Part 2 of Proposition (6.4), one has

mowﬁqu mﬁ<QUAQ °d)) = S0B(V,a).

Conversely, suppose that there exists a CAT-homeomorphism
g : SOB(T,p)— 80B(V,a)}. Write SCB(T,p) = T x I U Wy and
S0B{V,a) =V »x I U W, , where Aswue x 0,7 x I) and
ﬁ£<»< X 0,V x 1} are s-cobordisms. The homecmorphism g produces
a stable pre-open book Gecomposition : mommdvnvulmﬂve *x I U sw .
By (2.2), there exists an ambient isctopy He : of SOB(V, )
swg mo = id such that :

V x 0 C intH, (g(T x 0))
Hy(glx,t)) = (Hy(e(x,0),t) if H {G(x,0)) ¢ V x ©

and Hy (g(T x 0}) is a o-enlargement of V x O for some O « Wh{av).,
As Wy and Wy are both s-cobordisms, it follows from Ha 4, (4.3)
that o « mbﬁssﬁm<uu. Proposition (6.4) and its proof show then
that the monodromy corresponding to the open book decomposition
mpmﬁe XxIL)yu mpﬁmﬁzva is concordant to mﬁ<QUAQ ° d) , where

d represents DM»HAQV. Setting h = Hy © glT x 0, one obtains
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Thecrem {7.1).

Definition : For o « msﬂnmeﬁd rels), define inta = alintVv .

Denote by into® the concordance class of inta {concordance

with compact support), Finally, we denote by HsabM>HAQv the

concordance c¢lass with compact support of a representative
v

d of Dobm_ﬁav .

(7.2) Lemma : Let V be a compact manifold of dimension = 6

with 8V # @ . Let 0 € Wh(aV) and o ¢ Autp,m(V rels). Then ,

there exists a CAT-homeomorphism g : Hb&<a.|iwwsﬂ< such that

int[ e(v )(a)] = g™t

°inta ¢ g .

Proof : Let € CV be a collar neighborhood of V {(i.e. C =V x I)
such that «|{C = id, Express the C-enlargement 4Q as <q =vuu.,
By [Ke, p. 41], there exists a CAT-homeomorphism g : intV,— intV
such that gl{cl{V -~ €) = id, Such an homecmorphism g satisfies

the requierement of our Lemma (7.2).

An analogous argument, left to the reader, permits us to

prove the following lemma :

(7.3) Lemma : Let V and T be two compact manifold of dimension
2 6, with non-empty boundary. Let o ¢ Auto,n(V Teld) and

B e »saobeﬁe reld) . Suppose that there exists a CAT-homeomor-
phism h : intT —s intV such that :np ¢ intoc ® h 1s concordant
with compact support to intp . Then, there exists ¢ € Wh{aVv)
and a CAT-homeomorphism H : <Q|||we such that

c

c 1, g
e(Vg)(a)™ = (K B °H)® in Autl,,

A<Q reld) .
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We are now prepared tc prove the following criterium for

two stable open book to be h-cobordant :

{T.4%) Theorem : Two stable open bock momﬁ<snmuﬂv and mowﬁes;pumv

are h-covordant if and only if there is a homeomorphism
h : intT— iniV such that intf 1is concordant with compact

-1 :
support to h ° inte® Intd ° h , where d is a representative

DM»HAQV . for some o ¢ 8 (Wn{V)). (n 2 6).

Proof : Suppose that SCB{V,a) and SCB(T,B) are h-cobordant.
By [Ea 4, (3.1)], the manifeld SOB(V,a) is CAT-homecmorphic -
to 80B(T,, e(T, ){8)) , for some ¢ ¢ Wh( T) . The condition on

into and intf then follows from Theorem {7.1) and Lemma (7.2).

Conversely, suppose that ints is concordant with compact

support to n=t

°inte ° intd °h ., Let M ¢ Wn{&V) and
H: V=T be as in Lemma (7,3), so that mﬁ<jvmﬂvn =

= ﬁms» o35 °H)%, By Theorem {7.1), momAﬂjnmﬁ<ijvi and
S0B(T,B) are CAT-homeomerphic and by [Ha 4, (3.1)],

momﬁ<30m~<jwﬁ9vv is h~coberdant to S0B(V,a),

(7.5 ) Coroliary : A stable open book momaﬂsxpu al)(n = 6) is

CAT-homeomorphic to the boundary of a super stable thickening
1 fal v

if and only if a° ¢ HEbobe .

Proof : If S0B(V,a)} is the boundary of a super stable thicke-

ning, then S0B(V,a} is CAT-homeomorphic to SOB(T,id) for some

stable thickening 7. The condition on a® then follows from {7.1)

or {7.4). On the other hand, if ot = uM>ﬁAQV wowmoamqmsﬁﬁdv“

then SCB(V,a) is CAT-homecmorphic to mowﬁaqywav by Part 2, of
(6.4).

8..Classification of boundaries of super stable thickenings.

Recall that a stable thickening T" 15 characterized by
a pair {K,p), where K is a finite complex of dimension € mww
over which T collapses and p : K — BCAT classifies the stable

tangent bundle of T (see § 4) .

{8.1) Proposition : Let zw = 9T, where T, is a super stable
thickening with characteristic pair ﬁmpumwv (n25, 1= 1,2).
Then, sp and gm are h-cobordant if and only if there exists a
homctopy equivalence f ¢ Wmnllw mm such that mm ¢ f is homoto-

piec to m» B

Proof : Write M, = mouﬁ<whwnv. with V; x I =T, . If M; and M,

i
are h-cohordant, the detached pages V u.mﬁ.qm and Hﬁﬂdm are

homeomorphic by (7.%), and any hcmeomorphism will produce

a homotopy equivalence £ as reguired.

Conversely, suppose that there exists a homotopy equiva-
lence £ : Ky ——- K, satisfying f, °f ~ By . By [We, 1, Propo-
sition 5.1], there exists a CAT-embedding F : T, — T, such
that m_xp is homotopie to f. The cobordism Aem - Hsﬁqﬁepvu

MAZHVEZMV is then an h-cobordism.

(8.2} Corollary : Two boundaries ZM of super stable thickening
are h-cobordant if and only if they have the same tangential

hemotopy type {(n 2 5).
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Proof : Two manifolds which are CAT-h-cobordant always have

the same CAT-tangential homotopy type. Conversely, let

g+ M,—> zm be a CAT-tangential homotopy equivalence. Write

kS

zw = {V, x Umvh where <H is a stable thickening. Thus

zH =V xI UV x1I and by general positicn one can assume
that g(¥ x I) €V < I, One checks then that g|V % I is a
stable tangential self-homotopy eguivalence of V x I and

thus M; is h-cobordant to Zm vy {8.1}.

(8.3) Theorem : Let H% be two super stable thickenings

{1 = 1,2,m 2 7), with characteristle pairs (K;,B). Then,
meu is CAT- homeomorphic to mem if and only if there exists
a homotepy equlvalence f mp llwmm with mm °f ~ mp and
T(f) ¢ wabobe .
Proof : Writing mﬁw = momﬂﬂu.wnuu this follows essily from
7.1)
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III. INVARIANTS FOR (WMDH)-MANIFOLDS

9.The torsion invariant t{M)

Let M" be a (WMDH)-manifold of dimension n > 6. Choose
a stable pre-open book decomposition M =V x I Cma for M.
Denote by 7' (W,V x 0) the image in Wn(M) of the Wnitehead

= -0 iy v o).

torsion ={(W,V x 0), Observe that aghsu< X Q)
Indeed, *{W,V x 0) = 7(W,K) where ¥ 1s a (k-1)-dimensional
complex over which V collapses (n = 2k or 2k + 1). By general
position, the inclusions K<V x 0 and K& V x 1 are homoto-
pic in 8(V x I). Therefore, t (W,V x 0) = < (W,V x 1) and the
later is equal to (-1)™1 aﬂ W,¥ x 0) by the duality formula
iMi, p. 394]. Thus, dzﬁﬁuﬂ X 0) defines a class in

BN (Zym0n)) =Ca e M| a = (O™Ey / {a+ ()M

(9.1) Lemme-Definition:The class of ¢ (W,V x 0) in mw.pﬁummzwﬁzvV
is independent on the choice of the ﬁumnowms book decomposition
of M, It thus defines an invarlant of M which is denoted by

() e B L(z Z,5Wn(M)).

Proof : Let M =V' X I Cmﬂﬂ be another stable open bLook decom-
position of M. By Proposition (2.2), we may suppose that

(VX I, Vx0)c ((intv') x I,(intV') x ©0) and that V' is a
d-enlargement of V for some ¢ ¢ Wh(aV), Therefore, azm€u< X O}
"

and * (W',V' x Q) are related by the following formula which

is proven in [EHa 4, {4.3)]

M,y x 0) = axﬁau< x 0} - {i,y ull + (-2t Ty m(e/]

i



and thus azm€w< x 0) and Azhzﬂhd_ x 0) represent the same

class of mdawﬁNmmzjﬁzvv.

The use of the invariant t(M) appears is the following

result :

(9.2) Theorem : Let M’ be a (WMDH)-manifold, n > 6. Then

t{M) = 0 if ang only if M 1s homeomorphic to a stable open-

book.

Proof : A stable open book admlts a stable pre-open book
decomposlition V x I U W such that (W,v = 0,¥ x 1) is an s-co-

bordism. Therefore, t(M) = O if M = SOB(V,a).

On the other hand, suppose that t(M) = 0 . Let M = V X I U,W

be & stable pre-open book decomposition for M., Then,

il

gy + A;Hvsup d, for some Oy ¢ Wh{M). Ovserve

3Hﬁzu. sc there exists an element 0 ¢ Wn(&V)

M, v x 0)

that a»ﬁmqu

with 1, (9) = g, . Let V, be a o-enlargement of V.

The manifold M admlts a stable pre-open bock decomposition
M
M=V, X I UW (see [Ha ¥, {4.,2)]) and = (W',V, X 0) = 0 by
[Ha 4, (4.3)]. Thus (W',V % 0,V X 1) 1s a s-cobordism, and
M= <q x I Cmﬁd is a stable open bock decomposition of M

(M = SOB(V ,a) for some & ¢ Autoan (Vg relay).

In Section 10, we shall construct examples of {WMDH }-mani-
folds M with t(M) £ 0 , Morecover, these manifclds have the same
tangential homotopy type as SOB(V,id). Thus t(M) is not an invae
riant of the tangential homotopy type. But the following twe

propositions show that, to some extent, t(M) is as invariant
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of the simple homotopy type and of the h-cobordism class of M .
In Proposition {3.3) below, wy (M} e mpﬁz thv denotes the
first Stiefel-Whitney class of M,

{9.3) Proposition : Let f : zwuiiflwzw be a simple homotopy

equivalence between (WMDH)-manifolds of dimension n » 7, such
*

that £ ﬁzHAgva = sMAzOv. Then «Azpv = w*ﬁdﬁzovvu where

£, ¢ NSaHthmzwAzovwxlli H upﬁNmmzdﬁzpvv is the isomorphism

induced by f .

Remark : Put ﬁAZOu =0 in (9.3). It follows then from (9.2)

that a manifeold having the same AmwaﬁwmnmSQaﬁwu homotopy type
as a stable open book is a stable open book. This is proven
directly in [Ha %, (2.6) and (2.8)] without the condition on
Wy Observe that the hypothesiz on Wy in (9.3) is necessary
to define the homomorphism £,

Proof of {9.3) : Let My =V, xI U,W, be a stable pre-open book
decomposition. Using [Wa 2, Theorem 22.1], one proves that
zo = <o x I Cmﬂo and that f : gdﬁiiwzp is homotopic to a simple

hemotopy equivalence of bL-ads :

f: Azogqo % I,W,, mzovxunnvﬂzph<p x I,W mﬂpv

M.-

and w_mzd is a simple homotopy equivalence of Zuads @
m_mxo 2 {aW,, Vg x 0,87y % O} Amsph<p % 0,8V, x 0)

(see [Ha 4, proof of (2.56)] for details). Therefore, the equa~-
My My
lity = ﬁspudp X 0) = Wn(f}{= ﬁsdh<o X 0}) holds in zsﬁzpv~

which implies that f,(t(M,)) = t(M ).
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n+l

(9.4) Proposition : Let (R
ween (WMDH)-manifolds M7, n 2 6 . Let r : R—s M, be a retrac-

uzothv be an h-cobordism bet-

tion by deformation. Then ﬁwwzpv*ﬁdﬁzpuu u,dﬁzovh where
ﬁw_zpu* : m5|MmNmm3ﬁﬁzuvvmdupﬁmmhzdﬁzovv is the isomorphism

induced by H._zH .

Proof : Let zo = <o X I CmSO be a stable pre-open book decom-
position. The h-cobordism R i1s homeomorphic relative to ZO

to (Vg x I x I) U R,, where (RgsWq, Wy} is an h-cobordism,

Alsc the retraction r can be deformed by a homotopy relative

to Eo s0 that H_do X I X I is the natural projection onto

Vo x I, Call then ry = H_mo. The decomposition My = V, X I U,W,
is a stable pre-open book decomposition. Thus we have :

M M
0 1
T U (Waa Vo x 0) = (rlM ), (z T(W, ¥, x 0) + HsoEEOHAao_sHV

By the duality formula [Mi, p.394], one has iy M

OmdﬁHOEHVV =

=.[o+ ﬁuwgs|pqgh where o = aoﬁwuzou. Thus
M M
T oAzOu<o X 0) and Wh(r zpuﬁa pﬁsph4o % 0)) represent the same

class of mdsuﬁNmmzdﬁzovv which proves (9.4).

Remark : Proposition (9.4) in the case dﬁzov = 0 implies that
a manifold which is h-cobordant to a stable open book is a
stable open book. This result is also a direct consequence

of (6.3).
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10. Realization of elements of H |HANmmavﬁmvu as invariant t{M}

Let G be a finitely presented group and w @ G- Nm be
a homomorphism. Recall the existence of the Rothenberg exact

sequence [Sh] :

s h y
rer = L (Gw) — L6, w) T 42 5Wn(6) ) — LS (6, W) — L.,
relating the Wall obstruction groups for surgery to a simple

homotopy equivalence ﬁmﬁmusw and to a homotopy equivalence

h
Hsﬁmuzv.

{(10.1} Theorem : Let (G,w) be as sbove. Let V"1 pe Wmdmwpm

thickening (n > 6) with an isomorphism £ : ﬂpﬂ<umﬂw G such
that w ¢ £ is the orientation charzcter of V. Let

-1
g ¢ H® ﬁNmmzﬁﬁmvv be an element in the image of

. Th n+1 -1
Y ¢ I (Gw)-— HYH(Z;wn(e)) = B (Z;3Wn(G)). Then there
exists a (WMDH)-manifold M™ with a tangential homotopy equi-
valence f ¢ M-.- SOB{V,1d) such that &s° £,(t(M)} = g
(where 7, (SOB(V,1d) is identified with (V) via the inclu-
sion V <= 50B(V,1d}).

(10,2) Example : If G iz finite sbelian of odd crder and
n is odd, then :

-1
- 1 (Z,;¥n{V)) # 0 [Bs, Theorem 4.1 and Corollary 4.3)

. +h Tiw 1
- 3Ly (6)-YS H™(Z,;%n(a)) is onto. Indeed Le..

Thus, this together witnh (10,1) produces (WMDH)-manifelds M
with t{M) £ ¢ .

() =0 [Bk 1],



h

Proof of (10.1) : 4An eglement u ¢ ﬁﬂ+p

a normal map ® of triads :
F: (RRVAIW —s {(VXEIXI, VXIx0 VxIx1)

such that ©IV = I U 8(V x I)% I is the natural inclusion and D|W:
Wes V XTI £« 1 is a homotopy eguivalence ([Wa 2, Theorem 10.Y4]

or rather its version for homotopy equivalence mentioned in

[8h, p.3%01]} The definition of a2 normal map includes the data

of a stable trivialization of TR @ e*hcﬁ< x T x I)) where, in

our case, v{V % I x I) is the actual stable normal bundle to

V¥ x I £ I, and TR denotes the tangent bundle of R. The element
y(u} « 81z,
torsion t(®|W} [Sh, p. 313]. Now &R is a (WMDH)-manifold en-

Wn(G)) can be interpreted as the class of the

dowed with a stable pre-open book decompogition

R=V xIUWand &R : 8R-—— 8(V x I % I) = 80B(V,id) is

a homotopy equivalence. The fact that € is a normal map with
respect to the actual stable normal bundle te V x I X I implies
that £18R is a tangential homotopy equivalence {i.e. @|2R can
be covered by a map of the stable tangent bundles). The torsion
&, {t(W,V = C)) is equal up to sign to ={®[W} and thus these two
torsions represent the same class in maupmNmmzﬂﬁmvu. the latter
teing a group of exponent 2. Hence, t({x ° @, (t{2iR)) = y(u) ,

which proves (10,1},

(G,w) can be represented by a
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11, The virtual monodromy and the virtual detached page

Let us consider pairs Aﬁupu where :

1, V-1 s CAT-homeomorphic to the interior of a stable

thickening .

2 &
2. ¢ : V— V is a map with compact support (i.e.) there exists

a compact K C V such that alV - K = id),

We consider two such pairs ﬁqwuapv s 1 =1,2, as equivalent
1f there existis a CAT-homeomorphism o : <p.||w<m such that
@, and eap ° o, ° ¢ are homotopic among the maps with com-
pact supports. An eguivalence class of such pairs is called

a virtual meonodromy .

Let M™ be a (WMDH }-manifold, n * 6. Using (2.1), choose
a stable pre-open book decomposition M =V x I Cmﬁ of M, Being
an h-cobordism, the cobordism (W,V X 0,V X 1) admits a retracticn
by deformation r ¢ W—=V x 0 . The equivalence class of the
pair (intV,r') is a virtual monodromy, where r' : intV— intV
is defined by r'{x) = r{x,1). The fact that r is well defined
up to homotopy relative to V x 0 U,V x I and Proposition {2.2)
make the class of (intV,r') independent on the choice of the
pre~open book decomposition and of the retraction r. We call

this class the virtual monocdromy of M and denote it by n{M),

Observe thaet p(SOB(V,a))= [{intV, inta)].

(11.1) Proposition : If M, and M, are two (WMDH )-manifolds of

dimension n * 6 which are h-cobordant, then :Azov = :ﬁzuv.
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Proof : Let mwugo“zpv be an h-cobordism and let My =Vy X IUW

o

be a stable pre-cpen book decomposition of 30. The cobordism R
is homeomorphic to ¥V x I x I U R,, where Amouzouzpv is an h-co-
bordism. Thus, zp = <o % I szw 1s a stable pre-open boock decom-
position. Any retraction r. : W Iiwqo ® O extends to a retrac-

o] o

tion by deformation T : Awothvgzswﬁ<o ®x 0 x I,¥v, x 0 x 1),

o]
One has Fﬂzov = ﬁawbd<hw.ovH and p(My) = Hﬁwnd<ha_uvuh where
r'y = ﬁHo_ipv_ . By construction, r', and r', are homotopic
(the h-cobordism mo belng trivial over the boundary of sovu

which proves our proposition.

The following lemma shows that the virtual monodromy of
& {WMDH}-manifold M contalns a lot of information on the homc-

topy type of M.

(11,2) Lemma : Let M” be a (WMDH)-manifold (n 2 6) with
1

uM) = [{V,a)]. Let V""" ve a(compact) stable thickening

whose interior is hcmeomorphic to ¢. Then there exists a homeo—
morphism h : 1INtV —s v such that M has the hcmotopy type of the
Poincaré complex X = (V x chm (V x 1), where

Bt 8{(VAI)—a(V £I)is the map defined by
ol e on(x)  if x € int(V x 0)
oterwise .

(observe that B is continuous since o has a compact
support).

Froof : Let M = <o x I Cmao be a pre-open btock decomposition

of M, The stable thickening V is homeomorphic to a J-enlargement
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of V4 for some o ¢ ssﬁm<ou. Therefore M admits a stable pre-
open book decomposition of the form M = V x I U W [Ha &, {&,2)].
Let v ¢t W—=V x 0 be a retraction by deformation. Choose a
height function s ¢ (W,¥v x 0,V x 1)— (I,0,1) such that

s|e¥ x I is the natural projection onto I. Then M has the
homotopy type of ¥ = (V x I) c«ﬁ< x I) , where

Y : 8(VXI)—3(V xI)is equal to r' onV x 1 and to the
identity elsewhere. Indeed, a homotopy equivalence f : M — ¥

can be defined by :

X if x e V X I
ey =

(r(x), s(x)) , if x ¢ W .

Now, by hypothesis, there exists a homeomorphism
h : int V-——V such that r' is homotopic {(with compact support)

ton ! eq e h . This proves our lemma.

(11.3} Proposition : Let M™ be a (WMDH)-manifold, n > 7 . Then
M has the homotopy type of the boundary cof a super stable thiw
ckening 1f and only L1f p(M) is the class of {%,1d) for some

manifold w homeomorphic to the interior of a steble thickening.

Proof : The "if" part is implied by Lemma (11.2), Conversely,

let £ : M— (V x HVH Cmﬁ< % va 2 a{V x Umu bte a homotopy
equivalence, where V is a stable thickening. By [Ca, Theorem
1 (41)] , £ can be deformed by a homotopy so that there exists
a decomposition M = zu szm and f is a homotopy equivalence
17z
One may assume that a collar neighborhood mzux IcC zm is a mapped

of Y-ads ¢ (MW, Wy, 8%, ) (a(V x D?), (v x 1)y, (V x I)pa (V1) ).
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by £ onto (Vv « HVH. As ﬂwﬁmswu E ﬂpﬁzwwu there 1g an h-cobor-

dism L C 8W, < I C W, over oW, and such that wmz_p CW (Y x 1),

is a simple homotopy equivalence, where $,H = 2H UL, We call
the homotopy equivalence of Y-ads

. X 1 5 a’ x T2 : 5 3 )
£oro(M,0 H%_mis.u.,vl {8V x D%), (V= iﬁ (v x thq? P Ei

(withw', = slllzf: THET)

14

a (Vv x vaumpaﬁwm splitting of f. Az n 2 7 and a8(V x I)
T <0 UV x 1 , cne can apply the same argument to m_mz_H to

cbtain a (V x Ol.simple splitting

imz_w : Qs_%q“c.umﬁ — {5(V % I},Vx0, VxI, 3V x 0),

The inclusion U < S‘H is thus a simple homotopy equiva-
lence and hencs z,w = U x I by the s-ccobordism thecrem, and

M=U=xI1I cmsﬂm is a stable pre-open book decomposition of M.

Now, w_€~H =UxXI—V %I can be deformed by a homotopy
such that f(x,t) = (£{x,0},t). Let p: W', ——U x 0 be a re-

traction by deformation, The following diagram :

P
id UXOQ——U =0 ,
g ™Suv <0
147 £ =14

commutes up to homotopy. Thereforen |U x 1 : UxXx t——=0T x 0

is homotopic to idy; and n(M} = [intU,id] .

Let M be a (WMDE)-manifold, n 2 6, with p(M) = (V,a) .

The homeomocrphism class of the manifeld V is called the virtual

detached page of the manifold M, It is the homeomorphism class
of the interior of a stable thickening, and any such class (V]
oceurs as the virtual detached page of a (WMDH)-manifold (for

instance, of SCB(V,id) for V such that intV = V). By (11.1),

the virtual detached page of a {WMDHE)-Manifold depends only

-B -

oen its n-cobordism class.

The virtual detached page is an important invariant which
permits us to break the classification up to h-cobordism of

(WMDH )-manifold intc two parts :

1) the classification of virtual detached pages, which is

done helow.

2) the classification of h-cobordism classes of {WMDH)-manifolds
having a given virtual amwm‘%‘hmn page. This 1s the object of
Chapter IV { § 1% to 19) .

The classification of virtual detached pages reduces to a
homotopy-and-bundle problem as follows : let WMKHABV be the
set of equivalence classes of pairs (X,f), where K is a complex
having the homotopy type of a polyedron of dimension € k-1
(n =2k or 2k + 1) and £ : K— BCAT is a continucus map ;
two palrs Aﬁﬂuwuv » 1 =1,2, are equivalent if there exists a
homotopy equivalence g : mp.llwmm such that mm ° g 1s homoto.

pic to MH .

(11.4) Proposition ¢+ For n 2 6, the set of CAT-virtual deta-
ched pages of dimension n - 1 is in bijection with WMbHﬁdv.

hed

Procf : Let V represent a virtual detached page of dimension

&

n -1, i.e. V is CAT-homeomorphic to intV where V is a stable
thickening. The pair A¢k4v defines a class in wﬂ>eﬁnv» where
v :+ V—=3BCAT characterises the stable tangent bundle of V.
This correspondance gives rise to required bijection by

Proposition 5.1 of [Wa 1] and its proof.



i2. {(WMDH)}-manifclds which are not stable twisted doubles.

In this section, we show now the torsion invariant t(M)
znd the virtual detached page 2 (M) can be used o decide
wether or nct a (WMDH)-manifeld is homeomorphic or h-cobordant

%o a stable twisted double.

113 = - e i
Let T = ¥V x I xI be & super stable thickening {i.e.
24
c

V i3 a stable thickening) {(m 2 7). Let Aut;,{2T) be the group of

CAT-concordance clasges of mm@mcﬁoaoﬁvwwmam of 2T, Define a
map ¢ : mﬁmﬁ?i — Wn{V) in the following way : let
8 3 8T — 8T D2 = homeomorphism. On has 3T = S0B{V,ig) =
Toug 5 1 {V X I} U W— 8T is & stable pre-open book decompo-
gition of 87 . By {2.2), there is an ambient isotopy m.w with

H. = id so that :

“0
1} mimﬂa X 0)) C int{V 0}
2) 5 {plx,t)) = (H,(B(x,0)),t) for {x,t) ¢ V¥ x I

3) V¥ X 0 is a O-enlargement of mwmm?w x 1) for some

@,ﬁmwmmh% x 0}).

We put 6{f) = wmwmmﬁmd < H:U‘lqv . One checks by general

position that 6 is well defined.

The image of € can be described in terms of the homemor-

phism be_H_ of § 5 and of the set MQE.?C C Wh{V) of torsions

w{f) of tangential self-homctocpy equivalences f : V—— V :

. - \'i
(12.1) Lemma : Im & = MEE.QJ 0 Kerdoum -

(V x I} U W, with the pair {W,V x 0} homeomorphic to (V x I,¥ x O
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Proof : opmwwww. Im 8 C MEE_QJ. since the torsions belonging

to Im 6 are torsions of CAT-embeddings V<= V. Let 8 and J as
above. The stadle open book decomposition {V x I cmav

T has i1ts monodromy equal to the identlty, as well as the
decomposition T = V x T Cm< XI, But if we compare these two
stable open book decompositions using (6.4)1'} and its proof,

we get that the monodromy of T =V x I UV x I is conjugate
H, (8(V x 0))

to & o ?miﬁ% X 0)),H, (8(V x 6187} The 1atter
is equal to DMb_H_ﬁmﬁm: by Formula {6.5) with @ = id. Thus
6(B) ¢ NmH.DMbH. .

<
car N Boap (V).

CAT-tangential homotopy equivalence with z{f} = n . By gene-

Now, let m e KerA Let £ : V—V be a
ral position and [Wa 1, Proposition 5.1], there exists a
CAT-embedding F : V-—— intV nomotopic to f. Thus V iz a
d-enlargement of F(V) for ¢ ¢ Wh(aF(V)) satisfying the equa-

-1 v
tion Hm.?vum,?iqv = Hﬁ?f‘ii. As M ¢ Kerdy,, one has

=1 "V
HE<Y¢.A£ ¢ Hmu._po%ev by (6.5). Therefore, the inclusion

F(V) CV can ,u....,‘ extended in a homeomorphism G : SCOB(F(V);id) =
—-= 80B(V;1d) by Propositicn (6.4)1') and its proof. Of course
the homomorphism ¥ : V—— F(V) extends to a homeomorphism

H : 80B(V;id)—— S0B(F(V);id). Cleariy €(G °H) =17 .

. v
Belonging to Kerdopm © mbnw?nu?:u the torsion &(8)

determines a class in E?:Nmmzdgz. The following lemma 1is

a direct consequence of the definitions :

(12.2) Lemma : Let M™ = STD(V x D?,8) , where V is a stable

thickening (n > 7). Then t(M) is the image if of O(B) in



{The sentence "the image of ..." has the following
meaning : by definiticn : M =8TD(V X I, } =

LLv 5 T)y /Blxg) = 2.3, ¢ (V% 1)}

e/

one takes the image of 9(p) under the homomorphism induced

by the inclusions and identifilcation @ V = (V x ovH C M),

Let H be a CAT(WMDH}-manifcold. Define E, =
= 84 (im{M) 0 Uy HﬂwﬁAmemﬁqQVM whers the union is taken
cver all the CAT-submanifolds V of codimension 1 such that
M sdmits a stable pre-cpen book decomposition M =V X T U W .

e 4
T MN

Let E,; be ths images of E, in H Whni{M)) .

3

(12,3} Theorem : Let M be & {WMDH}.manifold of dimensiocn 2 7.

2 =
Suppose that Zi¥) = {¥ x R], where V iz homeomorphic to the

mterior of 2 stable thickening, Then, M is h-cobordant to =

PRy

stable fwisted double 1f and only 1f t{M} = ma .

s

The proof of {12.3) uses the following lemma

{i2.%) Lemma : Let {R,M.M') be an h-cobordism, with M and M'

{WMDH }~manifolds of dimension = 6. Let v : R— M be a retrac-

il
N

tion by deformation. Then (r|M'}, (5]

Proef ¢ Let MP = V! x I Cmaﬂ be a stable pre~open bHook decompo-
gition of M' , By chosing B trivial over V' X I, one gets a
stable pre-open book decomposition M =¥' X I Cma of M and r
can be deformed by a homotopy so that r|V' X I is the inclu-

gion of V' X I C M, This argument, for any stable pre-open

41~

book decomposition of M' shows that AH_Z_V*AMR.V C By -
The symmetric argument starting from an arbitrary stable

pre-open book of M shows that EM ¢ hw_z,u*ﬁmz_u .

T

Proof of (12.3) : Let M = STD(T x I,8). One has T o * L
where T, 1s a stable thickening. As (intT] = (M) = [V x R]
With V the interior of & stable thickening. Thus, by (12,2)
and {12.1) one has t{M) « Mz . If now M' is h-cobordant to M.
by an h-cobordism R having a retraction by deformation

r' t R——M', then t(M') = (r'|M), (t(M)) by (9.4). Thus
t(M') « By, , by (12.3).

Conversely , suppose that t(M) ¢ mz . This implies that
there existe a stable pre-open boock decomposition M = T x I sz
with (0,7 x 0) = a4 v+ (0)™F | for 5 « 1y (Ear (V)
and v ¢ Wh(M), As o = A;Hvblhm ; one has azﬁﬂ X Q) =
=04 (v+9) + (0" 4 F) | Let (R,MM') be an n-cobor.
dism trivial over T X I with source-torsion aoﬂwhzv =04+ v .
Then M' admits a stable pre-open book decomposition
M' =T x I UTW and Azws_ha x Q) = (r'|M), (~u), where
r’ t R— M' 1s & retraction by deformation (see (2.4) and

its proof). Therefore ﬁaoﬁa..e X 0) = wmp Alqv.ﬂmsﬂww
xouz

show that this implies that W is homeomorphic te T x I, hence
M' = 8TD(T % I,5} for some B Auto,r{8(T x I}). One uses
again the fact that T = V x I, where V is & stable thickening,
which is a consequence of the condition on the virtusl deta-

ched page,

o 0

-1
= chonzﬁnav belongs to Eg,n(v),
the set of source-torsion aoﬁwu € Wh(v) of CAT-tangential

First, the torsion o

homotopy equivalences f : V—+ V . Indeed, H¢WO zn wmmo>eﬁ<v



“loa

by hypothesis and it is proven in [Ha &4, (5.1)] that

0

momﬂﬁqv = - mowaﬁqv. As 8W = a{(T x I}, it follows from the
. v oo, v 0

definition of 87,4 that A5,p(c”) =0 (see alse { . )) .

Thus < . meﬂmqq N mmwbﬂbw . Observe that Lemma (12.1) can

te rephrazed as follows :

(12.5) Lemma : Let V"' be a stable thickening, n > 5, and let

ﬂa+» be an h-cobordism over V X X, Then W is CAT-homeomcrphic
to V x D° (not relative to V x I) if and only if

CW,V x I) ¢ BLo (V) N KerAt,.

This achieves the proof of (12.3).

(12.6) Remark : The condition on (M) in the statement of

(12.3) 1s always satisfied when the dimension of M is odd.
If M is of dimenslon 2k , this condition iz esquivalent to
saying that M admits a handle decomposition whithout handles

of index k - 1, kand k + 1 ,

Let ¥7°1 ve the interior of a stable thickening, with

n odd > 6 and apﬁqv = C_, the cyclic group of prime order

ﬁv
D 25 . Example {10.2} shows the existence of (WMDH)-manifoléds

a

M? with%IM) = [V] with are not stable open books. The situa-
tion for the existence of a stable twisted structure depends
more strongly on the virtual detached page. As an example, we
give the following result, in which L is the usual nota-

ﬁh@
tion for the 3-dimensicnal lens space of type {p,q) [Co,§ 27)

{one has m, (L ) o= Oﬁv .

Psq

U3

(12.7) Theorem : Let n be an odd integer 2 9 , Then :

a) Let ¢ﬂtp be the interior of a regular nelghborhood of =

1

2_dimensional complex in R™™ 7, with xpﬁ<v £ C_. Then

P
every (WMDH}-manifold M* with Z{M) = [V] is CAT-homeo-

morphic to a stable twisted double.

b) There exists a (WMDH)-manifold M™ with Z(M) =
mbmap % w5|:u which is not PL-homecmorphic to a stable
twizsted double. But every (WMDE)-manifold M” with
ZiM) = meup x B %] 1g h-cobordant to a stable twisted
doutle.
e) A (WMDH)-manifold with M® with M) = va“m x R4
is h~cobordant to a stable twisted double if and only

if it i1s homeomcrphic to & stable open book.

(12.8) Remark : Theorem (12.7) ¢} together with Example (10.2)

shows the existence of (WMDH}-manifolds which are not h-cobore

dant to a stable copen twisted double.

Proof of (12.7) : Choose for each case a stable thickening

o

V with intV~ V , As V is parslielisabie, a CAT-tangential

homotopy equivalence of V 1s just a homoteopy equivalence,

In Case a) one uses that Eqap(V) = Wu(V) , [p -8,
Theorem A] . (The result of [D - S, Theorem A] has been
generalized in [Br] to any 2-complex with fundamental group 7
finited abelian with meANau = G ; thus, our result holds true

in this case as well). Then case a) follows from Lemma {12.5).

In Case b), an example of a (WMDH)-manifold M with

ZIM) = ﬁhm ;% %] which is not homeomorphic to & stable
3
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twisted double is given in [Ha 5, Theorem 3] . It is known

that Wn(v) = Wh(Cg) = Zand 3 =0  [Bs, 4.1 ana 4.2},
n-1

Thus H'77(Z,;Wn(C5)) = Z, . By [Ha 5, Lemma 3.1}, B, (V)
. - n-1

contains a generator of Wh(V) and thus By = H™ 7 (Z;Wn(M))

for any (WMDH)-manifold M with Z{M) = | x R4y,

s, 1
Case b) then follows from (12.3).

To prove Case c}, let V be a stzble thickening with
o

intV~ V . There 1s a homotopy equivalence f : V l||.<o =
= Hw.m x Uu-:u and any homotopy equivalence h: V - V

is homotopic to £ 2 g ° ¢ , where ¢ 1s a homotopy inverse
to £ and g a self homotopy equivalence of <o. The homomor-
phism Wh(g) is either the identity or the multiplication
by -1, since £5A<ov = Z ., On other hand, 1{g) = 0 by

(Ha %, proof of (6.5}]. Then z(h) = C or 2 . =(f), thus
mobeﬁdv C ZWn{V). As mSIHHNmmsrﬁuvv is an abelian group of
exponent 2, this implies that mz = O for any (WMDH)-mani-
folds M™ with 7 (M) = ﬁﬁmum X ws:ru. Case ¢) then follows

from {12.3) and {9.2).
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IV . (WMDH)-MANIFOLDS WITH 4 GIVEN VIRTUAL DETACHED PAGE

Let V be the interiocr of a stable thickening of dimen-
gionna- 1258, ﬁmdg&m>ﬂﬁ<v be the set of h-cobordism clas-
ses of CAT-{WMDH)-msnifolds M with (M) = [V] (this defini-
tion makes sense in view of Proposition (11.1)). The aim of
the remaining sections is to determine xﬁmbeﬁ<v. A1l mani-

folds are from now on suppesed to be orilentable.

13. The group ﬁopeﬁ<v

1 be an oriented stable thickening with imtV = V.

Let VO~
Let us consider palrs (M,¥} such that M® iz an oriented
(WMDH )~menifold and v ¢ V X I— M is a codimension O orien-
ted CAT-embedding which can be extended in a stable pre-open
vook decomposition ¥ : V X I cms,mr,m. This implies that
Fmy = Hmu . Two pairs ﬁzou4ov and (My,v;) as sbove will
be considered as h-cobordant if there is an h-cobordism
(R,M,,¥,) and a CAT-embedding v : V x I x I— R such that
q-pﬁsz =VxIx {1} endvyl VxIx{i}= v . The set

of h-cobordism classes of such pairs 1s denoted by ﬂobaﬁ4v.

An interesting feature of wobeﬁ<v is that it admits a
composition law, denoted by 4 . Indeed, if ﬁzwu4ﬁv represent
two classes in ﬁobeﬁ<u. the class of Azphqpvu#uhzmudmu is by
définition represented by the pair (M,y) as follows:

M=M, - intvy,{V x[0,3D)LM, - int¥y (Vv x{0,%])
L L 2 2 ) = ()

A z ¢ (Vx[0,3])
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where Mwﬁxudv = 4Hﬁxup - t). As ¥y preserves and dm reverses

the orientations, the manifold M admits an orientation compatible
with these of M N ZH. The embedding v : V X I — M 1is obtained
by ¢

Yolx,t) if 0<tg1/2

yxt) =
1 vy (x8) ir /2 <t<1 .,

One checks easily that (M,vy) represents a class in
ﬁnbaﬁ<u depending only on the h-cobordism classes of
(My,v,). Thus 4= 15 well defined.

{13.1) Theorem : If n > 7, the set ﬁ0>6A<V with the compo-

sition law %Twm an abellan group.

Proof : The assoclativity owumhnmb be checked directly,

but this is technically complicate {detalls like for [Ha 1,
Lemma 2.2.3]}. However, this point will be clear after

Remark (15.6), so we leave 1t for the moment.

Let us prove that 41z commutative. Let (M,vy) =
ﬁzp.¢HUum.‘ﬁzm.4mv and (M',vy') = (M,,v5) # (My,vy). Using

Lemma (4.2), decompose V into a product V = V. x I, The

o}
manifold 40 XI x0U do % I %1 is contained in a submanifold

H. Any rotation of mH can

_ 2
0~ I xiI= <o x =,

This permits us to construct an isctopy

of 8{(V x I) homeomocrphic to V x 3

be extended into a homecmorphism of V

J¢“<oxHxH -3!la<OXHXH ﬁcmvacnrwvwd Ng = id
and guﬁx.m-dv = (x,1 - 5,1 - t). Thus the class of (M',vy')
can be represented by {M" , ¥") where M" is constructed as

in the definition of += , using the embeddings Y, ° My and

~47.

Y5 ° My . Observe that M'=Mand v" : VX I~—Mis
equal to v ° My . Therefore (M',y') represents the same

class of ﬂobeﬁ<v then (M,vy).

The existence of a unit element for Jkand of inverse

is proven in Lemma (12.2) and (12.4%) below,

(12,2) Lemma : The class of A20~HV. where M, = 80B(V,1d) =
= (VXIXxI)andd: VIV XIxXx0cCalvxIxI)

constltutes the unit element for the law J1in ﬁobeﬁqv.

Proof ¢ Let (M,vy) represent a class in ﬁo»ﬂﬁ<u. The super

stable thickening V x I X I permits us to construct an h-

cobordism between (M,v) #uﬁzoth and {M,v).

The main consequence of Lemma (12.2) 1is that the fact
that {M,y) represent the unit element of ﬁnbemﬂu is indepen-

dent of v . More precisely @

{12.3) Proposition : A pair (M,v) represent the unit element
of wcbeﬁ<v if and only 1f M is the boundary of a mawmw stable
thickening.

Proof : If (M,y} represents the unit element of Toap(V)s

then there exists an h-cobordism ﬁmuZHZOV where M, is the
boundary of the super stable thickening V x I x I(Lemma 12.2)).
Thus M Is the boundary of the super stable thickening

VXI xIUR,

On the other nand, if M = 3T with T a super stable

thickening, then v(V X I) C M has a collar neighborhood in
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T of the form y(V x I) x I. Pushing this collar neighbor-
hood into the interior of T gives a decomposition
T=VxIxXxIUR, with R an h-cobordism. The pushing per-
mits us alsoc to construct a concordance between the embed-
dings v and 1 . Thus (M,y) is h-cobordant to HZOHHU and the

result follows from (12.2).

{i2.4) Lemma : The elass of (-m,¥) is an inverse for the

class {M,vy), where -M denctes the manifold M endowed with

the opposite orilentation.

Proof : Let {(N,8) = (M,v}3H-M,¥), Then N = a(W x I), where

W=»M- inty{(V X I). As W x I is a super stable thickening,

the result follows from (12.3).

_49.

o
14, Relationship between Ty (V) mnm&ﬁmbeﬁ<v

In this section we study the obvious forgetfull map
v o: ﬁobeﬂdv —, obwﬁ<w which sends the class of (M,vy)

ontc the h-cobordism class of M.

Let madobeﬁdu be the group of conceordance classes of
orientation preserving CAT-embedding V == intV which are
homotopy equivalences. The group msaobﬂﬁﬁv acts on the
right on I'nym{V) by the formula (M,vy)f = (M,y °(f x 1d)).
The fact that (M,v °(f x id)) represents a class of

ﬁobeﬁ<v can be easily shown, like for [Ha Y4, (4.2)].

(14.1) Proposition : If dimV > 6, the set., (¥) is the
set of orbits of the above action of madnbeﬁ<v on ﬂnbeﬁ<v.

Proef : The forgetfull map v factors obviousliy through a

map V ¢+ Tpn(V) / Bmboyq (V) ——sA, (V). The map ¥ is sur-
Jective because v is surjective, which can be proved as
follows : if [M] mx&MbHﬁmvu then M has a stable pre-open

book decomposition M = T x I U W with intT = V . Therefore

V is a O-enlargement of T (Lemma (7.3)) and thus M has &
stable pre-cpen decomposition M =V x I U W' by {Ha 4, {4.2)].
{and then in Im(v}l. Thus, it is enough to prove that two
pairs (M,v) and (M',¥') such that M is h-cobordant to M'

are in the same orbit of the action of Emb,.(V). As dimM > 5,
any h~cobordism from M to M' can be viewed ag trivial over

v (V X I). Then, one can assume without loss of generality
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that M = M', The assertion then follows from Proposition (2,2). This proves Froposition {14,2}.

An interesting feature about the action of Embg,n.(V) (14.3) Corollary : If Tp,n(V) # O, then #yp(V) contains

on ﬂoban<u is the following one : more then one elements.

. ; >
(14.2) Proposition : If dimV 2 6, the group m5u0>6ﬁ4v acts Proof : By (14.2) O « ﬁobﬁﬁ<u is alone in its orbit. Thus,

on Tpup{V) by automorphisms of groups, i.e. {a 4 b)f = ar bf Corollary (14.3) follows from {14.1) .
for a,b ¢ ﬂobeﬁ4u and T ¢ MHdobHﬁdu.
{14.4) Corollary : If wobeﬁ<v = Z@®4A, dﬁmbxxﬂbeﬁdv iz an
Proof :Let £ : V=— inT represent a class in msdabaﬂ<v. infinite set.
The stable thickening V is then an enlargement of f({V)}, i.e.
¥V =£(V) UU, where (U,8(£(V)},oV) is an h-cobordism. Proof : By {1k.2), the elements (p,0) ¢ Z & A, for p ran-
ging among the positive prime integers, are all distinet,

Let {M;,v) , £ = 1,2, be two pairs representing Corollary (14.4%) then follows from (14,1},
classes in womﬂﬁ<v and write :

AE..J..V = ﬁzu....q.u.uuxn ﬁzm..,«.mv

(M'y,y7y) = (My,y; o(rxid)) # (My,v, °(f x 14))

for the representatives of the sum classes constructed as

in the definition of the law 4 ,

Let L be a tubular neighborhood of v({aV x I) in M
{thus L = &V x I x[-1,1]) . By construction, one has :
Mt = (M - intl) U, T , where T is obtained by gluing together
two copies of U x I along a(£f(V))x I . Observe that
TU, L = a(U x D?) and both inclusions T C U x D? and
LCU x bm are homotopy equilvalences. This permits us to
conatruct an h-cobordism from M to M' which 1s trivial over
M - intL, Notice that the maps y' and ¥ °(f X id) both fac-

tor through the same map from V X I into M -~ intl = M' - intT,
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15. The space mwmbeA<v

In this section we construct a Kan A.get mwbenqv for

every stable thickening V such that m ( mwobeﬁ<uv -
= ﬁnbeﬁd X UHu. Recall that a H-set is a semi-simplicial

complex without degeneracies [R - 8].

The notation bw stands for any copy of the standard

e+l

euclidean k-simplex in with vertices v, = (0,,..,,0,1,0,...0)

with 1 ocecuring in the (i + 1)th place. A face of AF is a
simplex spanned by a proper subset of the v,'s. The i-th

face DWIH of DW is the simplex spanned by v

i

umonuxw.

The word "manifold" in this section and in the next
one means always "sub-manifold of R " {otherwise we shall
say "abstract manifold")}. This precaution will insure us
that the classes of k-simplexes in the definitions of our
Lesets are actually sets. Also, if CAT = DIFF, it is sultable

to consider manifolds with corners, 1like in [B - L - R] .

(15,1} Definition : A kesimplex of mﬂ>eﬁ¢v is a b-uple

(W,N,f,a), where *

1) (W, v x Dwnzv is an h-cobordism, possibly non-trivial on
the boundary (buta( W - int[V x a5)U N], a(v x 25),eN) is
an h-cobordism).

2) £ (W,V x 58— (v x &5 x I,V x &5 x 0,7 x &% x 1)
is a continuous map such that -

2a) £Iv x &% = 13 ana H.L:w? x oF x 1)) = aw

2b) m_mnmAm< x o5 x I) is a CAT-homeomorphism from

i
\l_rl

x I} onto BV x AT % I, Thus
.
x I ¥ % 4% has an inverss
1 - 1 Ir _ _
o2 AV % 65 X T UT x A5 X0 e 270 (8Y x a8 x TIU Txak,

v o & . =1 er Y 4
) For any face 0 < &, one has £ {V x ¢ x I} is an

n
[¢]

h-cobordism W, from V X ¢ to Ny {same condition

as 1n 1) for the boundary) and T £iW  satisfles

i

o
Conditions 2a2) and 2b) in which &5 i replaced by
g and {W,¥! by (Wo,Noj}.

3, A CAT-empedding @ : V x &% x 0 Uy 7% 8% % T UV xa® x 1m0y

such that 3

Sod eV o« A% x 1)

B

H .
3

30) For any face ¢ < &, the CAT-embsdding

e.=al¥ xR 0U¥ xegxIUVxoxlhas its

imags in 8%, and satisfles Uondition 3a) and 3b)

%

in which 47 is replaced by ¢ and {W,H)} by {(W_,N_ ) .

The i~-th face cperator 1z defimed by 2, {¥,¥,f, o) =

a1
T .
(W,,N . f 0 ) where © = bw * ., Thus mwmbﬁnev ig & A-set
T 4
base point *_ = (V x 47 x L,V x &% x 1,1d,1d),
(15.2) Lemma : m%npiﬁ is & Kani-set.
1 1,
Proof ¢ Let bw = U L Dmnp be the i-th horn of &%, viewed
j#L

*
gither as a subspace of & or as a A-zet, depending on the
context. Let p : Ay —— mwmmﬁﬂ<u be a A-map. We have to

prove that Imy 15 the sub-A-sst of mwmbeﬂ<v generated by

{2,811 # 3} for a k-simplex 6 of m&geﬂi, The union of
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simplices of Imp constitutes a b-uple ASHHZHuww\DHVH where
A£H.<.x A;,N;) is an h-cobordism, £y ﬁspud X >Hu2ﬁv —
— (V x Ay X L,V X A x 0, V x4y %X 1) and

o ¢ (v x 4y X O U BV x & RT UV X 4y x 1}~ oW,
satlsfy conditions analogous to conditicns 1), 2) and 3}
of Definition (15.1). In particular, w|pﬂ< X ah, X I) is
an h-cobordism W, (non-trivial over the boundary) from

vV x mbH to Zm C N .,

The natural inelusion bM c Dw can be extended to a

homeomorphism h :

R A <1/ {0yt = (3,0)|n € o, ) - Ak,

The required simplex @ = (W,N,f,a) can be defined by

= .
W= ﬂH x I CU Vo oxon

fyxid 4
T is the composition W = W, X I ww—iimm—mmy (VX Ay X I)X T —
—V x 25 x I where € ((x,Mt)s) = (x,n{%,s),t) and
o= (a xia) ° ¢,

(15.3) Definition : A A-set A is a structured A-set if,

for each k, a compesition law is defined on the set of
k-simplices such that all the face operators are homomor-

phisms.

(15.4) Lemma : If dimV > 6, the OA-set mm>eﬁ<v is a

structured A-set ; the induced composition law on

T mwmbeﬁdvv is associative,

to be two coples of @o X

({x,0),) = (x,0) and ¢ \(x,1]),) = {x,1}. Dencte by M

the

The

Une

difference between {av)e and (a{be) is just a question
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roof ¢ Let a = (W ,¥_,f ,a_} and b = Mﬁwmwwbw5un

s\ mu.‘b

k=simplices of 128 (¥}, Pix a decomposition

ao ®* 1, using Lemma

. Define
2 \\\ﬁ _Myvuu.vu.

Checose a homsomorphisn

U

mapping cylinder of ¢ . Define

S

i

5 = W 1 W
ao a k@

[

Then ﬂo in an n=cobordism from S to

\\ Lo (xd,e,8) = o {x.0,%,8)

¥ Al W,
“a " B

I 2
Eo Uy M, x A% . There is an obvicus homeomorphism
e >

k

8§ x &% x I U k

axaF %0 g
Wem V X 25 X T as £ : h °(f, U £, U idy
-1

; s A x BV % AR xT U
Apm Uoa u Hazw } n _A< % o U ey

=

UV x A x 1y,

bouple (W,N,f,a) is by definition the k-simplex ab.

checks that the face operators are homomorphisms.

Finally, if a,b,c are O-simplices of

4.2}, Take A<o & HV¢ -t
I

.Aﬁboumu x eV, }

: mlll.ﬁa X I such that

M, % DW:IW V X A™ %



of parametrisation of the factor I of <o % I , Therefore
one can easily construct a l-simplex u of mww>5ﬁ4v

with 95{u) = (ab)c and 9,(u) = a(bc). Thus the induced
law on 7y ( mwm>eﬁﬁvv ig associative.

(15.5) Theorem : Let V be a stable thickening of dimen-

sicen 2 6. Then there is a bijection

no:om( mwmbeﬁ<wv — Topp(V % p*) which is an iscmor-

phism of groups when k # 1 . The bijection "o satisfies
Mplab) = ny{a) %vjoﬁdvv where ab denotes the composition
of a and b by the law of (15.4).

Proof : As WMbﬁA<v iz a Kan A-set, one can use the
combinatorial definition of m( @Eﬁ?: [Cu, § 2].
Recall that the elements of m ( Fup(V)) are thus equi-
valence classes of K-simplices ¢ such that muﬁqv = *w 1
where two such ¢, and g, are equivalent if there exists
a (k + 1)-simplex a such that moﬁmv = a,, mpﬁmv = d, and
mpﬁmu =* fori2>2,

Let ¢ = (W,N,£,a) be & k-simplex of %o, (V) with
mHﬁqv = *. _ 1 - This implies that o can be extended in
a CAT-homecmorphism @ ¢ 8(V X &% x I)-=s aW. (T is de-
fined to be the identity out of the domain of o ). Cons-
truct & (WMDH)-manifold M by gluing W to V x &K x T along
theilr boundary, using G . There 1s an obvious inclusion
¥ : V X Uw X T = VX Dw X I &= M . One checks and the
pair (M,v) represents an element of TaaplV % wwv. This

gives rise to a well defined map
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ot Bpap¥)) — T (v o« DF) .

CAT CAT

Ky ~ 4
Let (M,vy)} represent an element of ﬂobeﬁ< £ AMY F T ear (¥ xD%) .

Call W = M - intv{V x &% < I}, As dimV + k > 6 , the classification

of h-ccbordisms by their Whitehead torsion shows that there 1s an
h-cobordism hSoh< Pe Dwuzv and a CAT-homeomorphism

Bt (WY X AN U a(V % a5) % I) o (W, x 25 x 0 U a(Vx &) x 1))

Om

such that hlV x 25 U 3(V x &5} x I) = v . Now the map

v1en _4 % 85 U 8{V x £5) x I can be extended to a map
T WV % &F % T with wupg x oK % 1} = N, Thus, the 4-uple
-1 X k

(Wq, N, 2,0 o);qx_pwxocméxp x I UV x aF x 1) repre-

semts an element & ¢ ﬂWA mebﬁﬁﬂvv and memv = [(M,v)}]. Therefore

jw is surjective. An analogous argument shows that if
Jwﬁmv dwﬁmmvu then @ is equivalent to &'. Hence 7 1s bijective.

3

It now we prove that jwﬂmw + 8,) = jwmmpv iqummmvw for ¥ 2 1 .

L X I . s in the proof of (13.1),

- Kl -
there exists an isotopy wﬁ : VX bw 1 XKIHKI——V 4K X I XX

K
Choose a homecmorphism Dw = D@

with hy = 1d and hy(x,u,8,t) = Axhgu&“wumv.ewmwmwowmuﬁsmuwHHm
AZwu4wy and mthqH o 3Hv represent the same element of mM>Hﬁ<Vu
where Hﬁzw_<HvM = 3wﬁmwv . On the other hand, by teking the combi-
natorial definition of mw + mm [Cu, p.122] , it is clear that
jwﬂmp + mmv is equivalent to the representative on
M, vy ° S Em» v, ° hy) constructed as in the definition of
E)

the law = .

The proof for k = 0 is the same, playing with the two factors I's
of Vx & x 1= Vg I % &Kok (one uses (4.2) to decompose V into

V. X I).

0
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(15.6) Remayk : Lemma (15.4) and the proof of (15.5) make clear

that the law 4 of mﬂbeﬁdv 1s assoclative (this was not established
in details in the preof of (13.1)}, Also (15.4) and (15.5) give the

following consequences :

1) The compesition law on ﬂoﬁ mwnbﬁﬁ<vv of Lemma (15.4) endows

Mol Bppp(V)) with a structure of abelian group.

2) ™, mwmbﬂﬁ<vv is abelian,
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16. Fibrations involving %o, (V)

Let &{V) be the s-set whose k-simplex are maps

k

¢V x % ¥ x 2% such that :

1) g restricted to a neighborhood of 8V X o¥ i equal to the

identity

k IHH

2} for any face 0 < &A™, g (VX ag)=V xo |,

Condition 2) permits us to define the face operators
Ty mwﬁmv = mmDH . If V=V, x I, one can endow, for each k,
the set of k-simplices of & (V) with a composition law in the
following way : let wH PV, I X o Ji!w<o x I x aF , 1=1,2,
be two k-simplices of & (V). Put wwﬁxudumv = Awwﬁx.dumvhmmﬁx“wumun

£2(x,t,5)). Then £ = £, £, is defined by :

(£1(x,2t,5),3 £2(x,2t,5),22(x,2t,5)) if t < }
H.ﬁNu.num.u =

Qw?m?rmrw: + £5(x,28-1,5)),£3(x, 26-1,5) )

ir$€t¢t <1

The face operators are homeomorphisms for this composition law,

thus &(V) is a structured A-set. The fact that AF a1 1

i
makes & (V) a Kan A-set. Also, mwobeﬁdv has a base point
M A A

One defines a A-map m : mﬂbeﬁéleWMAdv by assoclating
to the k-simplex (W,N,f,a) of %,,.(V) the k-simplex
gV x A% v x aF defined vy (g(x,t),1) = (£ © a(x,s,1},1).

By a2 mild abuse language, we write g = f ° a. One checks that m
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is a map of structured A-set.

The map m might not be cnto but it satisfies the Kan
extension condition for simplices of dimension 2 1. Indeed, let
gtV x & v % AF ve a k-simplex of &(V), k 2 1, and
(Wy,N,. Tp,e,) be a {k-1)-horn in @nﬁ_?v such that £ ° o = g|Vvxa,

As mm

obendv is a Kan A-set, ﬁzbuz>hw>h9>w is a sub-horn of =
k-simplex of mWW»Hn<vu say Azouzoumohﬂov . Construct a new
kesimplex ﬁxouzohwugoy by in the followlng way : define f

on H4.0 by MAQOuN»mquv = Amﬁuﬁumuuu.v.

This partial map f together with id : V x bw;llwd X bﬁ X 0

and ﬁb can be extended to f : zo — V X bw x I ., Indeed,
vox aFy LY Ey is a deformation retract of Wqy when k > 1 .
Clearly, aﬂSOMZO\thOV =g .
F =i .
Define #,n(V) = @~ (*), which is a pointed structured
.m
Ken A-set. One mmﬁoﬁwm by i mmmbgﬁ<v - mﬂbﬁaqv the inclu-

sion.

Let us now define an equivalence relatiocn between two

K
maps ; : (W;,V x &N )~ (v x a

X I,V % 4% x 0,v x &5 x 1),
i = 1,2, such that f, are part of the k-simplices (W,,N,,£,,0,)

of mwbﬂﬁ<v, We say f; is equivalent to f, if :

k

a) W, = W, and for any face 0 < A", ASMVQ = AEMVQ and

)y = (M) .

Sﬂ:%fpwx&ﬂwmp quwainhmsampwhnw L.

5!

The definitien permits usg to define a A-set mwm>ﬂﬁ<v by

describing a typical k-simplex as a triple (W,N,F), where
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1) (W, v % 5 N) is an h-cobordism, as in (15.1) part.i).
2} F is an equivalence class of maps £ : (W,V x Dwuzullls
- {V « oF % I,V x A % 0, V x a5 x 1) satisfying 2a) and 2c¢)

of {15.1).

%} For any face 0 < bwh the inclusion Ny C N is a simple

homotopy egquivalence.

The A-set mﬁﬂbaﬁ<v is a Kan A&-set ; the proof gces as

for ﬁmM>eﬁ<v. Also, mmm>eﬁ<v has z base point * =
= (Vv x & xI,v xS x1, 18).

{(16.1) Lemma : If V" = V. x I, and n 2 5, then :

0

1) mwmbeﬂﬂv is a structured A-set

2) There is a2 map of structured pointed A-set t @ mwmbﬁﬁ<WIKMMbem<v
which satisfles the Ken extension condition for the simplices

of dimension 2 1 .,

Proof : The composition law has the same definition as the one
for Wo%ﬁi {Lemma {15.4)). The mep t will send the k-simpiex
(W,N,f,e) to (W,N,[f]}, where [f] is the egquivalence class of £,
To prove that {W,N,[f]} is actually a k-simplex of mWMbHA<VV
it suffices to check Condition 3} of the definition of
LWMbHA<V. This condition is eguivalent to the fact that for
k

every face 0 < &% , themap £ : N =V X g x 1 is a =simple

homotopy equivalence, The composed map

a$

v xquxHuaﬂxaxMIﬁzqﬁquuxHn<oxquxp

o
is equal to the identiiy on 40 X0 x o x1 . Therefore, this

composed map is homotopic to the identity. As the whitehead
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torsion of the homecmorphism Qqﬁq X ¢ x 1 ig zero, this im-
plies that m?.o. 1s 2 simple homotopy eguivalence. The map t

i1s clearly a map of structured pointed A-sets.

Let us prove now that t satisfies the Kan extension condi-
tion for positive dimensional simplices. Let & = (W,N,F) be a
k-simplex of 7, (V) (k > 1) ana let A = (W, N, Fy) ve
a (k - 1)-horn of § . Suppese that A = t{A), for
A= (W,Np,£4,0,) a (k - 1)-horn of B, (V). Let
f i W—V x DW %X I be a representative of F satisfying
Condition 2) of Definition (15.1), with partial inverse
o1V x 25 x0U & x AF x TeaW . The condition on the
inelusions N, C N implies that Azuz?z..wnd z>v 15 a S-cobor-
dism and therefore N = z> X I. (One uses here the hypothesis
k 2 1 which impiies that N, is not empty). Therefore, the em-
bedding o U ay : VX 2F x 0 U oV x 85 x T UV X Aix1 o oW

can be extended t0 an embedding o : V x A& x oc<x bw xHC

UV x af x 1 G- 3W satisfying Condition 3) of Definition
(15.1), Now Y enp (or even £, U en» u Qum_zv can be extended

to f 1 We— V x &% x I such that {W,N,F} = t(W,N,£,a) .

Let & ve a structured A-set with base point * , Define
® to be the sub-(structured A-set) of ¥ generated by * .

Observe that in the case of & = & opp(V) or m@ﬂbwﬁqv“ ® 1sg

& Kan A-set having the same homotopy type as * . Also, ® = *

in the case & = W?& .

Define %Nmbe (v) = ﬁlf@; » which is a structured pointed

Kan A-set. Denote by it %w..w (V) — & (V) the inelusion.
CAT CAT
t

As above, we show that the maps m © 1V : ﬂmﬂmﬁ_?wi &(V)

and t - (M ; m\wbazviﬂ\v%\\obﬂ?v satlsfy the Kan extension
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condition for positive dimensional simplices. Thus,
_ t m = o 4Ey-1 *) =
FoppW) = FEo0) A FRW) = (m o 15)L(x)
(t ° HEV,.HAGV is a structured pointed Kan A-set, with

ﬁ .E. B
inclusions .u.d : ﬁbeﬂdvni w‘o.pﬁﬁi and J& ! qmm.ﬁ,?:lﬁﬁ(ob_@:.

A seguence F i + W B & or maps of struc-
tured pointed A-sets is called a restricted structured fibration
if 1 is injective, i( F ) = @-pﬁ®u and p satisfles the Kan ex-
tension condition for positive dimensional simplices. The re-

sults of this section can be summarized as follows :

{16.2) Theorem : There 1s a commutative diagram of maps of

struetured pointed Kan A-sets ¢

‘ . .
Fogp V) 3 Fomn) P, &)

TH_ IS i

F ﬁbﬂgu |H5|v mm\m.emil !I..m,aiivm?l

|
} !
eV == FpplV)

such that each row and collumn is a restricted structured

fibration.
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17, Exact sequences . The brald diagram

.

H._md rﬂ m..‘ ..I- m B

fibrations occuring in Theorem (16.2}. As the sub-A-set @ of K

F be one of the restriected

is & Kan O-set, the restricted fibration ( F, &, &,1i,p)

gives rise to a long exact sequence :
i O 8. i
»..ﬂuﬁrﬂv}ﬂuﬁwVllrﬁum.@v,‘uliﬁulpﬁmulmulr....

e (B s (F) 0 (& )P (@)
The map Py is net onto in general, since a restricted fibration
does not satisfies the Kan extension property for the C-simpiices.
The proof of the existence of the above long exact sequence is

the same as for the case of an actual fibration (i.e. ® = * ).
As the map i and p are map of structured A-sets, the maps Ho

and Py are homomorphlsms for the induced composition laws on

Ty - We leave to the reader tc check that mw is 2ls0 a homomor-

phism,

The aim of this section is to interpret the long homotopy
exact sequences of the restricted fidvrations of (16,2),

Recall the definition of the set nmwmbeﬁx reld ) of homo-

topy CAT-structures on an oriented manifold pair (X,3X). A ciass

of rmw

obeﬂx reld) 1s represented by a degree one simple homotopy
equivalence f : (U, 3U}~—s (X,8X), where U is a CAT-manifold and
£lau is a CAT-homeomorphism onto 3X . Two such slmple homotopy
equivalences L ﬁd»u mcnvull {x,2X) are equivalent if there
exists a simple equivalence F : (T,8T)— (X x I,a(X x 1))

L=
A
3

j = T AT- 2=
such that T = U, U U, U Z, W_GH = f, and ]2 iz a CAT-hom

"
morphism onto X x I . By omiting the word "simple” in the

. h ta
muodmumWHuwﬁwoduoanmdmmmmﬂ ﬂmwobaﬁx reld). Finaliy, deno

oy [K,X]_ 1,
which are egquel to the identity on a neighborhood of 3X {homo~

the set of homotopy classes of maps £ ¢ X— X

topies relative to a neighborhood of the boundary). When

X =X, x I, such a map f 3 X— X is a homotopy equivalence

0

and thus [X,X] ig a group for the composition. This group

reld
is abelian, since the supports of two maps can be made disjoint

by homotopies.

i
(17.1) Proposition : Let VI"~ = Vy, x I, where Vy is a compact

CAT-manifold with nop-empty boundary and n » 6. Then, for all

k 2 C, ong hag that :

s +1
a) T ( Fepp(V)) 15 in bijection with eV % D51 rere)

¢ )

b) m ( F oar(V)) is isomorphic to Autf(V D rels)
(definition in § 5}

)

c) ﬂwﬁ & (V)) is iscmorphic te [V x D5,V x D reld

d} In the homctopy exact sequence of &WM rastricted fibration
€ m
F opp (V) ———e—— Fean(¥)

under the above bijeection, becomes :

& (V) which,

t t
J m, "
quwi umwmvl*l Aut ?éw relsd)— ?xuw.fu i

= CAT

CAT reld

2
s
i mbeadxu rela)

the homcmorphlisms um 3 am and 8 have the followlng description
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é;} 3% is the composed Em.ﬁrm\mb_uﬁﬁ x 51 re1a) =

_ Kk 5
¥ FharW x 0K %1 relda) —°= fut o (V x OF re1s) ,

where & is the map cccuring in (5.3).

nmv am is the forgetfuil homomorphism (an automorphism is seen
ag a map)

'S

awv 8 sends £ ¢+ Vx Do ¥ x DX to the class determined by ¢

] 4
in obe? x D% rels) .

Proof : As %Nmb.uﬁdv is a Kan complex, an element of ﬂwﬁmmbe?vv
1s represented by a k-simplex with all faces egual to the base
point. Such an object is a k-uple {W,N,f,a) where {W,V x oF L)
is an s-cobordism and f : W—— V x DW *x I satisfies

£V x B x0uUevx B xTUN= o' . The conaitions on the

faces imply that f 1s a homeomorphism on the part of W where
ol is not defined. Thus (f : (W,8W)—s {V % aF x I,3(V x aE x 1})
represents a class in ..m.\mb.u? x A& x T rel 8) =

v x uw+p

= m.pi rel?) . This defines a map
—_— e+1
v FoprV)) Fean(7 x ¥ re1 8) | o1r

gt (X, 8%) — (V x A& x Ia(v x af x I)) represents a class

of %wmbe? x &5 x I, relz) , then X 1s an s-cobordism from

mnn_.ﬁw X DW X 0). By the s-cobordism theorem, there exists a

homeomorphism ¢ ¢ V X & x1-Zx extending mnp ocmH.

v x 65 0 U (v x &%) x I, Thus the b-uple

W x1, v x1, goy, vl o gty afxouUsy x o x T

C<XDWXU_.V

represents an element € of pm\x\.mba?ﬂ: such that (@) = class

il
of (X,g). Thus v is surjective. An analogous argument prooves

the injectivity of v .
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D) An element of ﬂwﬂ rmuwﬁwb_uﬁﬁv is represented by a Y-uple

{W,N,f,a}, where W 15 a s-cobordigm and f|¥W 1s an homeomor-

phism (since t(W,¥,f,2) « ® ). This determines a class in

k

B ¢ AutS (V7 x A* rels) vy the equation (B{x},1) =

CAT
k

= (f ®a(x,1}), x ¢« ¥V x &% , One checks that this corres-

pondance defines an isomorphism ﬂwﬁrﬂ.mbwﬁw: =

= aut, (v x & rela).

¢) This 1s straighforward .
n“_.v This follows immediatly from the proof of a) and of {5.2),

nmv Streighforward from the proof of b} .

&uw Let g : ¥V X A ems ¥ % A be & ¥-simplex of & (V) repre-

genting en element [g] ¢ ﬁwA &{¥)}. Construct a kesimplex

t
CAT

* for 1 21, Eﬁﬁmu =g {i.e.

1,

= (Vxa*x1, vxofxi,e, a) of F (V} suweh

¥

that : 8, (@)

k

£lv x &% x 1 = g) and @ = 14 . By definition of the

boundary homomorphlsm in the homotopy segquence [Cu, p.125)

one haz 8([g}) = moﬁmv . But the pair {W,f) makes moﬁmv

1

equivalent to g in mbe? X AMT % I rela) 2

¥V x 85 rels) |

{17.2) Remark : The space rﬂ.mﬁ_ﬁdu is actually homotopy

equivalent to the A-group mw..m.?v whode k-simplex are CAT-homeo-

morphisms from V x.bw onto ltself which are equal to the identi-

ty near the boundary [B-L-35] ., Am homotopy equivalence
CAT (V) +F Ly (V) would send B to (V x 2% x 1,v x &F x 1, 1d,a

X X 1 and the identity on 8V x &% x T U

6)s
where Qm =5 on VX A

Uv x Af x o,
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(17.3) Proposition : Suppose that yo-1 Vo*ILandn =6 .

Then, for all k > C , one has :

1
a) m (F cap(V)) s in bijection with 0 (v x D! rero)
- -1
b} awﬂhwxobeﬁ<vv is isomorphic to HP wﬁNmmswA<vw

c) In the long exact sequence of the restricted fibration

m n
F o V) —L—F car (V) Llll\.ﬁ»iﬁ

which, under the identifications of a) and b) and of

{17.1,a) becomes :

m
B (Z,;0n (V) B8 v x K re1s) e B (0D re

m
Ya s wR bz sim(v)) 8 L.,
the homomorphisms uw 5 ﬁw and @ have the following

interpretation :
¢,) 1% is the forgetful map .75 R
1/ d= € P CAT —* CAT *

nmu If (W,f) represents a class of rMnWbeﬁ< % D rela),

then the Whitehead torsion z{f] of f repregents a class
mn|W|»ANmmsdﬁ<vv ; the homomorphi=m ™ sends
the class of (W,f) to the class of z{f).

owv 2 is the composed homomorphism

B (230 (V) )— BT (Z i (7)) S 18 () (7))

k41

||+nmwmbaﬁq % D rels)

where ¢ is the boundary homomorphism in the Rothenberg
exact sequence [Sh] and u is the action of the Wall

surgery obstruetion group L% ﬁapﬁdvv on (V x UW+HuHQv

n+k
(see {Wa, Theorem 10.5] or § 5).
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Proof :

8} The proof goes in the same way as for Part a) of (17.1)
One uses that if {(W,f) represents an element of
mﬁﬂﬁ4 x 28 w1 reld) , then W is an h-cobordism from

v x & <o) .

b) A class [8] in ﬂwﬁ“mxobeﬁ<vv is represent by a
8(W,N,F} such that (W,V x bwuzv is an h-cobordism trivial
over the boundary (since all the faces are egual to the
base point}., If k 2 1 or V = Vo % I, the duality formulae
[Mi, p.394) and Condition 3) of the Definition of H gy (V)
imply that <(W,V x &) = (-1)21%K oy 5 A%y | 1p
8! = {W',N'",F'} is another representative of 18], there

is a (k+l)-simplex T

Qohzo%ow with 8,4(T) = 8 ,
miﬁ = &' and mHP: = * for 1 > 2 . By Condition 3) of

the definition of \n\oﬁ?r the inclusions ¥ € N. ane

4]

N' C zo are both simple homotopy eguivalences. By the
s-cobordism theorem, one has AZthuz_v = (N x I,N x O,§ x 1),
Thus so is an h-cobordism {trivial over the boundary)

between W and W' . The duality formula gives :

D7 e ) = O,y x ARy 4 g-t TE W) 4
k 0
. Vo<, W o
+(-1)07% ﬂﬁsohi

0

This enables us to define a map

-1+
¥ i M ( Hogpp(V)) — BV fmmh.s,:?: by sending the
class of (W,N,F) to the class of ©{W,V x Dwu. By using

the simplicial description of the sum in m( MWM>HA<VV
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for k 2 1 [Cu, p.122] or the sum in T, ( Mwwbeﬁ<vv together
with the sum formula for Whitehead torsion [Co, (23.1)] one
proves that v 1s a homomorphism. The surjectivity of v is
proven by uslng that any torsion v € Wh(V) occurs as
aoﬁscu< X Dwv for an h-cobordism (W,V, x Dwchu with

W, =V x 85U a(V x a%) x T U N . The duality formula
guarantees Condition 3) of the definition of mwmweﬁ4v and

1d : Vox aF y a{v x bwv X I -V x &% x I can be extend to

amap £, ¢ W,— V x &% x I so that the triple (W SN E)
represents a class 6 ¢ 7, ( Mwubmﬁ<v with v(6) = [v] . The

proof of the injectivity of is analogous.

opv Follows direetly from the proof of a} and of Part a)
of (17.1).

nmv Follows directly from the proof of a) and b) and the
definition of t% ,

nuv As in the proof of Part qu of (17.1), one uses the
gimplicial description of & . The result follows then as
for Proposition (5.2).

(17.4) Remark : Proposition (17.1) a) and (17.3) permits

k+1

to put on cmm HA< x D reld) (e = s or h) an abelian

group structure (or at least an assoclative composition law
when k = 0)., The composition law is constructed as the law
on &uup(V). We leave to the reader to check that, fn all

k+1

cases, mbeﬂ< X A reld) is an abelian group.

We study now the fibrations in which mWWbeﬁ<v occurs,

Recall that m ( &pn(V)) v x DK)

obaﬁ
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1 be a stable thickening, n 2 6.

{17.5) Proposition : Let v

In the long exact sequence of the restricted fibration
t it

F oar(V)—=—> Bpun (V) —L=3F (V) waich, under the

identifications of (15.5), (17.1) and {17.3) becomes :

t

- B8 (Z50m(v)) .w>c¢o>eﬁ<xuw rela) Leo 1o, (va0F)—

te 1
—— BNz i (v))
the homomorphisms t, , wm and mw have the following inter-

pretation :
Uw -1
a} t, sends the class of (M,8) in ﬂobaﬂ< X DY) to By (t{M))

mu+w|HANmmzdﬁ<vv. where t(M) is the torsion invariant
of M (see § 9).

B) Hm sends the class of O & Autuun(V X Uwu onto the class

of (SOB(V x D¥,2),1) where 1 : Vv x DX x I - 50B(VxDX,a)

is the natural inclusion {see {Ha &, (2.2)])

c) 8, 1s the homomorphism DMM% of § 5

Proof : All this follows directly from the way in which the

various identifications are cbtalned (see the proofs of
(15.5) {17.3,b and ouvv.

-1

{17.5) Proposition : Let V¥ be a stable thickening, n 2 & .,

In the long exact of the filbration

m

r@\ﬁpﬂ_?u S WQEH_?CJ Wﬁﬁ.?v which, under

the identifications of (15.5), (17.1) and (17.3) becomes :
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m
(v x D1 v « pittly 8 &52 x D pere)—te..,
relsd

M
Ly k )

m.
W 3
-|1ao>e?xwv||1ﬁ<xuu<xu rels

the homomorphisms & , Hm and m, have the following

interpretation

a} 6 sends £ : V x oo v ox ok to the class determined

by £ inF R, (V x DX rela).

b) 1% sends the class of (W,£) to the class of the pair

i
(M,1) where M = V x D* x I U g1 Tas
and 1 : V x uw X I— M is the natural inclusion,

e) The palr {int(V x Uwvu m, (M,B)) represents the virtual

monodromy p{M) of M (see § 29 11),

Proof :

a}) Is a consequence of Part nuv of (17.1) and Part ey) of

(17.3) . Points b) and c¢) follows from the various identi-

fications (proofs of (15.5), ete.).

1

(17.7) The braid diagram : Let V™" be a stable thickening,

n # 6 . From Theorem {16.2) and Propositions {17.1), (17.3),
{(17.5) and (17.6), we deduce the following commutative braid

diagram of exact sequences of abelian groups

(V x D re1s) — [V x D5,V x D] =1

e
CAT

Hn+k(22,'Wh(V)) ———3 BAut

NN S

7

/
N

\
Vs

Vs

N,

\

N\

k
Copp(V % D)

/

7

V4

AN

JQ’EAT(Vka+1rela)

NS

k+1 k1 h k+1 -1
e (VD 0T ) ey PR (0D vede) —— s gLy (v)) e

Lt
. .. PCATW’.‘D )

/!

-T%~

c . h
> Autgan(Vorels)—— Vvl —-- -2 S aan(V rel )

2

A
e
Ve
e

:903AT(V reld)

NN T

— L?EAT(VXI rela)—-—-—-—>H“‘1{22;Wh(v})

7NN

N\

N

Fear(V)

LgngT(V x I rela)

The brald diagram .
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The dotted homomorphisms at the right part of the 18, Applications of the exsct sequences .

braid diagram does not come from the fibrations but can

. e
i = V reld)
be defined directly. As ¥ 40 « Lo e mmdmumuobﬂﬁ The first application is the use of the homomorphisms

Sﬂmoa*ﬂwoﬁ*nﬂlllfvam&

are still groups. The dotted homomorphisms are defined Obeﬁ< rels) .

as in (17.1) a5}, (17.3) ¢;) and c5) .

18.1) Proposition : Let (M t
The braid diagram put a new light on several results (18.1) Proposttion et (M,£) represent a class of

Pear(V), with dimV > 6. Then h(M,) = 0 1f and only if M
of the previous chapters. The following comparisons are

has the homotopy type of a stable open book with detached
interestings : .

page homeomorphie to intVv .
-~ Exactness at dobeﬁ< % uwv «— Theorem (9.2) and Corollary

(11,2} Proof : By (17.1, nuv and (17.6, c¢) , the meaning of

i

- Exactness at »c&mmﬂﬁ< x D* reld) «— Theorem {7.4) . h(M,B) = O is that the virtual monodromy p(M} of M is

ik ﬁ u equal to the class of {intV,a), where o is a CAT-homeomor-
- : 10.1

- E at H Z.:Wn(V)) +~— Theorem .
xactness { =5 phism. Therefore M has the homotopy type of SOB(V,a) ,

using (11,2}.

Conversely, let [(M,p)] « Toar (V) such that there
exists a homotopy eguivalence £ : M—- SCR(T,a) =
=T XTI UW, with intT = intV . As in the proof of (11.3),
there exlsts a stable bre-open book decomposition
M=UXTIUVW' and one can deform f by a homotopy so that
f{U x0) =V x0, f{x,t) = (£(x,0),t) for (x,t} e U x I
and ©(W') = W, On the other hand, M has the stable pre-
open book decomposition M = B(V x I) U, X . By Proposition (2.2),
there 1s an amblent isctopy md ! M— M with mo = id ,
Hy (U x 0)CB(V x 0), Hy(x,t) ~ p(p~ (H,(x,0),t) for
(x,t) ¢ Ux I and B(V x 0) is an enlargement of H, (U x 0),

Therefore, f can be deformed by a homotopy so that
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t(B(Vx0}) =T x0,£{p(x,t)) = {£(p(x,0),t) and #(X) = W .
With such an f, 1t 1s easy tc check that if (H,vy) =

{M,8) 4 (SOB(V, g.pri » then M has the homotopy type of
S0B(V,1d). By Proposition (11.3) one has p{M) = [intV,1d].
By (17.5, ¢} , one has m,(M,v) = O and thus h(¥,y} = 0 ,

As d*ﬁmomﬁ<ugrpubﬂv = 0 (by {17.5, a) and (9.2)), it follows
from the commutativity of the braid diagram that h{M,8) =
a(M,¥} . Hence h(M,p} = O .

(18,2) Corollary t Let G be a finitely presented group
and n 2 7 such that the homomorphism ww+pﬁmvl|1v ms+pﬂmmmsrﬁmvv
of the Rothenberg exact sequence is surjective. Then any

{WMDH }-manifold of dimension n with fiundamental group iso-

morphic to G has the homotopy type of a2 stable open book.

Proof : Choose a stable pre-open book decomposition

M= 8V x I} CW ¥ . Then (M,B) = ﬂobﬂﬁ<ua By the exactness

of the Rothenberg exact sequence ww+p

||lwbmﬁmv and our hypothesis, one deduce using {1i7.2, owv

(@) — B (Z ;W (a) }—

and the braid diagram that h(M,B) = ¢ . The result then

follows from (18.1).

(18.3) Remark and problems : Corcllary (18.2) shows that

the metho@ of § 10 to construct Aszumvoimﬂwwownm which are
not homeomerphic to a stable open bock (or, equivalentiy,
not h-cobordant to a stable open book) always produces mani-
folds which are homotopy equivalent to a stable open book,
Tne preblem of finding a (WMDH)-manifold not homotopy equi-
valent to a stable open book (or to a stable twisted double)

remains open,
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Another problem is to decide whether or not Proposition
(18,1) remains true if we drop the hypothesis on the virtual

detached page.

The rest of this section is devoted to prove the

following theorem :

(18.%} Theorem : Let v ! be a stable thickening, n 2 6 .,

ir 3Hﬁ<v is finite, then ﬁobﬁﬁ<v is finitely generated.

Before proving Theorem {(18.3), we need some preliml-

narles.

The group Hﬁxhwvmbmeww : Let A be a CW-complex and (X,Y)
be a CWepair. Let ¢ : X x I X A be a map. Let us
consider the set MAxumvmbmeuw of homotopy classes of maps

k

£:XXIXI——Asuchthat X x (I xTXU Y XxIxIE=g¢g

{(homotoples relative te X x a{I x vac ¥ x I x va.

Let Fy and F, be two classes of ﬁﬁx.ﬂvmbmeux . The
clase @H hag a representative by a map wH r XX I X mﬁll*b
such that wwﬁxnm»wv ueﬁwumu&vwowmww.bmwow mmkpﬁmnauﬁm

a representative Mm t XX I X HW!!!wb such that

fo(x,8,t) = o(x,s,t) for s < } . Observe that the homotopy
classes of £, relative to X x [0, 3] x TF Uy x 1 x ¥ U
UXxa{IxI*) and the homotopy class of f, relative to
Xx {3 11 xT°UYxIxIExXUaIxI15) are well
defined. Hence we cen define F = F; + F, ¢ HRN.NumbmeuW
as the class of the map f defined by :
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n
o

wpﬁxumhﬂv for s

H.ﬁunumhﬁv =

[v:3
W
Aoh

wmﬁwnmuwv for

{18.5} Lemma : The set [(X.Y}3Asp] with the law ™" is an

k
abelian group for all k = 0 ,

Proof : Checking the associativity is easy (reparametriza-
tion of I}. The unit slement is represented by 2. To £ind
the inverse -F of a class ¥ , let represent F by a map T
so that fx,8,%) = o¢{x,s,%) for s » ¥ . The map

g : Xx[0,3]% I% x 0 U vxIx’T U e /T8I )xT U 5axTExl — A

gefined by :

1olx,s,t) for u > ¢
t
{x,8,¢t,up= M
i
MmﬁwumeW for u =20
can be extended to a map & ¢ X x I X HW X I + A . Therefore

the class of the following map 7 :

e

p{x,s,t) Tfor s <

£i{x,8,t) =

W
Wi~

G(x,s,t,0) for =

constitutes an inverse for the class F. The commutativity

of the law "+" is checked as for the commutativity of the

higher homotopy groups (observe that [{I,81);4; ol where

x ¢
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#(z) = * ¢ A is isomorphic to m o o(Ri*).)

{18.6) Lemma : Let U™ be a compact PL-manifold with aU
non-empty. Let A be a CW-complex such that 3wﬁbu is a fini-
tely generated (respectively finite) abelian group for 2 € 1 € n.

k

Tet © : UXx I X I*——=A be a map. Then ﬁﬁqumdvmbmeuw is

finitely generated (respectively finite) for all k = O .

Proof : Let us consider the Pogtnikov tower of A [Bau] :

K(m (A),1) =

As 8U £ @, the pair (U x I x IX, {Ux I x I%)) is s least
2-connected, thus Hﬁchmcvm>pmvw ° 9] =0 forallk >0 .
K

Let us take, as induction hypothesis, that ﬁﬁchwcvhba 43P g ° o]

k
1s finitely generated (respectively finite). One hss an exact
sequence :

p ()
m:cxHwa,icXHwa:ﬁ.?:l [(u,80);4 50, ° e_w|w|.*
. [+]
Zc.mS.bwL Py Ew

Indeed, by obstruction theory with local coefficients, the
group HY (UxIxIX, 8 (UxIx1¥) ;T.(A)) 1s in bijection with the
homotopy classes of liftings of P..q °0 into bw [Bau,

Theorem (4.3.7)}]. Each obstruction can be realized by a 1if-
ting equal to p, ° ¢ over U x[0,3] x I* {or over U x{%,1]x 1K)
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which permits us to shew that 3is a homomorphism. Clearly,
Ims = WmHAQHU*.

If ﬂwﬁbv is finitely generated (respectively finite),
the group H' (U x I x I8, (U x I x IF}; n.(8)) is finitely
generated (respectively wwdpmmv. This proves by induction
that ﬁﬁcamuvmwwmwﬁ °© @] 4is finitely generated (respectively

k

finite) for all r and k. But [(U,aU);850] = [{U,3U) ;A 5p.° @]

k

k
for r > dim(U x I x vau which proves Lemma (18.6)

Proof of Theorem (18.4) : Let us consider the surgery exact

sequence [Wa 2, § 10] :

Vo .

B (m, (VxI, 7818 ) ——oms [ (VXI, 3 (VXI);G/CAT] —

Ly Q:L

CAT

Y4 _n
— L (", (V))

Observe that [(VxT,a{VxI))};G/CAT] is in bijecticn with

[{V,sV);3/CAT; ® o] with ¢ = constant map to the base point
0
#* & G/CAT. Thus, the set [{VxI,a{VxI));G/CAT] has an abelian

group structure and, as in [Wa 2, Proposition 10.7], one

checks that Y is a homomorphism. Now hwmﬂmeﬁﬁ X I reld)

dommmwﬂbﬂﬁqvvw% (17.3,a) and thus B, (Vv x T rels) is an

CAT
abelian grovp (see Remark {17.4))}. One checks easily that

¥, is & homomorphism (see(Wa 2, after Lemma 10.6]) and that
ag is a homomorphism {using the usual geometric description

of the sum in L How, ﬁuﬁm\nbew is finitely generated

5+Hu
for 2ll i, Therefore, [(VAI,8(VxI)});G/CAT] 1s finitely gene-

rated oy Lemma (186.6,. Tne surgery groups h5+~md (V}) ars ti-

nitely generated when awp<v ig finite [Bs, §11) angd [Wa 2,p.240],

Thus Fh (V! } is finjtely geherated.
CAT rela
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Now, write V = V, x I. The group [V,V] is then

rel?d

isomorphic to ﬁﬁ<oum<ovm<omnau . If ﬂpﬁ<v is finite, the

8]
~
universal covering V of V is a finite simply connected complex

and thus = A<v is finitely generated for all i (it is clear
that B, (V) 1s finitely generated; then so are 7 A<v T Adv
by the mmwwm;mzwoswon Theorem for the Serre nwmmm of wuaHu

tely generated abelian groups). Therefore, [V,V] is

reld
finitely generated by (18.6). Using the exact sequence

Bap(V % I)—=T o, (V)—s [V,V] of the brald diagram, this

rel

proves Theorem (18.%).
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19. Some computations :

Let oHU be the cyclic group of order p, with p odd.

Denote by HM a CAT-manifold quotient of the sphere maﬁs odd)

by a free action of C_ (a Fake lems space). In this seetion,

P

we study the group ﬁnbeﬁ<v for V = HW %x D¥ . Recall that

Popp(V) 15 finitely generated by (18.4).

{13.1) Theorem : Let V = ww *xD', withr 2m+ 1 >4 ,
Then :
o if r is even
rank Toap(7) = { B22 47 » =1 (mod 4)
;2
m heay if v =3 (mog 4.
2

Proof @ The homotopy groups ﬁ.?&. = awmmsu are finite for

i >m . Therefore, the group [V,7)] igs finite by (18.6) and

reld

and the procf of (18.%), Hence, by the braid dlagram, one
_ h

nas rank Io,m(V) = rank rmmomﬂﬁﬁ x I rels}. The latter can

be computed by the surgery exact sequence (see Proof of

(18.4)), One has :

0 if i # bk
ﬁﬁm\oﬁv @ =

Let us first consider the case r even. It follows by obstruc-

tion theory that :
1 4f r+m+ 1 = 0(mod &)

rank[ (VxI,a(VxI));G/CAT] =

O if r+m+ 1 Z O{mod 3)
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If r+m+ 1= 0(mod 4), the image of the surgery cbstruction
map [ (VxI,a(VxI)};G/CAT]— hwmﬁouv has rank at least 1
(signature cbstruction). Thus, if r is even, one has

h h
Hmﬁwnmwobeﬁ<xm relz) € rank Loyt
which shows that rank ﬁobeﬁqv = 0 when r is even.

(c,) . But wwauauv = o[Bx 11,

Now, assume that m = 3(mod 4). If r = 1(med 4), one

has by obstruction theory that rank[{VxI,2(VxI));G/CAT] = 0 =

h
CAT

rank bwﬁovv by the surgery exact sequence. In [Ek 2, Theorem

= Hmswﬁ‘,wém‘.m?wxumvmm\obﬂ . Thus rank.% (VXTI rels) =
(1.2)], the rank of hwﬁovv is shown to be equal to r_ - 1,
where r, 1s the number of irreducible real representations
prl (C -R, Theorem 42,8].

2
-1 —
Thus rank ﬁnbem<v = MMI when m = 3 and r = 1{mod 4).

of ov. It is classical that r,

If m =r = 3(mod %), there is an infinite cbstruction
group H''L(vx1, o (V1) i7,,1(G/CAT)) 5 Z in which 1les the
first obstruction to make a map (VxI,3(VxI))— G/CAT homo-
topic to a constant map. These obstructions mum.wmmwpumn by
normal maps id f ¢ ww x eu+p|leﬂ.x D' x I, where

(r™? o7y —o (DT x I,2(D" x I}) 1s a normal map equal

h
to a CAT-homeomorphism on aT. As Ha+w+p

T
ﬁnvv =0 [Bk 1], one

has an exact sequence :

w ..
ollvn__u .lhiovv ® @rlnw\km»_wﬁ VxIreld) @ Q—s @—— 0

[{v x D%,8(V x D2));6/cAT] @

and rank ﬁ:aovv = r, [Bk 2, Theorem (1,2)]. Thus
_ p#l = =
rank ﬂobeﬁ<v = wWI if r Em = 3{mod 4) .

The case m = 1{mod U4) is similar.
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We finish by a precise determination of the finite
group ﬁmhﬁ<v in the case m = R and r even. We suppose in
addition that Hw is equal to a homogeneous space mW\oHu ,
for a discrete subgroup oﬁ of mu .

Aww.mvedmowma"bmddn Hw xwwhiwdw ww mmmdo<m.Hw

8<r<r+3 <2, then :

ﬂwﬁmuv = Amwv if r % C(mod 4)

r+3

a subgroup of ﬁﬂﬁmuv e muv of

w+uA
index dividing 2p if r = 2{(mod 4) .,

Proof : Suppose first that r = 0 {med 4) . Using the clas-

sical fact that

0 if 1 odd

nim\wﬂ = {Z, 1if 1

V4 if 1

2 (mod 4)

]

0 (mod 4)

One shows that the only non-zero obstruction group to

compute [(V x I,2(V x I));G/PL] is the group m?;?.,XHerxH:
7oy (G/PL))
[ (VXI,d(VXI));G/PL]—s ﬁwﬁowv is injective (signature obs-

il

Z . Therefore, the surgery obstruction map

truction). On the other hand, one has Hwanﬁnﬁv =0 [Bk 1],
thus um“wwﬁ<xH rels) = C by the surgery exact sequence. On

the other hand, one proves by obstruction theory that

[(v,ov);6/PL] 2 Z and, as ww&ﬂouv = 0, the map

mwuwvﬁﬂ rela)— [(V,2V);G/PL] is surjective, One gets the

surgery exact sequence :

%%wwExH rele)— Tpp (V)— [V, V]
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0 —= [ {(VXT, 3 (VXI));G/PL] — ﬁwﬁowvlnmmwha rels)—s L (V,3V};G/PL]— O

which proves wUm«,mNWHﬁ< reld) = mFonv 2 Z , where
= h h
wiowu 1s the quotient of Hiovv by Ly (i),

As r 25, one has V = V! x I, where V' is a stable
thickening, From the brald dlegram, one draws the follo-

wing exact sequence :

umpm:%\wa?_ﬁ reld)—s Do (V1)

Illwﬂm\wwﬁ< rels)

The torsion of rwnovv goes injectively into mFﬁNmmxﬁﬁnvvv
[Bkx 2, proof of (1.6)) and therefore the torsion of
S8 (V rel2) goes injectively into Tp(V'), by the braid

diagram. Thus the image of [V,V] #adOrm\wrﬁ< rels) is

reld
torsion free. As ﬂHﬁmwv 1s finlte for i1 > 3, the group
~<u4wwmwm is finite by {18.6)} and the proof of (i8.4),

This shows that ﬁdhﬁ<u - H4-4wmem .

When r = 2 (mod 4}, one proves analogously that
uwvwbﬁ< X I reld) = 0 (one seems to meet an obstruction in
HTY2 (VxT, 8 (VX1 ); T, o(G/PL)) = H 2 (¥xI,8(VXI); Z) in the
computation of [(VxI,8(VxI));G/PL] but, by Poincaré dumlity,
one has mH+mﬁ<XHhmﬁ<XHuva = mmﬁhﬁmnu = mmﬁovav = 0).
However, the cbstruction theory gives [(V,aV);G/PL] = z,
or va. Dolng with these datas the same argument as for
the case r = 0 (mod %), we obtain that ﬂmwﬁdv is lsomorphic

to a subgroup of [V,V] of index dividing 2p.

reld
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z >
It thus remains to prove that h<u<uwmwm = ﬁwmm } ®qw+uﬁ

for r+3 < 2p . The hypothesis implles that the p-torsion

$)

of awﬁ<v = ﬂHﬁmuv vanishes for i € r+3 [Sp. p.515], Thus
there are only two non-zerc obstruction groups relevant

for the computation of [V,V] _,. , namely (v, oV mﬁwﬂmwvvm

ﬂwﬁmwv and mﬂ+uﬁ<um4maw+wﬁmuvv = aw+wﬁmuv . One gets an

exact seguence :

a?uﬁmuv . VoVl et E ﬁwﬁmuu

where B is the first cbstruction (always well defined} and ¢
sends an element u ¢ 3&+uﬁmuv onto the map £ : V— V egual
to the identity out of a small disk uw+u C IntV and sends
0'™2 on to V accordingly to the class u . One checks easily

that & and $ are homomorphlsms.

We first construct a section n of B . Choose a map
¢ : DT D" such that o, |6D" = 1d and @, (t) = 0 forftl < % .
Choose a map o, : (DF, #D¥)— (S¥,*) of degree one such
that g,{t} = * for it 2 & . 12 u: 8°0 8 represents & class

in dwﬁmuvh we define a map ¢ @ 57 x D' —-s 87 x DV by :

Gﬁnuﬁu.ﬁv = AN - ° Gmﬁ.ﬂvu ﬁ“_.ﬁ.ﬁvv

where the dot stands for the multiplication In mw. Clearly,
if z e ovh one has ecﬁn - x,t) =2z - scﬁx“ﬁv and thus @
Induces a map MG : V—- ¥V which, by definition, will repre-
sent n{u}. One checks that m is a homomorphism and that

p°n =id .

It remains to prove that o is injective, Suppose that
a{v) = id. By definition of a , the class a(v} is represented
by a map ¥: V—sV sueh that ¢| V-intD¥t> = id, where
uw+u C IntV is a2 small disk, and @_Uw+u repraesents v .
As a{v) = O, there exists amap £ : VX I—= ¥V X I such
that £(v,0) = £(v) and quxmwv»u U 8VXI = id. Let us
try to himotopy £ relative to &(V X I) to a map £' : VxI- VxI
such that m_mﬁqnwbduw+uv X I =1id ., One finds a unique obstruec-
tion u e ﬂﬁ+pﬁmuv. Let £ ¢ VXI—V x1Ibeamap satisfying
IV x[0,3] U a(V x I) = 14 mbn.wmﬁwmmmndﬁam the class n(-u),

where 7 : aw+pﬁmuv|;* (Vv x 1,v % 1} isz the section of

rela
f {in dimension +1) constructed above. The map i ¢ VXTI VxI

defined by :

E{x,t) for t < 3
t.ﬁ“x.. ._uv =

£x,t) for t 2 3%

is homotopic relative to 2(V X I) to a map u' such that
F_hﬁ<|wuﬁuw+uv x I = 1d. Then, t__cw+u X T is a homotopy
relative to oD% from v to the natural inclusion Uﬁ+u T V., This

shows that v = 0 ,
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