
LCFT Exercises

February 10, 2020

Updated version of this material may or may not appear in http://www.helsinki.fi/∼jooi/ at
some point.

The material here was written rather quickly, so there most likely are typos and/or inconsis-
tencies.

1 Regularity of the GFF

Let Σ be a compact Riemann surface and g a smooth metric. Then the Laplace-Beltrami operator
−∆g is positive and self-adjoint on L2(Σ, dvg). It has a complete set of smooth eigenfunctions en,g

−∆gen,g = en,g , n ≥ 0 ,

where λ0,g = 0, eg,0 = constant, λn,g > 0 for n ≥ 1.
We denote by Hs

0(Σ) the space of functions f : Σ→ C satisfying

‖f‖2Hs
0(Σ,g) :=

∞∑
n=1

|(f, en,g)g|2λsn,g <∞ ,

where

(f, h)g :=

∫
Σ
f(z)h(z) dvg(z) .

The Gaussian Free Field is defined as the random series

Xg(z) =
√

2π
∞∑
n=1

xn√
λn,g

en,g(z) ,

where (xn)n are independent and identically distributed standard Gaussians. Show that the series
converges almost surely in the Sobolev space H−s(Σ, g) for any s > 0, that is, show that almost
surely for all f ∈ H1

0 (Σ, g) the series

∞∑
n=1

xn√
λn,g

fn

converges, where fn = (f, en,g)g.
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Solution: We have (we denote fn = (en,g, f)g)

|(Xg, f)g)| =
√

2π

∣∣∣∣∣
∞∑
n=1

xn√
λn,g

(en,g, f)g

∣∣∣∣∣
≤
√

2π
∞∑
n=1

|xnλ−1/2−s/2
n,g fnλ

s/2
n,g |

≤
√

2π(

∞∑
n=1

x2
nλ
−1−s
n,g )1/2(

∞∑
n=1

f2
nλ

s
n,g)

1/2

=
√

2π‖f‖H1
0 (Σ,g)(

∞∑
n=1

x2
nλ
−1−s
n,g )1/2 .

The random series

∞∑
n=1

x2
nλ
−1−s
n,g

almost surely by noting that λn,g ∼ n as n → ∞ and then applying the Kolmogorov two-series
theorem, which gives almost sure convergence, and the set of probability 0 is independent of the
choice of f .

2 Girsanov transform of the GFF

(a): Show that

E[F (X)e(X,f)g−1
2E(X,f)2g ] = E[F (X +Ggf)] ,

where Ggf denotes the function

Ggf(x) =

∫
Gg(x, y)f(y) dvg(y) .

Hint: Take F (X) = e(X,h), h ∈ C∞c (Σ), it suffices to prove the claim for these.
(b): Show that

E[(X, f)gF (X)] =

∫
f(x)Gg(x, y)E[ δ

δX(y)F (X)] d2y dvg(x) .

The functional derivative δ
δX(x) is defined by setting∫

f(x)
δF (X)

δX(x)
d2x :=

d

dε
|ε=0F (X + εf)

for f ∈ C∞c (Σ).
Hint: use (a) with f replaced with αf . Then take the derivative d

dα |α=0.
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Solution: (a): We take F (X) = e(X,h) for h ∈ C∞c (Σ). Then

E[F (X)e(X,f)g− 1
2
E(X,f)2g ] = e−

1
2
E(X,f)2gEe(X,f+g)g

= e−
1
2
E(X,f)2ge

1
2

(f+h,Gg(f+h))g

= e−
1
2

(f,Ggf)ge
1
2

(f+h,Gg(f+h))g

Here the second last equality comes from the formula for the Laplace transform of a Gaussian
measure (i.e. the infinite dimensional generalisation of the usual Gaussian integral formula). The
last equality follows from the fact that Gg is the covariance operator of X, i.e. E(X, f)g(X,h)g =
(f,Ggh)g.

On the other hand, we have

EF (X +Ggf) = Ee(X,h)g+(Ggf,h)g

= e
1
2

(h,Ggg)g+(Ggf,h) .

Now the result follows since Gg is self-adjoint: (f,Ggh) = (Ggf, h) (since ∆g is self-adjoint and
Gg = ∆−1

G ).
Remark on why it suffices to consider F = e(X,h): The following is true for all Gaussian

measures, but we work with the GFF. Let E1 denote the expectation with respect to the GFF X
and E2 the expectation

E2F (X) = E1F (X)e(X,f)− 1
2
E(X,f)2 .

E2 has the following characteristic function (recall E(X, f)2 = (f,Ggf))

E2e
(X,h) = E1e

(X,f+h)− 1
2
E(X,f)2 = e−

1
2
E(X,f)2e

1
2

(f+h,Gg(f+h))

= e
1
2

(h,Ggh)+(h,Ggf) .

This is the characteristic function of a Gaussian measure with covariance operator Gg and mean
Ggf . On the other hand, consider the probability law of the random field X+Ggf . This is described
by the expectations

E1F (X +Ggf) .

X +Ggf is a Gaussian field and the characteristic function is given by

E1e
(X+Ggf,h) = e

1
2

(h,Ggh)e(h,Ggf) = E2e
(X,h) .

The characteristic function determines the Gaussian measure (Bochner–Minlos theorem), and thus
the field X + Ggf under E1 equals X under E2. This statement is equivalent with the Girsanov
Transform formula and thus provides a full proof.

(b): Proceeding as the hint suggests, we get

d

dα
|α=0EF (X)eα(X,f)g−α

2

2
E(X,f)2g = E[(X, f)gF (X)]

and by definition of the functional derivative we have

d

dα
|α=0EF (X + αGgf) =

∫
(Ggf)(y)E

δF (X)

δX(y)
d2y

=

∫
Gg(x, y)f(y)E

δF (X)

δX(y)
d2y dvg(x)

Now the claim follows from (a).
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3 Kahane

Let (Xi)
N
i=1, (Yi)

N
i=1 be Gaussian random variables with mean zero. Assume

E[XiXj ] ≤ E[YiYj ] ∀i, j

Let pi ≥ 0 and let F : R+ → R be a convex function with |F (x)| ≤ C(1 + |x|)k for some k ∈ N.
Prove

EF (
∑
i

pie
Xi−

1
2EX

2
i ) ≤ EF (

∑
i

pie
Yi−

1
2EY

2
i ) .

Hint: Let zi(t) :=
√
tX̃i +

√
1− tỸi where X̃i

law
= Xi and Ỹi

law
= Yi, X̃i, Ỹj independent. Show that

d
dtE(

∑
pie

Zi(t)−
1
2EZi(t)

2

) ≤ 0.
Solution: We have

d

dt
EF (

∑
i

pie
Zi(t)− 1

2
EZi(t)2) = E

∑
i

pi(Z
′
i(t)−

1

2

d

dt
EZi(t)2)eZi(t)−

1
2
EZi(t)2F ′(

∑
i

pie
Zi(t)− 1

2
EZi(t)2) .

We have

d

dt
EZi(t)2 =

d

dt
(tEX2

i + (1− t)EY 2
i )

= EX2
i − EY 2

i ,

Z ′i(t) =
1

2
√
t
X̃i −

1

2
√

1− t
Ỹi .

Thus we get

E
∑
i

pi(Z
′
i(t)−

1

2

d

dt
EZi(t)2eZi(t)−

1
2
EZi(t)2F ′(

∑
i

pie
Zi(t)− 1

2
EZi(t)2)

= E
∑
i

pi(
1

2
√
t
X̃i −

1

2
√

1− t
Ỹi −

1

2
EX2

i +
1

2
EY 2

i )eZi(t)−
1
2
EZi(t)2F ′(

∑
i

pie
Zi(t)− 1

2
EZi(t)2)

Denote Pi(t) = pie
Zi(t)− 1

2
EZi(t)2 . Gaussian integration by parts implies

EX̃iPi(t)F
′(
∑
i

Pi(t)) =
∑
j

E[XiXj ]E∂Xj (Pi(t)F
′(
∑
i

Pi(t)))

=
∑
j

E[XiXj ]EPi(t)∂XjF
′(
∑
i

Pi(t))

+ EX2
i E(∂XiPi(t))F

′(
∑
i

Pi(t)) .

We have ∂XiPi(t) =
√
tPi(t) and

∂XjF
′(
∑
i

Pi(t)) = ∂XjPj(t)F
′′(
∑
i

Pi(t)) =
√
tPj(t)F

′′(
∑
i

Pi(t)) .
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We get ∑
j

E[XiXj ]EPi(t)∂XjF
′(
∑
i

Pi(t)) + EX2
i E(∂XiPi(t))F

′(
∑
i

Pi(t))

=
∑
j

E[XiXj ]EPi(t)
√
tPj(t)F

′′(
∑
i

Pi(t)) + EX2
i E
√
tPi(t)F

′(
∑
i

Pi(t)) .

By collecting together all the above formulae we get (we drop the ∼ from the notation)

E

[∑
i

P ′i (t)F
′(
∑
i

Pi(t))

]
= −1

2

∑
i,j

E[YiYj ]E

[
Pi(t)Pj(t)F

′′(
∑
i

Pi(t))

]

+
1

2

∑
i,j

E[XiXj ]E

[
Pi(t)Pj(t)F

′′(
∑
i

Pi(t))

]

− 1

2
E[Y 2

i ]E

[
Pi(t)F

′(
∑
i

Pi(t))

]

+
1

2
E[X2

i ]E

[
Pi(t)F

′(
∑
i

Pi(t))

]

+
1

2
E[Y 2

i ]E

[
Pi(t)F

′(
∑
i

Pi(t))

]

− 1

2
E[X2

i ]E

[
Pi(t)F

′(
∑
i

Pi(t))

]
.

The last 4 terms cancel. The difference of the first two is negative since F ′′, Pi(t), Pj(t) ≥ 0 and
E[XiXj ]− E[YiYj ] ≤ 0.

4 GMC Annulus integral

Let mg,γ bet the GMC measure of the GFF.
Show that

E[(

∫
B(0,r)

|z|−γαdmg,γ(z))p] ≤ Crξα(p) ,

where ξα(p) = γ(Q− α)p− 1
2γ

2p2 and B(0, r) is a ball of radius r at the origin.
As a corollary show that ∫

B(0,r)

1

|z|γα
dmg,γ(dz) <∞

almost surely if γα < 2 + γ2

2 , i.e. α < Q. Compare this to the γ = 0 case.
Solution: Assume first E[X(x)X(y)] = ln 1

|x−y| . Then

EX(2−nx)X(2−ny) = ln
1

2−n|x− y|
= ln

1

|x− y|
+ ln 2n .
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Thus

Xg(2
−n·) law= Xg(·) + xn ,

where xn is an independent centered gaussian with variance ln 2n. Denote by An the annulus with
radii 2−n and 2−n−1. Now

In :=

∫
An

|z|−γαdmg,γ(dz)

=

∫
A0

|2−nz|−γαeγXg(2−nz)− γ
2

2
EXg(2−nz)22−2nd2z

law
= 2n(γα−2)eγxn−

γ2

2
Ex2n

∫
A0

|z|−γαeγXg(z) d2z

= eγxn−
1
2γ

2 ln 2n2n(γα−2)I0

= eγxn2γ(α−Q)nI0 .

For a ball B(0, r) of radius r = 2−N we can write Br = ∪∞n=NAn and we get for any p < 1

E(

∫
B(0,r)

|z|−γαdmg,γ(z))p = E(
∞∑
n=N

In)p

≤
∞∑
n=N

EIpn

=
∞∑
n=N

2γ(α−Q)npEeγpxnEIp0

=
∞∑
n=N

2γ(α−Q)npe
1
2

(γp)2 ln 2nEIp0

= C

∞∑
n=N

2γ(α−Q)np+ 1
2
γ2p2n

≤ C(2−N )ξα(p) .

In the lectures it was shown that EIp0 <∞ for p < 4
γ2

.

The second claim follows by taking p small but positive, since then in ξα(p) = γ(Q−α)p− 1
2γ

2p2

the linear term dominates, so ξα(p) > 0 for 0 < p� 1.
In the case γ = 0 the singularity is integrable iff γα < 2, so with γ > 0 we get better integrability

for the measure.

5 Radial decomposition of the GFF

Define

Xr(0) =
1

2π

∫
X(z + reiθ)dθ ,
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the circle-average of the GFF. Show that the process

t 7→ Xe−t(0)

is the standard Brownian motion.
Furthermore, show that we have

X(z) = X|z|(0) + Y (z) ,

where X|z| and Y are independent Gaussian processes.
Solution: We have

EXe−t(0)Xe−s(0) =
1

(2π)2

∫∫
EX(e−t+iθ)X(e−s+iθ

′
) dθ dθ′

=
1

(2π)2

∫∫
ln

1

|e−t+iθ − e−s+iθ′ |
dθ dθ′ .

One simple way to compute this integral is to note that z 7→ ln |z| is harmonic on C \ {0} and use
the mean value property of harmonic functions.

Another simple way is to just Taylor expand, which we will present here. Let t < s. Then∫∫
ln

1

|e−t+iθ − e−s+iθ′ |
dθdθ′ =

∫∫
ln

1

e−t|1− e(t−s)+i(θ′−θ)|

= (2π)2t+

∫∫
ln

1

|1− et−s+i(θ′−θ)|
.

The latter integral vanishes: denote z = et−z. Then |z| < 1 and we can write

ln
1

|1− z|
=

1

2
ln

1

|1− z|2

=
1

2
ln

1

1− z
+

1

2
ln

1

1− z̄

=
1

2

∞∑
n=1

zn

n
+

1

2

∞∑
n=1

z̄n

n

This implies∫ 2π

0
dθ

∫ 2π

0
dθ′ ln

1

|1− zei(θ′−θ)|
=

∞∑
n=1

zn

n

∫ 2π

0
dθ

∫ 2π

0
dθ′ein(θ′−θ) +

∞∑
n=1

z̄n

n

∫ 2π

0
dθ

∫ 2π

0
dθ′e−in(θ′−θ)

= 0 .

Thus EXe−t(0)Xe−s(0) = t = min{t, s}. Also,

Xe−0 = X1 =
1

2π

∫ 2π

0
X(eiθ)dθ .

This random variable is almost surely equal to 0 since it has vanishing mean and the variance is

EX2
1 =

1

4π2

∫ 2π

0
dθ

∫ 2π

0
dθ′ ln

1

|eiθ − eiθ′ |
= 0 .
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Thus t 7→ Xe−t(0) is a Gaussian process with the covariance kernel EXe−t(0)Xe−s(0) =
min{t, s} and initial condition almost surely 0, thus it is the standard Brownian motion.

Define Y (z) = X(z) −X|z|(0). To show that Y is independet of X|z|(0) we compute (assume
|z| ≥ |w|)

EY (z)X|w|(0) = EX(z)X|w|(0)− EX|z|X|w|

=
1

2π

∫
ln

1

|z − |w|eiθ|
dθ − EX− exp ln |z|−1(0)X− exp(ln |w|−1)(0)

=
1

2π

∫
ln

1

|z|
dθ +

1

2π

∫
ln

1

|1− |w||z| eiθ|
dθ − ln

1

max{|z|, |w|}

= − ln |z|+ 0 + ln max{|z|, |w|}
= 0 .

As a corollary we get

EY (z)Y (w) = EX(z)X(w)− EX|z|(0)X|w|(0) = ln
max{|z|, |w|}
|z − w|

.

6 Fusion estimate

(a): By using Exercise 4 and the definition of the Liouville expectation, show that

〈
N∏
i=1

Vαi(zi)〉 ≤ C|z1 − z2|−α1α2 ,

as |z1 − z2| → 0, where α1 + α2 < Q,
∑

i αi > 2Q and αi < Q for all i.
(b): By using the radial decomposition of the GFF, show that for α = Q

E[(

∫
AT

|z|−αγdmγ(z))−s] ≤ CT−1/2 ,

where AT is an annulus centered at the origin and with radii e−T and 1, and s > 0.
(c): Show that for α1 + α2 = Q,

∑
i αi > 2Q, αi < Q ∀i, we have

〈
N∏
i=1

Vαi(zi)〉 ≤ C|z1 − z2|−α1α2 | ln |z1 − z2||−1/2| ln |z1 − z2||−1/2 ,

as |z1 − z2| → 0, where ∆α = α
2 (Q− α

2 ).
Solution: We work with the metric

g = eσ(dz ⊗ dz̄ + dz̄ ⊗ dz) ,
eσ = 1|z|≤1 + |z|−41|z|≥1

(a): In the lectures it was shown that

〈
N∏
i=1

Vαi(zi)〉g = 2µ−sγ−1Γ(s)
∏
i<j

1

|zi − zj |αiαj
E

(∫
C

N∏
i=1

(
|u|+
|u− zi|

)γαidMg,γ(u)

)−s , (6.1)
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where s =
∑
i αi−2Q
γ > 0. Note that (essentially) by Exercies 4 this is finite. We investigate what

happens to the expected value in the above expression as |z1 − z2| → 0. Denote by A the annulus
with center z1 and radii 2|z1− z2| and r, where 2|z1− z2| < r < minj 6=1{|zj− z1|} (assume |z1− z2|
small). Then, because A ⊂ C, we get(∫

C

N∏
i=1

(
|u|+
|u− zi|

)γαidMg,γ(u)

)−s
≤

(∫
A

N∏
i=1

(
|u|+
|u− zi|

)γαidMg,γ(u)

)−s
.

Furthermore, on A we can bound(∫
A

N∏
i=1

(
|u|+
|u− zi|

)γαidMg,γ(u)

)−s
≤ C

(∫
A

1

|u− z1|γα1 |u− z2|γα2
dMg,γ(u)

)−s
.

For u ∈ A we have |u− z2| ≤ |u− z1|+ |z1 − z2| ≤ |u− z1|+ 1
2 |u− z1| = 3

2 |u− z1|. This leads to(∫
A

1

|u− z1|γα1 |u− z2|γα2
dMg,γ(u)

)−s
≤ C

(∫
A

1

|u− z1|γ(α1+α2)
dMg,γ(u)

)−s
.

For α1 +α2 < Q this is finite, and stays finite even if |z1−z2| → 0 (follows essentially from Exercise
4). Now the claim follows from the prefactor |z1 − z2|−α1α2 in (6.1).

(b): We sketch the main parts of the argument. Recall that formally

dmg,γ(z) = eγX(z)− γ
2

2
EX(z)2 .

The radial decomposition of the GFF (Exercise 5) X(z) = X|z|(0) + Y (z) where X|z|(0) and Y (z)
are independent Gaussian processes. Thus

dmg,γ(z) = eγX|z|(0)− γ
2

2
EX|z|(0)2eγY (z)− γ

2

2
EY (z)2d2z .

We make the change of variables z = e−teiθ. Then

dmg,γ(z)
law
= eγBt−

γ2

2
teγY (t,θ)− γ

2

2
EY (t,θ)2e−2tdtdθ

= eγ(Bt−Qt)dMY (t, θ) .

where Bt denotes the Brownian motion (because t 7→ Xe−t(0) is the Brownian motion, see Exer-

cise 5) and dMY (t, θ) = eγY (t,θ)− γ
2

2
EY (t,θ)2dtdθ. Note that now the measure is an exponential of

Brownian motion with a drift times a multiplicative chaos measure of Y .
Now ∫

AT

|z|−γαdmg,γ(z) =

∫ T

0
eγytdµ(t) =: IT ,

where AT is the annulus centered at 0 with radii e−T and 1, dµ(t) =
∫ 2π

0 dMY (t, θ) and

yt = Bt − (Q− α)t
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is a Brownian motion with drift −(Q−α)t. Thus we expect IT →∞ if the drift is ≥ 0 (i.e. α ≥ Q)
and we expect IT to have a finite limit if α < Q.

For the following we set α = Q so that yt = Bt is just the Brownian motion.
Let En denote the event {supt≤T yt ∈ [n− 1, n]}. Then

EI−sT =

∞∑
n=1

E[1EnI
−s
T ] .

Let Tn be the first time yt hits n− 1:

Tn = inf{t ≥ 0 : yt ≥ n− 1} .

Then

E[1EnI
−s
T ] = E[1En1Tn≤T−1I

−s
T ] + E[1En1Tn>T−1I

−s
T ] .

We consider the first term (the second can be worked with the same way). Under 1En1Tn≤T−1 we
have

IT =

∫ T

0
eγBtdµ(t) ≥

∫ Tn+1

Tn

eγBtdµ(t) = eγ(n−1)

∫ 1

0
eγB

′
tdµ(Tn + t) ,

where B′t = BTn+t −BTn . Now we get

E[1En1Tn≤T−1I
−s
T ] ≤ e−sγ(n−1)E

[
1supt∈[0,T−Tn]B

′
t≤11Tn≤T−1

(
∫ 1

0 e
γB′tdµ(Tn + t))s

]
.

We can replace B′ by an independent Brownian motion by the strong Markov property of the

Brownian motion. Also, µ is independent of B and stationary: µ(Tn + t)
law
= µ(t) so that the above

expression is bounded by

≤ E[F (Tn)1Tn≤T−1]E[(

∫ 1

0
dµ(t))−s] ,

where

F (τ) := E[1supt∈[0,T−τ ]B
′
t≤1e

−sγ inft∈[0,1]B
′
t ] .

We have P(En) ≤ P(supt≤T Bt ≤ n). It is well-known that

P(sup
t≤T

Bt ≤ n) ≤ 2n√
2πT

which leads to

F (τ) ≤ C(T − τ)−1/2 .

The probability density of the random variable Tn is

p(τ) = (2πτ)−3/2(n− 1)e−
(n−1)2

2τ .
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The GMC measure µ has negative moments, so we get

E[F (Tn)1Tn≤T−1]E[(

∫ 1

0
dµ(t))−s] ≤ C

∫
p(τ)(T − τ)−1/2dτ ≤ CnT−1/2 ,

and furthermore

EI−sT =
∞∑
n=1

E[1EnI
−s
T ] ≤ C

∞∑
n=1

e−sγ(n−1)nT−1/2 ,

which proves the claim.
(c): Proceeding as in (a) and using the argument in (b) we see that in addition to the |z1 −

z2|−α1α2 factor we get (from the analysis of IT above)

CT−1/2

where e−T = |z1 − z2|, i.e. T = ln 1
|z1−z2| , so that

〈
∏
i

Vαi(zi)〉 ≤ C|z1 − z2|−α1α2

7 Conformal Ward identity

Let g = eσδ be a diagonal metric, where δ is the Euclidean metric. Set

φ(z) = Xg(z) +
Q

2
σ(z) ,

where Xg is the GFF. Define

T (z) := Q∂2
zφ(z)− (∂zφ(z))2 .

Show that

〈T (z)

N∏
i=1

Vαi(xi)〉g =

N∑
i=1

(
∆αi

(z − xi)2
+

∂z
z − xi

)〈
N∏
i=1

Vαi(xi)〉g .

Solution:
We will denote F (X) =

∏
i e
αiX(zi). The functional derivative then takes the form

Fx :=
δF (X)

δX(x)
=
∑
i

αiδ(x− zi)F (X) , (7.1)

and

Fxy :=
δ2F (X)

δX(x)δX(y)
=
∑
i,j

αiαjδ(x− zi)δ(y − zj)F (X) . (7.2)
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The Ward identity then follows by Gaussian integration by parts:

Q〈∂2
zX
∏
i

Vαi(zi)〉 =
Q

2

∫
1

(z − x)2
〈Fx + V (x)F 〉d2x

=
Q

2

∫
1

(z − x)2
〈Fx〉d2x+

γ

4

∫
1

(z − x)2
〈V (x)F 〉d2x+

1

γ

∫
1

(z − x)2
〈V (x)F 〉d2x ,

where we used Q = γ
2 + 2

γ . Integrating by parts in the last term we get

1

γ

∫
1

(z − x)2
〈V (x)F 〉d2x = −1

γ

∫
1

z − x
〈∂xV (x)F 〉d2x

=
1

2

∫
1

z − x
1

x− y
〈FyV (x)〉d2x+

1

2

∫
1

z − x
1

x− y
〈FV (x)V (y)〉d2xd2y .

Furthermore,

−〈(∂zX)2F 〉 = −1

4

∫
1

z − x
1

z − y
〈( δ

δX(x)
+ V (x))(Fy + V (y)F )〉d2xd2y

= −1

4

∫
1

(z − x)(z − y)
〈Fxy〉d2xd2y

− 1

2

∫
1

(z − x)(z − y)
〈FyV (x)〉d2xd2y

− 1

4

∫
1

(z − x)(z − y)
〈FV (x)V (y)〉d2xd2y

− γ

4

∫
1

(z − x)2
〈FV (x)〉d2x

All in all

〈T (z)F 〉 = −1

4

∫
1

(z − x)(z − y)
〈Fxy〉d2xd2y

+
Q

2

∫
1

(z − x)2
〈Fx〉d2x

− 1

2

∫
1

(z − x)(z − y)
〈FyV (x)〉d2xd2y +

1

2

∫
1

z − x
1

x− y
〈FyV (x)〉d2x .

The terms on the last line simplify to

− 1

2

∫
1

(z − x)(z − y)
〈FyV (x)〉d2xd2y +

1

2

∫
1

z − x
1

x− y
〈FyV (x)〉d2x

=
1

2

∫
1

z − x
(

1

x− y
− 1

z − y
)〈FyV (x)〉d2xd2y

=
1

2

∫
1

(x− y)(z − y)
〈FyV (x)〉d2xd2y

12



Now by using (7.1) and (7.2) we get

〈T (z)F 〉 = −1

4

∑
i,j

αiαj
1

(z − zi)(z − zj)
〈
∏
i

Vαi(zi)〉

+
Q

2

∑
i

αi
1

(z − zi)2
〈
∏
i

Vαi(zi)〉

+
1

2

∑
i

1

z − zi

∫
1

x− zi
〈V (x)

∏
i

Vαi(zi)〉d2x

=
∑
i

∆αi

(z − zi)2
〈
∏
i

Vαi(zi)〉

− 1

4

∑
i,j i6=j

αiαj
1

(z − zi)(z − zj)
〈
∏
i

Vαi(zi)〉+
1

2

∑
i

1

z − zi

∫
1

x− zi
〈V (x)

∏
i

Vαi(zi)〉d2x ,

where ∆α = α
2 (Q− α

2 ).
Now we need to note that

∂zj 〈
∏
i

Vαi(zi)〉 = αi〈∂zjφ(zj)
∏
i

Vαi(zi)〉

= −αj
2

∑
i 6=j

αi
zj − zi

〈
∏
i

Vαi(zi)〉+
αjµγ

2

∫
1

zj − x
〈Vγ(x)

∏
i

Vαi(zi)〉d2x

Then it follows that

〈T (z)
∏
i

Vαi(zi)〉 =
∑
i

(
∆αi

(z − zi)2
+

∂zi
z − zi

)〈
∏
i

Vαi(zi)〉 .

Remark: Note that

〈F 〉g = ZΣ,g

∫
dc e−Qχ(Σ)cEgF (c+Xg)e

− 1
4π

∫
QRgXgdvg−µeγcMg,γ(Σ)

If we vary (z, z)-component of the metric, we get

δ

δgzz
〈F 〉g =

δZΣ,g

δgzz
〈F 〉g − 1

4π

∫
Q
δRg(z)

δgzz
〈Xg(z)F 〉g dvg(z)

+ ZΣ,g

∫
dc e−Qχ(Σ)c( δ

δgzzEg)F (c+Xg)e
− 1

4π

∫
QRgXgdvg−µeγcMg,γ(Σ)

(note that δ
δgzzMg,γ = 0 since

δvg
δgzz = 0). If we specialise to the metric

g = eσ(dz ⊗ dz̄ + dz̄ ⊗ dz) ,
eσ = 1|z|≤1 + |z|−41|z|≥1

and vary the gzz component inside the unit disk, we have

δRg(z)

δgzz
= −∂2

zδ(z) ,

δZΣ,g

δgzz
= 0 .
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What is the variation of Eg? There is a general principle on varying Gaussian measures: Let µC be
a Gaussian measure with covariance operator C and let (Cs)s∈R be a family of covariance operators
depending smoothly on the parameter s. Then

d

ds

∫
F (ϕ)dµCs(ϕ) =

1

2

∫
dx

∫
dy

d

ds
Cs(x, y)

∫
∂2F

∂ϕ(x)∂ϕ(y)
dµCs(ϕ) .

Here Cs(x, y) is the kernel of the operator Cs. In practice for us this implies

δ

δgzz
EgF =

1

2

∫
δ

δgzz
Gg(x, y)E

δ2F

δXg(x)Xg(y)
d2x d2y ,

where Gg(x, y) is the Green function of −∆g. One can show that

δ

δgzz
Gg(x, y) = − 1

2π
∂xGg(x, z)∂zG(x, z)∂zG(y, z) ,

where z is the point where gzz is varied. Thus, in the end together with the Gaussian Integration
by Parts formula one can show that

δ

δgzz
EgF = − 1

4π
Eg[(∂zXg(z))

2F ]

and all in all

4π
δ

δgzz
〈F 〉g = 〈(Q∂2

zXg(z)− (∂zXg(z))
2)F 〉g

8 BPZ equation

Show that

(
1

α2
∂2
z +

N∑
i=1

∆αi

(z − zi)2
+

N∑
i=1

∂zi
z − zi

)〈Vα(z)
N∏
i=1

Vαi(zi)〉g = 0 ,

where α = −γ
2 or α = − 2

γ .
Solution:

∂z〈V−γ/2(z)
∏
i

Vαi(zi)〉 = −γ
2 〈∂zX(z)V−γ/2(z)

∏
i

Vαi(zi)

=
γ

4

∑
i

αi
1

z − zi
〈V−γ/2(z)

∏
i

Vαi(zi)〉

− γ

4
γµ

∫
1

z − x
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x .
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∂2
z 〈V−γ/2(z)

∏
i

Vαi(zi)〉 = −γ
4

∑
i

αi
1

(z − zi)2
〈V−γ/2(z)

∏
i

Vαi(zi)〉

+
γ

4

∑
i

αi
1

z − zi
(−γ

2
)〈∂zX(z)V−γ/2(z)

∏
i

Vαi(zi)〉

+
γ2µ

4

∫
1

(z − x)2
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

− γ2µ

4

∫
1

z − x
(−γ

2
)〈∂zX(z)Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x .

We apply Gaussian integration by parts to the second and the fourth terms.

γ

4

∑
i

αi
1

z − zi
(−γ

2
)〈∂zX(z)V−γ/2(z)

∏
i

Vαi(zi)〉 =
γ2

16

∑
i,j

αiαj
1

(z − zi)(z − zj)
〈V−γ/2(z)

∏
i

Vαi(zi)〉

− γ3µ

16

∑
i

αi
1

z − zi

∫
1

z − x
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x .

− γ2µ

4

∫
1

z − x
(−γ

2
)〈∂zX(z)Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

= −γ
3µ

16

∑
i

αi
1

z − zi

∫
1

z − x
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

− γ3µ

16
(−γ

2
)

∫
1

(z − x)2
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

+
γ4µ2

16

∫
1

(z − x)(z − y)
〈Vγ(x)Vγ(y)V−γ/2(z)

∏
i

Vαi(zi)〉d2xd2y .

The
∫

1
(z−x)2

Vγ(x) from earlier term can be integrated by parts to the form

γ2µ

4

∫
1

(z − x)2
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x = −γ
2µ

4

∫
1

z − x
∂x〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

= −γ
3µ

4

∫
1

z − x
〈∂xX(x)Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

=
γ3µ

8

∫
1

z − x
(−γ

2
)

1

x− z
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

+
γ3µ

8

∫
1

z − x
∑
i

αi
1

x− zi
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

− γ4µ2

8

∫
1

z − x
1

x− y
〈Vγ(x)Vγ(y)V−γ/2(z)

∏
i

Vαi(zi)〉d2xd2y
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All the
∫

1
(z−x)2

Vγ(x) and
∫

1
(z−x)(z−y)Vγ(x)Vγ(y) terms cancel and we are left with

∂2
z 〈V−γ/2(z)

∏
i

Vαi(zi)〉 = −γ
4

∑
i

αi
1

(z − zi)2
〈V−γ/2(z)

∏
i

Vαi(zi)〉

+
γ2

16

∑
i,j

αiαj
1

(z − zi)(z − zj)
〈V−γ/2(z)

∏
i

Vαi(zi)〉

− γ3µ

16

∑
i

αi
1

z − zi

∫
1

z − x
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

− γ3µ

16

∑
i

αi
1

z − zi

∫
1

z − x
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

+
γ3µ

8

∫
1

z − x
∑
i

αi
1

x− zi
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x .

Note that the final three terms combine by the observation

1

(z − x)(x− zi)
− 1

(z − zi)(z − x)
=

z − zi − (x− zi)
(z − x)(x− zi)(z − zi)

=
1

(x− zi)(z − zi)
We obtain

∂2
z 〈V−γ/2(z)

∏
i

Vαi(zi)〉 = −γ
4

∑
i

αi
1

(z − zi)2
〈V−γ/2(z)

∏
i

Vαi(zi)〉 (8.1)

+
γ2

16

∑
i,j

αiαj
1

(z − zi)(z − zj)
〈V−γ/2(z)

∏
i

Vαi(zi)〉

+
γ3µ

8

∑
i

αi
1

z − zi

∫
1

x− zi
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉d2x

We want to compare this to

−γ
2

4

∑
i

(
∆αi

(z − zi)2
+

∂zi
z − zi

)〈V−γ/2(z)
∏
i

Vαi(zi)〉 = −γ
2

4

∑
i

∆αi

(z − zi)2
〈V−γ/2(z)

∏
i

Vαi(zi)〉

− γ2

4

∑
i

αi
z − zi

〈∂ziX(zi)V−γ/2(z)
∏
i

Vαi(zi)〉

= −γ
2

4

∑
i

∆αi

(z − zi)2
〈V−γ/2(z)

∏
i

Vαi(zi)〉

− γ3

16

∑
i

αi
z − zi

1

zi − z
〈V−γ/2(z)

∏
i

Vαi(zi)〉

+
γ2

8

∑
i

∑
j 6=i

αiαj
(z − zi)(zi − zj)

〈V−γ/2(z)
∏
i

Vαi(zi)〉

− γ3µ

8

∑
i

αi
z − zi

∫
1

zi − x
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉〉d2x
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After simple manipulations this becomes

− γ

4

∑
i

αi
(z − zi)2

〈V−γ/2(z)
∏
i

Vαi(zi)〉+
γ2

16

∑
i,j

α2
i

(z − zi)(z − zj)
V−γ/2(z)

∏
i

Vαi(zi)〉

− γ3µ

8

∑
i

αi
z − zi

∫
1

zi − x
〈Vγ(x)V−γ/2(z)

∏
i

Vαi(zi)〉〉d2x

The result follows by comparing with (8.1).
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