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Lecture IIntroduction to the discrete andcontinuous Dirichlet problem
Contents of the lecture1 The Dirichlet problem . . . . . . . . . . . . . . . . . 21.1 The classical Dirichlet problem . . . . . . . . . . . 21.2 The discrete version . . . . . . . . . . . . . . . . . 31.3 A generalization of the discrete case . . . . . . . . 42 Inhomogeneous Dirichlet problem, Green function 42.1 The Green function . . . . . . . . . . . . . . . . . . 52.2 Brownian motion and the heat di�usion kernel . . 53 The discrete Green function and random walks . 63.1 Discrete Green function via random walks . . . . . 63.2 Remarks related to the symmetry of µ . . . . . . . 64 Dilatations and Lipschitz boundaries . . . . . . . . 74.1 Green function and dilatations . . . . . . . . . . . 74.2 Lipschitz domains . . . . . . . . . . . . . . . . . . 75 Statement of the main theorem . . . . . . . . . . . 85.1 Main result on Green functions . . . . . . . . . . . 85.2 Letting the mesh goes to zero . . . . . . . . . . . . 8The aim of this course is to investigate the links between the solutions of theclassical and discrete Dirichlet problem in a Lipschitz domain of Rd. Thisseries of lectures will be based on parts of the recent paper [Var09]. The latterbeing rather long and technical, we will try to restructure these lectures insuch a way that it will facilitate its reading. We also hope that the presentlecture notes1 will help the reader in understanding the various mathematicaltools used in [Var09] and the articulation of the proofs given there.1Comments and remarks on these lectures notes are of course very welcome !



2 Lecture I Introduction to the Dirichlet problem1 The Dirichlet problemThe scope of these lectures is the Dirichlet problem which we brie�y recallin the continuous and discrete settings in the next two paragraphs.1.1 The classical Dirichlet problemConsider Ω ⊂ Rd a bounded connected domain with a reasonable boundary,say a C1−boundary, and f a continuous function on Ωc, the complement of
Ω. The classical Dirichlet problem consists in �nding a function u on Rdthat is continuous and is such that u|Ω is harmonic and u|Ωc = f . Recall thata function u is said to be harmonic in a domain O if ∆u = 0 in O, where
∆ :=

∑d
i=1

∂2

∂x2
i

is the usual euclidian Laplacian.Example I.1 � If Ω = (0, 1) ⊂ R, f ≡ 0 on (−∞, 0] and f ≡ 1 on [1, +∞),then the Dirichlet problem admits a unique solution u(x) = x in Ω.
u = f ≡ 0

u = f ≡ 1

0 1

u|(0,1) = Id|(0,1)

Figure 1: Example of Dirichlet problem on the real line.Example I.2 � If Ω = {(x, y) ∈ R2, x2 + y2 < 1} and f(x, y) = x2 + y2 on
Ωc, then the Dirichlet problem admits a unique solution u ≡ 1 in Ω.
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u ≡ 1 in D

u(x, y)

(x, y) ∈ R
2Figure 2: Example of Dirichlet problem on the real plane.



1. The Dirichlet problem 31.2 The discrete versionLet us now describe the Dirichlet problem in a discrete setting. Consider
Ω ⊂ Rd as in the �rst paragraph and Zd ⊂ Rd the lattice points. Thediscrete Laplacian ∆d is an operator acting on the functions on Zd. For sucha function φ, ∆dφ is de�ned as

∆dφ(x) := φ(x) − 1

2d

d∑

i=1

φ(x ± ei), ∀x ∈ Z
d,where the ei's are the basis vectors of the lattice. A function φ is saidharmonic for the discrete Laplacian in Ω if ∆dφ ≡ 0 in Ω, that is to say if itsatis�es the average property .Proposition I.1 � There exists a unique function ud on Zd such that

ud|Ω∩Zd is harmonic and ud|Ωc = f .Example I.3 � Here is an example of dicrete Dirichlet problem in the opendisk of radius √2 which contains �ve points of the lattice Z2.
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Figure 3: Example of discrete Dirichlet problem in the disk of radius √2.Proof. exercise ! See [BJS79] or [Law91] p. 24-27 for a probabilistic proof.Hint : observe that it amounts to showing the existence and uniquenessof solution of a system of linear equations, one for each x ∈ Zd. In fact,only �nitely many equations need to be considered, namely the equationscomming from x ∈ Zd with dist(x, Ω) ≤ C for C large enough. For x ∈
Ω, these equations are homogeneous, for x /∈ Ω, the equation is naturally
ud(x) = f(x). To end the proof, remark that the corresponding homogeneous



4 Lecture I Introduction to the Dirichlet problemsystem, i.e. f ≡ 0, has only ud ≡ 0 for solution. This can be proved by �themaximum principle� that asserts that when φ is real and harmonic in Ω, nolocal maximum exists in Ω ∩ Zd unless φ is constant.In broad terms, the issue that will be adressed in these lectures is to �nd(best possible) estimates for ||u − ud||∞, the uniform distance between thesolutions of the continuous and discrete Dirichlet problem.1.3 A generalization of the discrete caseOne important way one can generalize the discrete Laplacian ∆d is by setting
∆µf(x) := f ? (δ − µ)(x) = f(x) −

∫
f(x − y)dµ(y),where µ ∈ P(Rd) is a compactly supported and centered probability measurewith covariance Id :

∫
xdµ = 0,

∫
xixj dµ = δij .Of course, this includes the case of discrete measures µ ∈ P(Zd) (centeredwith covariance Id), such that there exists C0 > 0 with µ(±ei) ≥ C0 and

diam(suppµ) ≤ C0. We can then generalize our previous problem by gen-eralizing the notion of discrete harmonic function in Ω to ∆µf = 0. Theimportance of this generalization lies mostly in the fact that we can take for
µ a smooth measure dµ(x) = φ(x)dx for say φ ∈ C∞

0 (Rd) and then when
f is continuous in Rd, we say that f is harmonic Ω with respect to µ if
f ? (δ − µ) ≡ 0 in Ω.2 The classical inhomogeneous Dirichletproblem and the Green functionLet Ω be as in paragraph 1 and Φ some continuous function on Ω. Then theinhomogeneous Dirichlet problem consists in �nding a continuous function Ude�ned on Ω such that ∆U = Φ on Ω and U|∂Ω = 0. If the original f ∈ C(Ωc)admits an extension f̃ in Ω such that ∆f̃ = Φ then the function u = f̃ − Uis harmonic in Ω and coincides with f on ∂Ω i.e. we are back to the classicalhomogeneous Dirichlet problem.



2. Inhomogeneous Dirichlet problem, Green function 52.1 The Green functionIn this setting, the Green function G(x, y) , x, y ∈ Ω, is de�ned as the solu-tion of the generalized inhomogeneous Dirichlet problem with the followingconditions : ∀ y ∈ Ω




∆xG(x, y) = δy(x) the Dirac mass in the distribution sense,
G(., y)|∂Ω ≡ 0.Remark I.1 � In our de�nition ∆ = −

∑d
i=1

∂2

∂x2
i

i.e. the positive self adjointoperator.The solution of the general inhomogeneous Dirichlet problem can then beexpressed in terms of G as
U(x) = 〈G(x, .), Φ(.)〉 =

∫
G(x, y)Φ(y)dy.In fact, one then has

∆xU(x) =

∫
∆xG(x, y)Φ(y)dy =

∫
δy(x)Φ(y)dy = Φ(x).Several lecture courses at all level can be given on the classical Green function.We do not intend to do that of course !2.2 Brownian motion and the heat di�usion kernelFor the people familiar with Brownian motion, one way to capture the Greenfunction is to start with (Bt)t≥0 the standard Brownian motion in Rd startingat x ∈ Ω and de�ne the transition kernel in Ω :

pt(x, y) := Px (Bt ∈ dy, Bs ∈ Ω, ∀ 0 < s < t) .Then it not di�cult to verify that the Green function in Ω is given by
G(x, y) =

∫ ∞

0

pt(x, y)dt.Formally, pt is the kernel of the di�usion semigroup Tt := e−t∆ and since Ttsati�es the heat equation
∆Tt = − ∂

∂t
Tt,we can integrate and get ∆G = T0 = δ as required.



6 Lecture I Introduction to the Dirichlet problem3 The discrete Green function andrandom walks3.1 Discrete Green function via random walksThe only reason we brought Brownian motion in the picture in the previoussection is that the de�nition of the Green function given there generalizesnaturally for random walks Zn ∈ Zd where
P (Zn+1 = x |Zn = y) = µ(y − x),and where µ ∈ P(Zd). Here the simple random walks are the ones that give

∆µ = ∆d in paragraphs 1.2 and 1.3 and µ(±ei) = 1/2d. These are the nearestneighbour Bernoulli random walks. We can then de�ne for t = 0, 1, 2, . . .

pt(x, y) := Px (Z(t) = y, Z(s) ∈ Ω, s = 0, 1, 2, . . . , t)and we can use this to de�ne
Gd(x, y) = Gµ(x, y) :=

∑

n≥0

pn(x, y).The convergence is of course an issue but we have by de�nition
(pn(x, .) ? µ(.)) (y) = pn+1(x, y), x, y ∈ Ω.So formally, for x, y ∈ Ω

(G(x, .) ? µ(.)) (y) = G(x, y) − δx(y),or
(G(x, .) ? ∆µ(.)) (y) = δx(y)and we have thus the de�ning properties of the Green function in the discretesetting. The above de�nition of the discrete Green function extends in theobvious way to smooth measures of the form dµ = φ(x)dx, φ ∈ C∞

0 .3.2 Remarks related to the symmetry of µWhen µ is symmetric µ(x) = µ(−x) the Green function is also symmetric
G(x, y) = G(y, x),but not otherwise. In the symmetric case, we can a�ord to be much lessvigilent with the notations for example, if fx(.) := G(., x) then we have also

fx(.) = G(x, .). So an expression such as G(x) ? f makes unambiguous sinceit equals G(x, .) ? f and G(., x) ? f . So while nowhere in these lectures will itbe necessary to assume that the measures involved are symmetric, in writingformulas down, we will do as it is...



4. Dilatations and Lipschitz boundaries 74 Dilatations and Lipschitz boundaries4.1 Green function and dilatationsIt is well known that Brownian motion is scale invariant in the sense thatwhen starting from zero, the two processes (Bt)t≥0 and (λ−1Bλ2t)t≥0 have thesame law for all λ > 0. So is the Green function in so far that if we dilate Ωto λΩ ⊂ Rd, the corresponding Green function Gλ is λ2−dG. It is thereforevital that the conditions we impose on Ω are dilation invariant. Assume that
∂Ω = {x ∈ R

d, f(x) = 0} for some function f . The regularity condition ofthe boundary of Ω, C1−regularity or even Cα with α > 1, is not dilationinvariant (because the continuity of ∇f imposes a quantitative condition on
ω(δ) the module of continuity of ∇f). The correct condition must thereforebe ∇f ∈ L∞, i.e. Ω is a Lipschitz domain.4.2 Lipschitz domainsTo �x the ideas, we will stand from the canonical model (or building block)of Lipschitz domains : the half space type

Ω = {x = (x1, . . . , xd) = (x, xd), xd > φ(x)} ,for some Lipschitz function φ : |φ(x) − φ(x′)| ≤ A|x − x
′|, ∀x,x′ ∈ Rd−1.Bounded domains patches

Half space type Lipschitz domain
Figure 4: Patches of half space type Lipschitz domains.The bounded Lipschitz domains we will consider in the sequel are build upfrom these by �nitely many patches as above on their boundary (see �gure 4).



8 Lecture I Introduction to the Dirichlet problemThe Lipschitz regularity constant LipΩ = Lipφ of such a domain is de�nedas the optimal A such that the above inequality holds. For any domain and
x ∈ Ω we denote throughout

δ(x) := dist(x, ∂Ω).Remark I.2� One important issue concerning the dilatation is that in whatfollows Brownian motion (alternatively the euclidian Laplacian) must alwaysbe scaled so as to be consistant with the simple random walk i.e. we assume
E [Bi(1)Bj(1)] = δij .5 Statement of the main theorem5.1 Main result on Green functionsLet us now state the main result of [Var09]. Here Ω is a half space Lipschitzdomain as above and G, Gd are the euclidian and discrete Green functionde�ned above. The operator Gd could be instead the more general Gµ's formeasures as above but to �x ideas we shall consider the simple random walk.Theorem I.1 � There exists a constant C only depending on LipΩ suchthat for all x, y ∈ Ω ∩ Zd, with δ(x), δ(y), |x− y| > C :

|Gd(x, y) − G(x, y)| ≤ CG(x, y)
(
δ(x)−1 + δ(y)−1 + |x − y|−1

)
.The scope of these lectures is to explain the proof of this theorem. It israther di�cult and technical. In the next lecture, we will sketch the proof ofa weaker version of theorem I.1, where the −1 on the right are replaced by

−ε with 0 < ε < 1. The main di�culty in theorem I.1 is precisely to get thesame estimate with ε = 1.5.2 Letting the mesh goes to zeroNaturally, the above result can be scaled so that it applies for a �ner and�ner mesh i.e. Zd is replaced by εZd for some small ε. The theorem is thenadapted to bounded Lipschitz domains as ε goes to zero, when the interiorpoints look very far from the boundary in the scale ε. Here is a typical easycorollary of our main theorem that illustrates the issue.



5. Statement of the main theorem 9Corollary I.1 � Let Ω be some convex domain and let F be some smoothfunction in Ω. Let uε be the �nite di�erence discrete solution of the inhomo-geneous Dirichlet problem :
∆εu

ε = F, uε
|Ωc = 0,and let u0 be the euclidian solution of

∆u0 = F, u0
|Ωc = 0.Then we have

|uε(x) − u0(x)| ≤ Cε (||F ||∞ + ||∇F ||∞) , x ∈ Ω ∩ εZ
d, δ(x) ≥ Cε.

ε−mesh
x very far in scale ε

Bounded domain

Figure 5: Letting the mesh goes to zero.Remark I.3 � The constant here only depends on the eccentricity of Ω (nosmoothness is assumed on ∂Ω, see examples below). Smoothness of F in oneform or another is on the other hand essential because for general F ∈ L∞(Ω),we cannot de�ne uε.



10 Lecture I Introduction to the Dirichlet problem

bounded, d = 2 unbounded, d = 3

bounded, d = 3Figure 6: Examples of convex domains where corollary I.1 applies.



Lecture IITowards a weaker version of themain theorem
Contents of the lecture1 A weaker version of the main theorem . . . . . . . 121.1 The ε−approximation the main theorem . . . . . . 121.2 The heuristics that demisti�es the ε−estimate . . . 132 Potential theory in a Lipschitz domain . . . . . . . 152.1 Classical potential theory in the domain . . . . . . 152.2 Potential theory at the boundary . . . . . . . . . . 152.3 Harmonic measure and the doubling property . . . 173 Pointwise estimate and harmonic measure . . . . 183.1 A pointwise estimate : the 3−points lemma . . . . 183.2 Estimates involving the harmonic measure . . . . . 19As announced at the end of the �rst lecture, we give here the proof, more pre-cisely we sketch the proof of a weaker version of theorem I.1. The notes areorganized as follows. In the �rst section, we state the weaker version of the-orem I.1, the �ε−approximation� of the theorem. We claim that this weakerresult is essentially equivalent to an estimate, the so called ε−estimate, in-volving convolution of Green functions. As a motivation, we then explain ina very heuristic way how the ε−approximation of the theorem can be derivedfrom this ε−estimate. In the second section, we recall some tools/results ofpotential theory in Lipschitz domains needed for the proof of the ε−estimate.We �rst state estimates in the interior of the domain, and then near theboundary. In the third section, we �nally bring these tools together to getclosed to the ε−estimate.



12 Lecture II Towards a weaker version of the main theorem1 A weaker version of the main theorem1.1 The ε−approximation the main theoremLet Ω be a half space type Lipschitz domain introduced in the last lectureand let G, Gµ be the euclidian and discrete associated Green functions. Inthis second lecture, we want to establish the following weaker version of ourmain theorem, the so called ε−approximation of theorem I.1 :Theorem II.1 (ε−approximation of theorem I.1) � For all 0 < ε < 1there exists a constant C that depends only on LipΩ and ε such that for
δ(x), δ(y), |x− y| > C :

|Gµ(x, y) − G(x, y)| ≤ CG(x, y)Rε(x, y),where
Rε(x, y) :=

(
δ(x)−ε + δ(y)−ε + |x − y|−ε

)
.By �establish", we do not mean here that we will give a complete and detailedproof of this result but rather give an idea of the various tools involved inthe proof and explain how these tools interact.Remark II.1 � Naturally, theorem I.1 corresponds to the limit case when

ε = 1. In fact the main di�culty of theorem I.1 is precisely to go from ε < 1to ε = 1 : this requires much more work than the one needed to establishthe weaker version of the theorem.In the next paragraph, we will explain that, after several non trivial steps,the proof theorem II.1 above reduces to showing an estimate of the followingtype :
∫

Ω

G(x1, x)G(x, x2)δ(x)−2−εdx ≤ CG(x1, x2)Rε(x1, x2). (ε−estimate)What would really be needed to prove theorem I.1 is the same estimate butwith ε = 1, that is
∫

Ω

G(x1, x)G(x, x2)δ(x)−3dx ≤ CG(x1, x2)
(
δ(x1)

−1 + δ(x2)
−1 + |x1 − x2|−1

)
.Unfortunately, this is clearly false as the simple example of the half space

Ω = Rd
+ easily shows. The ε−estimate however already su�ces for the proofof the ε−approximation of our main theorem.



1. A weaker version of the main theorem 131.2 The heuristics that demisti�es the ε−estimateAs a motivation for the sequel, let us now explain in a very heuristic way, howthe ε−estimate above is related to the bound in theorem II.1. The startingpoint of the method used in the proof of the latter is the resolvant equation.1.2.1 The resolvent equationRecall that the Green function can be de�ned, at least formally, as the solu-tion of the equation G∆ = ∆G = δ. In other words, the Green function canbe thought as the resolvant operator associated to the Laplacian ∆. For anyoperator A et B with resolvant RA and RB satisfying RAA = ARA = δ and
RBB = BRB = δ, one has the following resolvant identity :

RA − RB = RA(B − A)RB.Here we are dealing with the two operators A = δ − µ = ∆µ and B = ∆, sothat
Gµ − G = Gµ (∆ − ∆µ) G.Now, by Taylor expansion, for a smooth function f on Ω, the di�erence

∆µ − ∆ acts as a third order operator :
((δ − µ) − ∆) f = O

(
∇3f

)
.Thus if we want to estimate the di�erence Gµ(x1, x2) − G(x1, x2) where

x1, x2 ∈ Ω, what has to be estimated is the integral :
∫

Gµ(x1, x)∇3
xG(x, x2)dx.1.2.2 Harnack inequalitiesAt this point, it is crucial to note that ∇3G(x, x2) ∼ |x2 − x|−d−1 when xgoes to x2 so that the last integral diverges badly near x2. To come up withthis di�culty, since G and its derivatives vanish at the boundary, one canintegrate by parts to get

∫
Gµ(x1, x)∇3

xG(x, x2)dx =

∫
∇xGµ(x1, x)∇2

xG(x, x2)dx.The Green function G being harmonic, we will see in the next section that
G and its derivatives satisfy an Harnack inequality, namely

|∇k
xG(x, x2)| ≤ CG(x, x2)

(
δ(x)−k + |x2 − x|−k

)
.



14 Lecture II Towards a weaker version of the main theoremIn a future lecture, using the theory of random walks, we will see that thediscrete Green function Gµ and its derivatives also satisfy a (non trivial)Harnack inequality of the same type :
|∇xGµ(x1, x)| ≤ CGµ(x1, x)

(
δ(x)−1 + |x1 − x|−1

)
.Therefore, the integral that really need to be estimated is

∫
Gµ(x1, x)G(x, x2)

(
δ(x)−1 + |x1 − x|−1

) (
δ(x)−2 + |x2 − x|−2

)
dx.1.2.3 Coarse estimateThe next step in the proof is to get a control of the discrete Green functionby the continuous one. In a future lecture, we will in fact establish the socalled �coarse estimate"

Gµ(x1, x) ≤ CG(x1, x). (coarse estimate)To bound the di�erence Gµ(x1, x2)−G(x1, x2), one thus have to estimate thefollowing integral :
∫

G(x1, x)G(x, x2)
(
δ(x)−1 + |x1 − x|−1

) (
δ(x)−2 + |x2 − x|−2

)
dx.1.2.4 Estimates involving convolution of Green functionsAll the preceding integrals are of course divergent near the singularities x1, x2and ∂Ω. We thus have to stay away from the boundary, hence the condition

δ(x) > C. The way to handle the singularities x1, x2 and product terms
δ−1(x)|x2 − x|−2, δ−2(x)|x1 − x|−1, |x1 − x|−1|x2 − x|−2 is not so di�cult sothat we are left with the dominant term G(x1, x)G(x, x2)δ

−3(x). At any rate,if we stay away from the singularity we can replace this dominant term by
G(x1, x)G(x, x2)δ

−2−ε(x) with 0 < ε < 1, hence our ε−estimate :
∫

G(x1, x)G(x, x2)δ(x)−2−εdx.Of course we have to modify by an ε the additional terms above to make theintegral convergent δ(x)−1|x2 −x|−1−ε etc. and we must prove analogue esti-mates for the corresponding integrals which are easier than the ε−estimate.



2. Potential theory in a Lipschitz domain 152 Potential theory in a Lipschitz domainLet us now recall some facts concerning potential theory in Lipschitz domains,that will be the essential ingredients of the proof of the ε−estimate. We �rstrecall some basic facts of potential theory in the interior of the domain,namely the maximum principle and the Harnack principle. We then explainhow these notions extends at the boundary of a Lipschitz domain by statingthe Carleson principle and the comparison principle.2.1 Classical potential theory in the domainThe maximum and classical Harnack principles assert that if u is a positiveharmonic function in the ball Br(x0) := {x ∈ Rd, |x − x0| < r}, and if u iscontinuous up to the boundary ∂Br(x0), then(i) if y ∈ Br(x0) is such that u(y) = supx∈Br(x0) u(x), then y ∈ ∂Br(x0).(ii) there exists a positive constant C depending only on the dimension dsuch that
C−1 ≤ u(x)

u(y)
≤ C, ∀x, y ∈ Br/2(x0).From this, we can naturally deduce a lot more, for example if Ω1 ⊂ Ω1 ⊂ Ω,with Ω1 compact, then

C−1
1 ≤ u(x)

u(y)
≤ C1, ∀x, y ∈ Ω1,with a constant C1 that now depends on Ω1, Ω, but not on u. Moreover, fortwo positive harmonic functions u and v, we have the so called comparisonresult

u(x)

u(y)
≈ v(x)

v(y)
,meaning that there exists positive constants c and C not depending on u and

v such that :
c
u(x)

u(y)
≤ v(x)

v(y)
≤ C

u(x)

u(y)
, ∀x, y ∈ Ω1.2.2 Potential theory at the boundaryThe two preceding classical notions of potential theory in the interior ofa domain extends naturally at the boundary of a Lipschitz domain, andmore generally at the boundary of any non tangentially accessible domain



16 Lecture II Towards a weaker version of the main theorem(NTA), see [Ken94]. For simplicity, we will only consider here half space typeLipschitz domains. So let Ω be such a domain, with a Lipschitz function φ,
Q = (x, φ(x)) ∈ ∂Ω, and let us introduce the following (classical) notations :

Ar(Q) := (x, φ(x) + r) = Q + (0, . . . , 0, r),

Tr(Q) := {y = (y, yd) ∈ Ω, |y − x| ≤ r, |yd − φ(x)| < cr},

∆r(Q) := ∂Tr(Q) ∩ ∂Ω.Here c is a constant, large enough so that the domain Tr(Q) is connected(see �gure 7 below).
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Q
∆r(Q)

Tr(Q)

r

∂Ω

Ω

Ar(Q)

rFigure 7: Near the boundary of a half space type Lipschitz domain.Consider a positive harmonic function u in T2r(Q) that �vanishes" at theboundary ∆2r(Q), i.e u is continuous up to the boundary ∆2r(Q) and van-ishes there1. The Carleson principle then says that
u(x) ≤ Cu(Ar(Q)), ∀x ∈ Tr(Q),with C only depending on LipΩ. Let now u, v two positives harmonic func-tions in T2r(Q) that vanish on ∆2r(Q), then we have the so called comparisonprinciple :

C−1u(Ar(Q))

u(x)
≤ v(Ar(Q))

v(x)
≤ C

u(Ar(Q))

u(x)
.1This is not the correct way of interpreting the vanishing of u but it will be good enoughfor our purpose since everything will be done in terms of a priori inequalities.



2. Potential theory in a Lipschitz domain 172.3 Harmonic measure and the doubling propertyLet x ∈ Ω, the harmonic measure hx(dξ) can be de�ned as the unique measureon ∂Ω such that u(x) =
∫

u(ξ)hx(dξ) for any harmonic function u in Ω. Thisde�nition makes sense if Ω is bounded but not if Ω is the upper half plane
Rd

+ := {x = (x, xd) ∈ Rd, xd > 0}, because of the immediate counter example
u(x) = xd. The best general de�nition for the harmonic measure is viaBrownian motion and it has the advantage of being natural in the context ofrandom walks in discrete potential theory. So let x ∈ Ω, (Bt)t≥0 a Brownianmotion starting from x and τ the exit time of Ω : τ := inf{t > 0, Bt /∈ Ω}.One then de�nes the harmonic measure as :

hx(E) := Px(Bτ ∈ E), ∀E ⊂ ∂Ω measurable.This de�nition extends verbatim for a random walk (say a simple randomwalk) in Z
d and Ω ⊂ Z

d except that now E ⊂ Ωc and we do not talk aboutthe boundary ∂Ω because the random walk does not see it (it jumps over !).Let us go back to half space type Lipschitz domain Ω. The basic fact thereis that we have the comparison :
G(x0, Ar(Q)) ≈ hx0(∆r(Q))r2−dfor all r > 0 and x0 /∈ T2r(Q), and the constants in ≈ only depend on LipΩ.From this, one deduces the doubling property that writes

hx(∆r(Q)) ≈ hx(∆2r(Q)).It is of some importance to note that all the above hold for more generaldomains, namely for NTA domains (see [Ken94]).Remark II.2� Note that the doubling property is the key point in the proofof many deep results in real analysis. For example, if µ is a measure on
R

d−1 that satis�es the above doubling property, then one can show that theHardy-Littlewood operator
M : f → Mf, Mf(x) := sup

r>0
µ(Br(x))−1

∫

Br(x)

|f(y)|µ(dy),is a bounded operator mapping Lp, p > 1 into itself, i.e. if f ∈ Lp(Rd−1),then Mf ∈ L1
weak(R

d−1) ∩ Lp(Rd−1). The doubling property is also the keypoint in the proof of Fatou's theorem on non tangential limits of harmonicfunctions at the boundary.



18 Lecture II Towards a weaker version of the main theorem3 Pointwise estimate and harmonicmeasure integrability3.1 A pointwise estimate : the 3−points lemmaThe �rst corollary of the above results on potential theory in Lipschitz do-mains that is needed in the proof of the ε−estimate is a pointwise estimate,the so called 3−points lemma. This lemma is valid in dimension d ≥ 2, butits two dimensional version can be seen as a particular case.3.1.1 The 2−dimensional result coming from conformal mappingLet us �rst state the 3−points lemma in the two dimensional case. So let
Ω ⊂ R2 = C be a simply connected domain and let x, x1, x2 . Let also
m(x1, x2, x) = |x − x1|δ−1(x1) ∧ |x − x2|δ−1(x2). Then, for all a > 0, thereexists a constant Ca > 0 such that

G(x1, x)G(x, x2) ≤ CaG(x1, x2), ∀x ∈ Ω such that m(x1, x2, x) > a.Of course, the homogeneity in the latter estimate is non surprising since when
d = 2, the Green function G is conformally invariant.3.1.2 Analogous result when d ≥ 3The d ≥ 3 analogue of the latter estimate holds for general NTA domains,in particular if Ω is a Lipschitz domain, and x, x1, x2 ∈ Ω then one has

G(x1, x)G(x, x2) ≤ C ×
(
|x1 − x|2−d + |x2 − x|2−d

)
G(x1, x2),where C only depends on LipΩ.In other words, for d ≥ 2, one has the following pointwise estimate, which isa consequence of the results described in section 2 :Lemma II.1 (3−points lemma)� Let Ω ⊂ R

d be a half space type Lipschitzdomain. There exists a constant C only depending on LipΩ such that for all
x, x1, x2 ∈ Ω :

G(x1, x)G(x, x2) ≤ C ×
(
|x1 − x|2−d + |x2 − x|2−d

)
G(x1, x2).



3. Pointwise estimate and harmonic measure 193.2 Estimates involving the harmonic measureThe second main ingredient in the proof of the ε−estimate is in some sensea quantitative version of the fact that the harmonic measure is uniformlysquare integrable :
∀x ∈ Ω, hx(dξ) ∈ L

2(∂Ω, dξ).The quantitative aspect is picked up by the notion of Bq−measure, i.e if
dµ(x) = f(x)dx :

(
|I|−1

∫

I

|f |qdx

)1/q

≤ C

(
|I|−1

∫

I

|f |dx

)
.Consider the following geometric situation :
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x /∈ T2r(Q)

Figure 8: Con�guration where a quantitative estimates of hx can be obtained.In this situation, one can indeed show that :
hx|∆r

∈ B2,with some constants that depend only on LipΩ. The corollary of the abovethat will be needed in the proof of the ε−estimate is more precisely thefollowing. Consider a positive harmonic function de�ned in T2r(Q), andde�ne for y ∈ ∆r(Q) :
u∗(y) := sup

0<ρ<r
ρ−1|u(y, φ(y) + ρ)|.Then one has

||u∗||L2(∆r(Q)) ≤ Cr(d−3)/2u(Ar(Q)).



20 Lecture II Towards a weaker version of the main theoremIn the next lecture, we will see that the 3−point lemma combined with theabove L
2 norm estimate for u∗ lead us to the ε−estimate, and according tothe heuristic of section 1.2, to the theorem II.1



Lecture IIIOn the proof of the ε−estimate
Contents of the lecture1 Decomposition of the domain into constellations . 221.1 First : make it �at ! . . . . . . . . . . . . . . . . . 221.2 Two points complement constellations . . . . . . . 231.3 Slight change near the boundary . . . . . . . . . . 252 Deriving estimates on the constellations . . . . . . 252.1 Estimate in the domain . . . . . . . . . . . . . . . 252.2 Estimates near the boundary . . . . . . . . . . . . 26In this lecture, we use the results of potential theory in Lipschitz domainsstated in section 2 of lecture II, associated to an ad hoc decomposition of thedomain, to derive the ε−estimate needed to establish the ε−approximationof the main theorem. We �rst describe the decomposition of the domain into�constellations�, i.e. we cover the whole domain with balls of geometricallyincreasing diameter. We then use the estimates of section 2.1 in lecture IIto control the behavior of the integrant in the ε−estimate when the coveringballs are in the interior of the domain. The behavior near the boundary is�nally controlled thanks to the estimates of section 2.2.



22 Lecture III On the proof of the ε−estimate1 Decomposition of the domain intoconstellationsLet us �rst describe the decomposition into �constellations� of our half spacetype Lipschitz domain. This decomposition consists in covering the wholedomain by balls with geometrically increasing radii. The number of balls thatwill intersect a given ball will be uniformly bounded. Our decomposition canbe thought as a simpli�ed version of Whitney decomposition.1.1 First : make it �at !As explain in the introduction of this lecture, the key point in the proof ofthe ε−estimate
∫

Ω

G(x1, x)G(x, x2)δ(x)−2−εdx ≤ . . . ,or more generally in the proof of estimates of integrals of the following type
∫

Ω

G(x1, x)G(x, x2)|x1 − x|−α|x2 − x|−βδ(x)−γdx ≤ . . . ,is to use �harmonic function estimates" as the ones stated in section 2 oflecture II on each component of an appropriate decomposition of the halfspace type domain Ω. To simplify, everything will be done in a �bilipschitzinvariant manner�, i.e. we transform Ω to the �real� half space via a bilipschitzmap Φ : Rd → Rd :
x1

x2
x2

x1

Φ

Figure 9: From half space type Lipschitz domains to half space.



1. Decomposition of the domain into constellations 231.2 Two points complement constellationsTo explain our decomposition, let us start with the whole space Rd−{x1, x2}and decompose it into three constellations (see �gure 10 below) :(i) the x1−constellation concern points in a neighbourhood of {x1, x2} thatare closer from x1 than from x2 ;(ii) the x2−constellation concern points in a neighbourhood of {x1, x2} thatare closer from x2 than from x1 ;(iii) the outer constellation concern points far from the neighbourhood of
{x1, x2}, their distance to x1 and x2 is thus comparable.

x1−constellation
x2−constellation

outer constellationFigure 10: Constellations in R − {x1, x2}.The constellations are made of balls that cover annuli of geometrically in-creasing �diameters�. Each ball intersects the other ones a �nite, uniformalybounded, number of time. The step 1/ρ of the geometrical growth is sup-posed very small so that each of the covering ball Bj constructed has a radius
rj ≈ ρ−j << dist(Bj, x1) ∧ dist(Bj, x2).



24 Lecture III On the proof of the ε−estimate

ρ2ρ1ρ−1 ρ3Figure 11: Geometrical growth of the constellation near x1 and x2.Now we go back to the previous image and delete small disks D1 and D2centered at x1 and x2 with small diameters, say
diam(Di) ≤ 10−10dist(xi, ∂Ω) = 10−10δ(xi), i = 1, 2.
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D1

D2

∂Ω Figure 12: Remove small disk at x1 and x2;We restrict the above covering to Ω′ = Ω − (D1 ∪ D2), i.e. we ignore theballs that lie outside Ω′. This is essentially the covering that we shall need toderive the ε−estimate in the next section. Yet, we have to modify a little bitthe covering near the boundary. This modi�cation is explained in the nextparagraph.



2. Deriving estimates on the constellations 251.3 Slight change near the boundaryThe modi�cation concern balls that are close or intersect the boundary ∂Ω.The latter covering balls will be replaced by slightly larger ones that arecentered on ∂Ω. By doing that, we are able to ignore the balls Bj that are
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x1 original ball replaced by this
∂Ω

Figure 13: Covering balls at the boundary.inside Ω and for which we have not rj << dist(Bj , ∂Ω). So we end up withtwo kind of covering balls :(i) the ones inside Ω with radius rj << dist(Bj , ∂Ω) ;(ii) the ones that intersect the boundary.2 Deriving estimates on theconstellationsLet us now explain how the above decomposition, combined with the esti-mates of potential theory in Lipschitz domains, leads to the ε−estimate.2.1 Estimate in the domainConsider a covering ball Bj with radius rj in the preceding decomposition,that lie inside Ω. By applying the Harnack inequality in this ball, the inte-grant in the ε−estimate is essentially constant, that is
G(x1, x)G(x, x2)δ(x)−2−ε ≈ G(x1, yj)G(yj, x2)r

−2−ε
j , ∀x ∈ Bj.



26 Lecture III On the proof of the ε−estimateIn particular, by the 3−points lemma (lemma II.1), the integrant on such aninterior ball is controlled by
G(x1, x2)

(
|x1 − yj|2−d + |x2 − yj|2−d

)
r−2−ε
j ≈ G(x1, x2)r

−d−ε
j .For estimating the integral, we just multiply by vol(Bj) ≈ rd

j and get
∫

Bj

G(x1, x)G(x, x2)δ(x)−2−εdx ≤ CG(x1, x2)r
−ε
j .2.2 Estimates near the boundaryThe same type of estimate holds for balls near the boundary of the domain.To see this, recall the Carleson estimate and the harmonic measure estimateof last section 2.2. We �rst write

∫

Bj

G(x1, x)G(x, x2)δ(x)−2−εdx =

∫

Bj

G(x1, x)

δ(x)︸ ︷︷ ︸
u1(x)

G(x, x2)

δ(x)︸ ︷︷ ︸
u2(x)

δ(x)−εdx.By taking the supremum (on vertical segment) of u1 and u2, the last integralis controlled by ∫

∆j

u∗
1(x)u∗

2(x)r1−ε
j dx.
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Figure 14: Estimates near the boundary.Now applying Hölder inequality, we get
∫

Bj

G(x1, x)G(x, x2)δ(x)−2−εdx ≤ C||u∗
1||L2(∆j)||u∗

2||L2(∆j)r
1−ε
j ,



2. Deriving estimates on the constellations 27that is
∫

Bj

G(x1, x)G(x, x2)δ(x)−2−εdx ≤ CG(x1, Aj)G(Aj , x2)r
(d−3)/2
j r

(d−3)/2
j r1−ε

j ,or ∫

Bj

G(x1, x)G(x, x2)δ(x)−2−εdx ≤ CG(x1, Aj)G(Aj , x2)r
d−2−ε
j .We thus obtain the following estimate :

∫

Ω

G(x1, x)G(x, x2)δ(x)−2−εdx ≤
∑

j

∫

Bj

G(x1, x)G(x, x2)δ(x)−2−εdx

≤ CG(x1, x2)
∑

r−ε
j .Now we pass to the �nal property of our decomposition. The geometricalgrowth of the radii essentially says that rj+1/rj > 1 + δ. To be more precise,we have to modify things slightly so that r1 ≤ r2 ≤ . . . and rj+100/rj > 1+ δ.This allows us to estimate the sum

∑
r−ε
j ≈ inf{rj}−ε ≈ (δ(x1) ∧ δ(x2))

−ε ,hence the result.





Lecture IVOn the discrete Harnackinequality
Contents of the lecture1 Harnack inequality in the whole space . . . . . . . 301.1 Comments on the Edgeworth expansion . . . . . . 311.2 The coarse Gaussian estimate . . . . . . . . . . . . 311.3 Upper and lower bound for the Green function . . 311.4 Harnack estimate at a respectable distance . . . . 322 Harnack inequality in a ball . . . . . . . . . . . . . 322.1 Comparison between Green functions . . . . . . . . 322.2 Gradient estimate at a respectable distance . . . . 332.3 Uniform estimate in the annulus . . . . . . . . . . 33What has been said in the past lectures brings us to the issue of the Harnackestimates in the discrete setting, i.e. Harnack inequality associated to randomwalks. We give here an overview of a proof of this result based on theEdgeworth expansion. In fact, we �rst prove the estimate for the Greenfunction in the whole space, then in a ball. The case of a general harmonicfunction can then be easily derived using representation formulae. For thecurious reader, an alternative proof can be found in [Law91].



30 Lecture IV On the discrete Harnack inequality1 Harnack inequality for the globaldiscrete Green functionFirst of all, let us clarify what we mean by Harnack estimate in a discretesetting. Typically for a classical harmonic function u in ball centered at theorigin Br = {x ∈ R
d, |x| ≤ r}, we have

|∇u(0)| ≤ Cr−1||u||∞ = Cr−1 sup
x∈Br

|u(x)|,and more generally
|∇ku(0)| ≤ Ckr

−k||u||∞.The constants C and Ck only depend on the dimension. From this, we obtaineasily the Moser estimate, that is, if u is a positive harmonic function in Br,then
C−1 ≤ u(x)

u(0)
≤ C, x ∈ Br/2.The Moser estimate is indeed automatic if we strengthen the gradient esti-mate to

∇u(0) ≤ Cr−1u(0).It is then only a matter of integrating ∫
∇ log u(x). The corresponding esti-mate in the discrete setting, i.e. for random walks, holds verbatim

|δi1δi2 . . . δiku(0)| ≤ Cr−ku(0)for a µ−harmonic function in Br where δiu(x) = u(x+ei)−u(x) is the di�er-ence operator with respect to the unit coordinate vector ei = (0, 0, 1, 0, . . . , 0).In the rest of this lecture, we will outline the steps of a proof of this result ina relatively self-contained manner. The �rst set of steps of this proof consistin proving the Harnack inequality for the Green function on the whole space.This is done using(i) the Edgeworth expansion ;(ii) the coarse gaussian estimate ;(iii) upper and lower estimates for the Green function ;(iv) Harnack estimate for Green function :
u(x) = G(x, y), x ∈ Br, y /∈ B2r.



1. Harnack inequality in the whole space 311.1 Comments on the Edgeworth expansionThe starting point of our proof is the Edgeworth expansion, which dealswith the convergence of the density of a well-renormalized sum of randomvariables to the gaussian density. A good treatment of the subject can befound in [Fel71]. Suppose that µ?n the nth convolution of a measure µ has adensity :
µ?n(dx) = φn(x)dx.The Edgeworth expansion says that

φn(x) =

m∑

j=0

n−j/2Pj

(
x√
n

)
× n−d/2 exp

(
−|x|2

c0n

)
+ O

(
n−(m+d)/2

)
, (IV.1)where the Pj are Hermite polynomials (up to multiplicative constants). No-tice that the remainder term is uniform in x.1.2 The coarse Gaussian estimateThe second step of the proof is a coarse gaussian estimate, namely :

φn(x) ≤ Cn−d/2 exp

(
−|x|2

cn

)
. (IV.2)This is tricky to prove if µ is not symmetric. Even for µ symmetric, it is quitedi�cult to prove in that form but at least, it has the merit to exist in thelitterature. What one can on the other hand prove using classical method ofprobability theory is a coarse estimate of the form :

φn(x) ≤ Cn100+d exp

(
−|x|2

cn

)
.Combining equations (IV.1) and (IV.2), we obtain the remainder term in(IV.1) is in fact

O

(
n−(m+d)/2+1 exp

(
−|x|2

cn

))
.1.3 Upper and lower bound for the Green functionNow we can take a geometric average of the two above estimates. If we sumover n and compare the sum with the integrals

∫ +∞

0

t−a exp

(
−|x|2

t

)
dt = |x|2−2a,



32 Lecture IV On the discrete Harnack inequalitywe obtain an asymptotic development of the Green function :
∑

φn(x) = |x|2−d + C(x, n)|x|1−d + . . .and at any rate for sure |x|2−d + O
(
|x|1−d

). From the Edgeworth expansion,for x small enough, we also have a lower bound for φn(x), namely
φn(x) ≥ cn−d/2, for |x| ≤ c

√
n.By integating, we thus get

G(x) ≥ c|x|2−d.1.4 Harnack estimate at a respectable distanceNow the di�erence operator δ can be applied directly on the Edgeworth ex-pansion and summed. We obtain thus the Harnack estimate for the function
u(x) := G(x, y) where x ∈ Br and y /∈ Br. It is important here to note thatthe di�erence operator is applied before summing. The reason is that

∇x

[
Pj

(
x√
n

)
exp

(
−|x|2

ct

)]
≈ 1√

t

[
P̃j

(
x√
n

)
exp

(
−|x|2

ct

)]
,

i.e. we gain a factor t−1/2 so that after summation :
∇G(x) = O

(
|x|2−d−1

)
= O

(
|x|1−d

)
.We thus can compare ∇G(x) with G(x) thanks to the lower bound for G.2 The Harnack estimate for the Greenfunction in a ballNow the issue is to deduce the Harnack estimate for the Green functionde�ned in ball Br only. As before, this is done in several steps, using thepreceding estimate for the Green function on the whole space.2.1 Comparison between Green functionsLet Gr(x, y) denote the Green function in the ball of radius r centered at theorigin Br. For a > 0, we then have the following comparison where G is theGreen function on the whole space :

C−1G(x, y) ≤ Gar(x, y) ≤ CG(x, y).



2. Harnack inequality in a ball 33Only lower estimate needs to be proved, this is done using the two estimates
G(x, y) ≤ cr2−d, and Gar(x, y) ≥ G(x, y) − sup

ξ∈∂Bar

G(x, ξ)Here the supremum is no more than ((a − 1)r)2−d, provided a is choosenlarge enough.2.2 Gradient estimate at a respectable distanceWe now use the �representation" formula :
Gar(x, y) = G(x, y) −

∫

∂Bar

G(x, ξ)hy(dξ)By applying the di�erence operator acting on x, we get
|∇xGar(x, y)| ≤ |∇xG(x, y)| + sup

ξ∈∂Bar

∇xG(x, ξ).We then use the Harnack estimate for the whole space Green function G todominate the right side by
r−1

(
G(x, y) + sup

ξ∈∂Bar

G(x, ξ)

)
.We can then use the Moser estimate to move ξ to y. We have then

|∇xGar(x, y)| ≤ Cr−1G(x, y)and thanks to the comparison of the preceding paragraph :
|∇xGar(x, y)| ≤ Cr−1Gar(x, y). (IV.3)2.3 Uniform estimate in the annulusThe third step consists in proving the estimate (IV.3) uniformly in y in theannulus A between 2r and ar. For this, use the representation formula

Gar(x, y) =

∫

∂A

Gar(xξ)hy(dξ, A)This �barycenter" the problem to y ∈ ∂B2r. What remains to prove is thelast exit decomposition the harmonic function hx(ξ) when ξ is just outsidethe ball Bar.



34 Lecture IV On the discrete Harnack inequality
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Figure 15: From the boundary to the whole annulus.But hx(ξ) is the measure of all the paths that start at x and exit Bar in ξ.There are �nitely many possibilities for the point just before ξ, say ζ1, . . . , ζN .But the paths that exit the domain via ζi are measured by G(x, ζi), so that
hx(ξ) =

N∑

i=1

λiG(x, ζi), 0 < λi < 1.This give the barycenter that is needed.
ξ

ζi

Figure 16: Exit points in the domain.



Lecture VOn the proof of the coarseestimate
Contents of the lecture1 Super-harmonicity, perturbed Green function . . 361.1 Perturbation of the Green function . . . . . . . . . 361.2 Super-harmonicity of the perturbation . . . . . . . 372 Translation of Lipschitz domains . . . . . . . . . . 382.1 Moving upward the domain . . . . . . . . . . . . . 382.2 End of the proof . . . . . . . . . . . . . . . . . . . 38This last lecture is dedicated to the proof of the coarse estimate, i.e. thecontrol of the discrete Green function by the continuous one, namely for aconstant C > 0 large enough :

Gµ(x, y) ≤ CG(x, y).In fact, the continuous Green function can also be controlled by the discreteone, so that we have
C−1G(x, y) ≤ Gµ(x, y) ≤ CG(x, y).We will concentrate here only on the second inequality which is the one thatis needed in the proof of the main theorem and its ε−approximation.



36 Lecture V On the proof of the coarse estimate1 Super-harmonicity of the perturbedGreen function1.1 Perturbation of the Green functionThe key in the proof of the coarse estimate lies in a small perturbation ofthe euclidian Green function, and the use of the super-harmonicity of thisperturbation. Let us thus consider the perturbation H of the continuousGreen function :
H(x) := G(x, x0) + ω(x),where

ω(x) :=

∫

|y−x0|>aδ(x0)

G(x, y)G(y, x0)
[
δ̃−2−ε(y) + |y − x0|−2−ε

]
,and δ̃ is a smooth approximation of δ such that

δ(x) ≈ δ̃(x), |∇kδ̃(x)| ≤ Cδ1−k(x), x ∈ Ω, k ≥ 0.The reason of this smoothing is that we will be led to take derivatives of ω(x)

∇kω(x) =

∫
∇kG(x, y) (. . .) .Near the singularity x, the Green function G(x, y) is of the order |x − y|2−d(+ correcting harmonic function) so that we are dealing with

∫
∇k|x − y|2−dG(y, x0)

[
δ̃−2−ε(y) + |y − x0|−2−ε

]
dy.It is thus essential that δ̃ is smooth so as to interpret the last integral inthe distribution sense. The upshot is that, with computations analoguous towhat we already did, we have the control

∇kω(x) ≤ CG(x, x0)
[
δ(x)−ε + δ(x0)

−ε + |x − x0|−ε
] [

δ(x)−k + |x − x0|−k
]
.Now we go back to ω(x) and we need to observe in addition

∆ω(x) = G(x, x0)
[
δ̃(x)−ε + |x − x0|−ε

]
,because ∆G(x, y) = δx(y)



1. Super-harmonicity, perturbed Green function 371.2 Super-harmonicity of the perturbationOnce we have the perturbation, the second step is to prove its superhar-monicity namely
∆µH = (δ − µ)H(x) > 0,provided that δ(x) > C, δ(x0) > C, and |x − x0| > C. As before, thisestimate is established by considering the resolvent equation and the Taylorexpansion to get the control
(∆ − ∆µ)H = O

(
∇3H

)
,so that

∆µH = ∆H + O
(
∇3H

)
.We use then the following estimate for G :

∇3G = O
(
G(x, x0)

[
δ−3(x) + |x − x0|−3

])
,and for∇3ω, we use the previous estimate. Now from the ∆µ−superharmonicityof the perturbation H , we deduce that H(x) ≥ CG(x, x0) in a slightly smallerdomain included in Ω.
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smaller domain

Figure 17: Remaining domain consisting in the union of the belt and the annulus.To conclude, it is enough to verify the estimate in the region left. To seethis, we use an idea that is very speci�c to the Lipschitz case.



38 Lecture V On the proof of the coarse estimate2 Translation of Lipschitz domains2.1 Moving upward the domainThe idea here is very simple : we translate upwards Ω at a distance λ. Wethen consider the discrete Green function Gµ in the domain Ωλ and extendit to be zero in the belt.remaining domain
λ

Ωλ

∂Ωλ

belt + annulus

Figure 18: Remaining domain consisting in the union of the belt and the annulus.Therefore, we have(i) H(x) ≥ CGΩλ
µ (x, x0), for x in the belt ;(ii) in the annulus, we use upper and lower estimates for G and Gµ and wehave again H(x) ≥ CGΩλ

µ (x, x0), for x in the annulus.Here we also use the fact that since δ(x0) > C, G(x, x0) ≈ |x − x0|2−d andalso Gµ(x, x0) ≈ |x − x0|2−d.2.2 End of the proofThe ∆µ−harmonicity of Gµ is now used to extend the inequality
H(x) ≥ cGΩλ

µ (x, x0)in the shaded region. One �nal twist is used. Namely we use the fact that
Gλ(x, y) ≈ G(x, y) if x and y are far out, that is δ(x), δ(y) ≥ Cλ.
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