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OPTIMIZATION OF TWO-LEVEL METHODS FOR DG
DISCRETIZATIONS OF REACTION-DIFFUSION EQUATIONS

JOSE PABLO LUCERO LORCA! AND MARTIN JAKOB GANDER?2

ABSTRACT. In this manuscript, two-level methods applied to a symmetric inte-
rior penalty discontinuous Galerkin finite element discretization of a singularly
perturbed reaction-diffusion equation are analyzed. Previous analyses of such
methods have been performed numerically by Hemker et al. for the Poisson
problem. The main innovation in this work is that explicit formulas for the op-
timal relaxation parameter of the two-level method for the Poisson problem in
1D are obtained, as well as very accurate closed form approximation formulas
for the optimal choice in the reaction-diffusion case in all regimes. Using Local
Fourier Analysis, performed at the matrix level to make it more accessible to
the linear algebra community, it is shown that for DG penalization parame-
ter values used in practice, it is better to use cell block-Jacobi smoothers of
Schwarz type, in contrast to earlier results suggesting that point block-Jacobi
smoothers are preferable, based on a smoothing analysis alone. The analysis
also reveals how the performance of the iterative solver depends on the DG
penalization parameter, and what value should be chosen to get the fastest
iterative solver, providing a new, direct link between DG discretization and
iterative solver performance. Numerical experiments and comparisons show
the applicability of the expressions obtained in higher dimensions and more
general geometries. ElEl

1. INTRODUCTION

Reaction-diffusion equations are differential equations arising from two of the
most basic interactions in nature: reaction models the interchange of a substance
from one type to another, and diffusion its displacement from a point to its neigh-
borhood. Chemical reactors, radiation transport, and even stock option prices, all
have regimes where their mathematical model is a reaction-diffusion equation with
applications ranging from engineering to biology and finance [5, (13} |21} 27, [30].

In this paper, we present and analyze two-level methods to solve a symmet-
ric interior penalty discontinuous Galerkin (SIPG) discretization of a singularly
perturbed reaction-diffusion equation. Symmetric interior penalty methods |2} |3,
4] 28| 33| are particularly interesting to solve these equations since by imposing
boundary conditions weakly they produce less oscillations near the boundaries in
singularly perturbed problems [25]. Using this discretization, the reaction operator
involves only volume integrals with no coupling between cells. Therefore, all its
contributions are included inside the local subspaces when using cell block-Jacobi
smoothers, which can then be interpreted as non-overlapping Schwarz smoothers
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FIGURE 1. Left: circular domain and mesh used for the SIPG dis-
cretization of a Poisson problem. Right: spectral radius of the
iteration operator as a function of the penalty parameter in SIPG
using a cell block-Jacobi smoother, without damping (Unrelaxed),
with optimized damping from a 1D smoothing optimization alone
(Smoothing analysis), and the numerically optimized two level pro-
cess (Minimum).

(see and references therein). On the other hand, also point block-Jacobi
smoothers have been considered in the literature, which we study as well.

The SIPG method leaves two parameters to be chosen by the user. One is the
penalty parameter, which determines how discontinuous the solution is allowed to
be between cells, and the other is the relaxation used for the stationary iteration.
For classical finite element or finite difference discretizations of Poisson problems,
it is sufficient to optimize the smoother alone by maximizing the damping in the
high frequency range to get best performance of the two and multilevel method,
which leads for a Jacobi smoother to the damping parameter % (see ) This is
however different for SIPG discretizations, as we show in Figure [I] for a Poisson
problem on a disk discretized with SIPG on an irregular mesh. We see that the
best damping parameter depends on the penalization parameter in SIPG, and can
not be well predicted by a smoothing analysis alone. Our goal here is to optimize
the entire two level process for such SIPG discretizations, both for Poisson and
singularly perturbed problems.

We apply Local Fourier Analysis (LFA), which has been widely used for opti-
mizing multigrid methods since its introduction in [7]. This tool allows obtaining
quantitative estimates of the asymptotic convergence of numerical algorithms, and
is particularly useful for multilevel ones. Based on the Fourier transform, the tra-
ditional LFA method is accurate for partial differential equations if the influence of
boundary conditions is limited. It is well known , that the method is exact when
periodic boundary conditions are used.

Previous Fourier analyses of such two-level methods for DG discretizations have
been performed for the Poisson equation by Hemker et al. (see and ref-
erences therein), who obtained numerically optimized parameters for point block-
Jacobi smoothers. Our main results are first, explicit formulas for the relaxation
parameters of both point and cell block-Jacobi smoothers for the Poisson equation
and second, the extension to the reaction-diffusion case, where we derive very accu-
rate closed form approximations of the optimal relaxation parameters for the two-
level process. Using our analytical results, we can prove that for DG penalization
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OPTIMIZED TWO-LEVEL DG METHODS FOR REACTION-DIFFUSION 3

parameter values used in practice, it is better to use cell block-Jacobi smoothers of
Schwarz type, in contrast to earlier results that suggested to use point block-Jacobi
smoothers, based on a smoothing analysis alone. Furthermore, our analysis reveals
that there is an optimal choice for the SIPG penalization parameter to get the
fastest possible two-level iterative solver. A further important contribution in our
opinion is that we present our LFA analysis using linear algebra tools and matrices
to make this important technique more accessible in the linear algebra community.

A special point is made on the closed-form nature of our results. The mathemat-
ical community is divided between researchers pushing for the numerical optimiza-
tion of LFA [31]32] and researchers searching for analytical, closed-form results [24].
We value both approaches in their capacity to spearhead mathematical intutions
numerically, that are then addressed formally as it often happens in science. We
let go of considering 2D and 3D Fourier symbols, but we do include the complete
2-level method in our optimization instead of separating smoothing from coarse cor-
rection, expecting and ultimately confirming that the validity of the optimization
is wider than the alternative.

To the best of our knowledge, even though many publications have applied LFA
to two-level solvers for DG discretizations of elliptic problems since the work by
Hemker et al., closed-form formulas for the relaxation parameter, optimized over
the complete two-level process for each SIPG penalty, are missing from the literature
since the algebraic expressions involved are quite cumbersome. Our expressions for
the Poisson problem are exact in 1D, if periodic boundary conditions are used.
Additionally, we provide numerical examples showing their applicability in higher
dimensions and non-structured grids.

2. MODEL PROBLEM

We consider the reaction-diffusion model problem
1
(1) fAqugu:f in Q, u=0 on 99,

where € RY23 is a convex domain, f is a known source function and ¢ € (0, 00)
is a parameter, defining the relative size of the reaction term.

We introduce the Hilbert spaces H = L*(Q) and V = H{ (), where H}(Q) is the
standard Sobolev space with zero boundary trace. They are provided with inner
products (u,v);, = [quvdr and (u,v), = [, Vu - Vodr respectively. The weak
form of problem is: find u € V such that

(2) a(u,v) = (fa v)'Hv
where f € H and the continuous bilinear form a(-,-) is defined by
1 1
(3) a(u,v) = / Vu - Vudz + f/ uvdz = (u,v)y, + = (u,v)4 .
Q €Ja €

The bilinear form a(u, v) is continuous and V-coercive relatively to H (see |10, §2.6]),
i.e. there exist constants ., C, > 0 such that

(4) a(u,u) > Yallully,  a(u,v) < Collullyllv]ly,  Vu,veV.

Note that even though ~, is independent of €, C, is not, which motivates our search
for robust two-level methods in the next section. From Lax-Milgram’s theorem, the
variational problem admits a unique solution in V.
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Gj—2 Yj_oaPi-1 Vi—1@; Yin@it1 Vg1

Kj_2 Ki—1 K Kit1
f J f z f J f It r--->X

- .t - 7t + -t - ot
UjgUj o Uj oUj g Uj14; Uy Uity Ujp1Ujpo

FIGURE 2. Mesh for the discretization and finite element functions.

2.1. Discretization. We discretize the domain 2 using segments, quadrilaterals
or hexahedra, constituting a mesh T with cells k € T and faces f € F using
an SIPG finite element discretization. Let Q,(x) be the space of tensor product
polynomials with degree up to p in each coordinate direction with support in k.
The discontinuous function space V}, is then defined as

(5) Vi ={ve L2(Q)|V/€,v‘,.C € Qy(r)}.

Following [2|, we introduce the jump and average operators [u] == u* — u~ and
{u} = %, where the superscript indicates if the nodal value is evaluated from

the left of the node (7) or from the right (1), and obtain the SIPG bilinear form

ap, (u,v) ::/ Vu - Vudzr + é / uvdx
T T

) Yo fovie

where n is the direction normal to the boundary, the boundary conditions have been
imposed weakly (i.e. Nitsche boundary conditions [28]) and § € R is a parameter
penalizing the discontinuities at the interfaces between cells. On the boundary
there is only a single value, and we set the value that would be on the other side
to zero. In order for the discrete bilinear form to be coercive, we must choose
§ = 6o/h, where h is the largest diameter of the cells and dy € [1, 00) is sufficiently
large (see [22]). Coercivity and continuity are proved in [2| for the Laplacian under
the assumption that &g is sufficiently large, and these estimates are still valid in the
presence of the reaction term, since it is positive definite.

For our analysis, we will focus on a one-dimensional problenﬂ with equally
spaced nodes and cells with equal size, see Fig. [2] for the mesh and finite element
functions. We use the same kind of basis and test functions and we denote them
by ¢; = ¢;(z) and 9; = ¢;(x) for decreasing and increasing linear functions,
respectively, with support in only one cell. The coefficients accompanying each
basis function are u;r, u; € R, where the superscript indicates if the nodal value is

evaluated from the left of the node (7) or from the right ().

(6)

4This is motivated by the seminal work of P. W. Hemker |19] who stated: “we study the one-
dimensional equation, since this can be considered as an essential building block for the higher
dimensional case where we use tensor product polynomials”. We test however our analytical
results also in higher dimensions and on meshes which are not tensor products, see Subsection
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OPTIMIZED TWO-LEVEL DG METHODS FOR REACTION-DIFFUSION 5

Any v € V}, can then be written as a linear combination of ¢;(x) and v;(x),

J
v=3"ul () +u; ;(z) = u-€£7(x), with
j=1

_ + - + = .+ - 2J
—(...,uj_l,uj_l,uj,uj,uj+1,uj+1,...)GR ,

5(%) : ( L ¢j71(x)a Z/ijl(x)v (bj(x)»wj(x)» ¢j+1(m)7wj+1(x)a o ) ;

and ¢;(x),9;(z) € Qi(k;),k; € T,5 € (1,J). With this ordering, the SIPG dis-
cretization operator is

(7)

ap (Vj—2,%j-1)

ap (¢j-1,%5-1) an(dj-1,9;)
A= ap (Vj—1,%j-2) an (bj—1,05-1) an(Wj—1,%5-1) an (Vi—1,¢5) an (Vj_1,1;)
ap (¢j, ¢j71) ap, (<Z5j7 ’%'71) Qap, (%‘-, <Z5j) Qap (¢j1 ’%‘) ap, (¢j, ¢j+1)

where the blank elements are zero

an (Y5,%;-1)

ah (’wjv (vbj)

an (j+1, 95)

. Using equation @, evaluating leads to

-2
h? _1
6e 2 u;——1 ;——1
1 A h? 1 _ _
9 Au- L7 do+3z 1—do —3 vl | |
(8) u—ﬁ = =f,
_1 _ R 1 ulf *
2 1=d do+3x & 2 J 5
1 h? _ _
2 6e u f;
_1
2
where

F=(..

— — 2J
5 ]tlafj_pf_;rafj ,) €eR

is a vector, analogous to u, containing the coefficients of the representation of the
right hand side in V}. In the next section, we describe an iterative two-level solver
for the linear system .

3. SOLVER

We solve the linear system with a stationary iteration of the form

9)

wlTD = @ 4 -1 (f — Au(i)) ,
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FIGURE 3. Mesh.

where M~! is a two-level preconditioner, using first a cell-wise nonoverlapping
Schwarz (cell block-Jacobi) smoother Dt (see |11} [12]), i.e.

-1

-1, ._ 12 3e 6e J
(10) D 'u=h 2 2 B
6 60 + 3z u

This smoother takes only into account the relation between degrees of freedom
that are contained in each cell (9c]+ and z; in Fig. , i.e. we solve a local dis-
crete reaction-diffusion problem consisting of one cell, like a domain decomposition
method with subdomains formed by the cells.

Following [18], we consider as well a point block-Jacobi smoother, consisting of
a shifted block definition, i.e.

-1

R? -
(11) Dy u = 1?2 Pt 10 i
p
1-— (S() (S() + g uj++1

In this case, the smoother takes into account the relation between degrees of free-
dom associated to a node (:r; and x;LH in Fig. . The domain decomposition
interpretation in this case is less clear than for D..

Let the restriction operator be defined as

Nl= N
NI= N
—

and the prolongation operator be P := 2RT (linear interpolation), and set Ay :=
RAP. Then the two-level preconditioner M !, with one presmoothing step and
a relaxation parameter «, acting on a residual g is defined by Algorithm [T} where
D! is the smoother and we’ll study the choices D, ! and D;l.
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OPTIMIZED TWO-LEVEL DG METHODS FOR REACTION-DIFFUSION 7

Algorithm 1 Two-level non-overlapping Schwarz preconditioned iteration.

1: compute x := aD~!g,
2: compute y := x + PAO_IR(g — Ax),
3: obtain M ~'g = y.

4. LocAL FOURIER ANALYSISs (LFA)

In order to make the important LFA more accessible to the linear algebra com-
munity, we work directly with matrices instead of symbols. We consider a mesh as
shown in Fig. [3] and assume for simplicity that it contains an even number of ele-
ments. Given that we are using nodal finite elements, a function w € V}, is uniquely
determined by its values at the nodes, w = ( .. ,w;l,wj_,wj, 1o ) For
the local Fourier analysis (LFA), we can picture continuous functions that take the
nodal values at the nodal points, and since in the DG discretization there are two
values at each node, we consider two continuous functions, w* (z) and w™(z), which
interpolate the nodal values of w to the left and right of the nodes, respectively. We
next represent these two continuous functions as combinations of Fourier modes to
get an understanding of how they are transformed by the two grid iteration.

4.1. LFA tools. For a uniform mesh with mesh size h, and assuming periodicity,
we can expand w™ (x) and wT(z) into a finite Fourier series,

J/2 - J/2
+ _ + i2mkx __ + 2n(k—J/2)x + i27kx
wh(x) = E ce = E Chg/2€ +cle ,
k=—(J/2—1) k=1
J/2 B J/2
- _ — 2rkx __ - 2n(k—J/2)x — i2wkx
w”(x) = E ce = E Ch_y /o€ +c e .
k=—(J/2-1) k=1

Enforcing the interpolation condition for these trigonometric polynomials at the

nodes, w;' = w“'(xj') and w; = w~ (z; ), we obtain

J

J/2 J/2
+ _ + i2m(k—J/2)xT + i2nkal _ Z + i27(k—J/2)(j—1)h + i2nk(j—1)h
W _Z Ch—a/2¢ T e =) G g€ tope )
k=1 k=1

J/2 J/2
- _ — i2m(k—J/2)z; —i2mka; _ - i2n(k—J/2)jh — i2nkjh
w; —E Ch—gy2€ i +ce i = E Ch— g€ +cpe .
k=1 k=1

The representation for wT and w™ as a set of nodal values can therefore be written
as

J/2
+ +
Z Co—gs2 T Ck
wy k=1
: J/2
w+ — w]ﬂ- — ZCLJ/Qezzw(k«,f,l/z)(jfl)h, +C:6121rk(j—l)h,
. k=1
w}r J/2
ZC:_J/2612w(k—.]/2)(J—l)h + Ck-iv-ez%rk'(l—l)h

k=1
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8 J. P. LUCERO LORCA AND M. GANDER

J/2
ZC;7J/2612W(k7J/2)h + c]:ez?ﬂ'kh
wy k=1
J/2
T = - — — i2m(k—J/2)jh — i2mwkjh
w w; Z(‘k—,lﬂe (k=J/2) +oe
k=1
wy J/2
- i2m(k—J/2)Jh | — i2xkJh
D it +ope
k=1

We thus write the Fourier representation as a matrix-vector product and define two
matrices QT and Q, such that w™ = QTc™ and w™ = Q ¢, where

1 1 1 1 o1 1
+ . —i2n(1—J/2)(— i2m(G— T a2 (G- i2mk(j— T em(U G-

QF i= | e 2ra-I/2G-Dh gianG-Dh | gi2mk=d/DG-DR gi2mkG=DR | gi2r(/HG-DR |
e—i27r(1—.}/2)(./—1)h ez‘21r(..]—1)h 51.27r(k—,7./2)(1—1)h ei27rk(..l—1)h iei27r(,]/2')(.]—1)h
6i27r(17J/2)h ei27rh . ei27r(k7J/2)h ei27rkh o1 €i27r(J/2)h

Q= | ei2n(1=J/2)jh  gizmjh  gi2w(k—J/2)jh  gi2wkih  { gi2n(J/2)jh |,
(i2n(1=J/2) Ik gi2wIh  i2w(k—J/2)Jh  gi2wkJh 1 gi2n(J/2)Th

and

.
To= + + + + ot
Cc =
(Cl—J/z & o Gy G e G Cop) o
T
c = - o - - N - .
<01J/2 ¢ CGlgp G - G cJ/2>

An element in V}, can then be represented by its nodal elements in a stacked vector

o= (3) = (7 o) () e

‘We now reorder the vectors w and ¢ to obtain the new vectors w and ¢ such that
their elements are ordered from left to right with respect to the mesh. To do so,
we define an orthogonal matrix S, such that w = STw and w = Sw,

1
1

I

I

I

I

! 1

ST = | s

‘

I

I

I

I

where the dashed line is drawn between the two columns in the middle of the matrix.
Finally, we define the reordered and scaled matrix @

w=STQSc =: (\/ﬁ)_l Qc.
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The structure of @) is

ei2m(k=J/2)(—2)h ei2mk(j—2)h
ei2m(k=J/2)(i—1)h £i2mk(G=1)h
. ei2m(k=J/2)(i—=1)h ei2mk(j—1)h .
. i2n(k=J1/2)jh gi2mkih o
(12) Q = \/E ei2m(k—J/2)jh ei2mkih ;
ei2m(k—J/2)(j+1)h ei2mk(j+1)h

ei2m(k=J/2)(j+1)h ci2mk(i+1)h
ei2m(k=J/2)(j+2)h 2Tk (j+2)h

where the factor v/A is inserted such that @Q is unitary (i.e. Q* = Q~1).

If we follow the same procedure for a coarser mesh, created by joining neighboring
cells together, the matrix @, analogous to @, picks up the elements corresponding
to the nodes contained in both the coarse and fine meshes,

ei2m(k—J/2)(i=2)h

i2rkjh
Qo=Vv2h| pi2m(k—J/2)jh ;
i27k(j+2)h

where j > 2 is even and the factor v/2h is inserted such that Qg is unitary. We
next show that @ renders A and D block diagonal and Qg and @) do the same for R
and P, albeit with rectangular blocks. Therefore the study of the two grid iteration
operator is reduced to the study of a generic block. In order to prove this result we
need the following lemma.

Lemma 4.1. Let C € R?7*27 be q block circulant matriz of the form

Co C1 C2 ... 0 .. C_9 C4
C_1 Co Cp Co 0 .. C_o
C_oC_y Cyp C1 Cp ... 0

C = .. C.oC_y Cy C1 Co ..

- 0 .. C_oC_1 Cyo C1 Co )

0 .. C_2C_qy Co C1
Cy ... 0 .. C_oC_1 Cy
Cip Cq

where C; represents (2 x 2)-blocks, and let QQ € R27%27 pe the matriz which columns
are discrete grid functions as defined in , then the matriz M = Q*CQ is (2x2)-
block diagonal.

Proof. We compute the block (p,q) of M to be

J/2—1 J

Mpq = Z Z Q1 pCrQ((k+1-1)%.1)+ 1,95

k=—(J/2—1) I=1
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10 J. P. LUCERO LORCA AND M. GANDER

where we denote by %J equivalency modulo J, and a block (m,n) of @ is

ei2m((n+1)/2—J/2)(m—1)h 0 o
0 ei2n((n+1)/2—J/2)mh | if n is odd,
Qm,n = ei2m(n/2)(m—1)h 0
0 i2n(n/2)ymh | if n is even.
e

As before, we will use for the small blocks the notation Cy, = (¢it ci2). We consider

an off-diagonal block, i.e. @ 4, With p # ¢, and take an arbitrary k. Then if p and
q are even, we have

ZQ[ kaQ ((k+1-1)%J)+1,q

=1

1€ ci2€
(k=) %) +1—-1)mq _ ilpm i((k+l=1)%J)+1)mq _ ilpn
c21€ J J c22€ J J

< i(((k4+1-1)%J)+1—1)wq _i(l—1)pn i((k+1—1)%J)+1)7q _i(l—1)pw )
c1 T T T T

_ (Cllei?;a((%(?ﬂk1)‘7>>%J) clzeﬁr2 (%(TMQ % ) Ze K % ) )%J -0
czleir]ﬂ((i(kfnq)%‘]) 92261’ ((7

since we identify the sum of the roots of unity. If p and ¢ are odd, we have

J
*

E QL pCrQ((k+1-1)%1)+1,9

=1

J i2((ett-1%)+1-Da (- 4) a2e-n (2 -4~ 2k tt-nant (G- 4) - (B )~
:Z ciie J - T cize T - 7

iz((k+171)%\r)+171)7r(‘14517%) zzl(PT“f%)ﬂ 7,2((1«-,+r,71)%,1)+1)7r(%7%) 7,2I(pT+l—%)7r

=1 ca1€ 7 - 7 c22e 7 - 7

~
N

- “~

cire (5t e—1)0)) %) erge ((1(p+k(q+l)+1) )% (Hamp)t)5%s
= i2x (1 o i2mw (1 Ze 7 (3(g—p o _ 0’
c21€ J ((f(k71>(q+1))%‘]) co2€ J (( k(q+1) %

since again we identify the sum of the roots of unity. If p is odd and q is even, we
get

J
*
Y Qi pCkQk+i-1)%) 1,
=1
J 1((k+171)%‘])+171)7rq7i2(l71>(%7%) (k=1 %J)+1)mg _ 20—1) i*%)"
— cii1e J J ciz€ J J
z((k+l—1)%J)+1—1)1rq7i2l(pT+1_%)ﬂ i(kHl—1)%J)+1)mg 12’(71 5’)
=1 c21€ J J c22€ J J
im(J—p—kg+qg—1) in(J—p—kqg—1)
ciie” 7 cize” J 3 (q—p—1+N))%J _
( i(k=1)mq ikmg > E e )4 = 0.
ca1€e J coge T
If p is even and ¢ is odd, we get similarly
J
*
E QI pCrQ((kt1-1)%J) 41,4 =
=1
J i2((k+l—1)%J)+1— 1)77(‘1‘51757) - 1)pr ’L2((k+l*l)%})+l)ﬂ'(q;17%) (—1)pr
— E ciie J - cize -
L2((k+l71)%J)+171)7r( 217%) ilpn 12((k+l—1)%‘])+1)1r(71—%) ilpn

=1 ca1e T cone J T
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Cne—i?;'((%<J(k-71>7p+q—k<q+1>+1>)%1) 01261‘3”((%(mk(dww»)%])
7 - —izﬂ'((l(k—l)(J—q—l))%J) —12”((lk(J—q—1))%J)
cate J 2 case J 2
J
238 Z ei?;( (3(a=—p+1-D1)%J _ 0,
1=1
230 and thus M is a (2 x 2)-block diagonal matrix. O

240 Given that Lemma ensures M is block diagonal, a generic block with block
241 index p, g can be computed as follows:

242 M=Q"CQ<+= QM =C0Q = (QM),, = (CQ)pq: p,q
Jj2—-1
243 — Qp,qu = Z CkQ((k+p71)%J)+1,qa Vqu
k=—(J/2-1)
J/2—-1
244 = My =(Q)qp Z CrQ((ktp-1)%)+1,q>  YP:q
k=—(J/2—1)
245 <~ M = QléQT,
~ Jj2-1
216 where CQ, = ki_(J/Q—l) CkQ((kerfl)%J)Jrl,q’
ei2m(k—J/2)(j—2)h ei2mk(j—2)h
ei2m(k—=J/2)(j=1)h ei2mk(j—1)h
ei2m(k—=J/2)(j—=1)h ei2mk(j—1)h
1 ei2m(k—=J/2)jh ei2mkih
247 Q1= 5 ei2m(k—=J/2)jh ei2mkih )
ei2m(k—J/2)(j+1)h ei2mk(j+1)h
ei2m(k—J/2)(j+1)h ei2mk(j+1)h
ei2m(k—=J/2)(j+2)h ei2mk(j+2)h
e—12m(k=J/2)(i—1)h e—12m(k=J/2)jh
1 e—i2m(k—=J/2)jh e—i2m(k=J/2)(j+1)h
a8 Q= 5 e—i2mk(j—1)h e—i2mkjh
e—i2mkjh e—12mk(j+1)h

249 and the factor \/g is chosen such that Q;I4xsQ, = I4x4, Where I;.4 is the 4 x 4
250 identity matrix and

00100000
00010000
21 s =10 000100 0
00000100

252 We have computed a generic block M in the block diagonal of M. In the next
253 subsection, we will work with blocks of size 4 by 4, given that we use a coarse
254 correction with coarse cells formed from 2 adjacent fine cells with 2 degrees of
255 freedom each.
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256  4.2. Analysis of the SIPG operator and associated smoothers. We extract

257 a submatrix A containing the degrees of freedom of two adjacent cells from the
258 SIPG operator defined in 7

1 h? h? 1
2 1_16O 60;;§ &h 2 1
wo A= R R - 1
—2 6= Otz 1-do —3
260 We can now begin the block-diagonalization,
(13)
A= QIAQT‘

So+ 2= +cos(2m(k—J/2)h) 1_50+g612w(1¢7‘]/2)h,
=— 1750+%6712W(k7“’/2)h 50+%+cos(2w(k7.]/2)h)
h? 5o+%7cos(2wkh) 1750+%ei27rkh

2 ) 2
1*50+275712"}“h 8o+ 2= —cos(2mkh)

261

262 The same mechanism can be applied to the smoothers

h? h2
ws (M) Do=| O s ot 0 0 ,
0 0 do ;;E @hz 0
0 6e do+3- 0 0
50+£ %ei2w(k7‘]/2)h
=~ ~ 1 n2 —i2n(k—J/2)h 5 +fL—2
2o (19) De=QiDeQr =55 | ™ T e e |
%e—i2wkh 60+%
265 and
0 1-6) G+ 0 0
~ }LZ .
266 (16) D, = 0 0 do+3z 1 6}?2 0 ’
0 1—=4d0 o+ 5 o 0
0 0 60 + gfe 1-— (50 0
Sot+4 1-8p

o ~ 1 1—6o 50+ﬁ
7 (17) D, = QD = — 3e
( ) P Ql pQr 2 60+% 1-6

2
1-80 So+4

268 We continue with the analysis of the restriction, prolongation and coarse operators.
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4.3. Analysis of the restriction, prolongation and coarse operators. The
same block-diagonalization is possible for the restriction and prolongation opera-
tors. The calculation for the restriction gives

(18)
1 1
L3 3
1 1
m_l 3 3 1
"9 1 1 1 ’
2 2
1 1
7 2 1
1~
R :iQZORQr
B 1 9 1 gi2m(k—J/2)h ei2n(k=T/2)h (~1)7 (2+ei27rkh) (~1)7 (eﬂmh)
_m (_1)] (€—i21r(k7J/2)h,) (_1)] (2 + 871',271'(]07,]/2)}:.) e—i21rkh 2+ e—i21rkh )

and for the prolongation operator we obtain
(19) P =2RT, P =Q,PQ,, = 2R",
and finally for the coarse operator
QoA0Qo =QuRAPQo = QuRQQ"AQQ"PQo
(20) PG | ( 280+ 12 —cos(2mkH)  (=1)7 (1-260+ 12 e#27hH ) )

— Ay =RAP = — v v
0 H? (—=1)’ (1—2604-1;—526’7’27’]"‘”) 260+§—:—cos(2ﬂ'kH)

where H = 2h. We notice that the coarse operator is different for j even and j odd;
however, the matrices obtained for both cases are similar, with similarity matrix
(—1)7T where I is the identity matrix, and therefore have the same spectrum. In
the rest of the paper we assume j is even, without loss of generality. This means
that we will be studying a node that is present in both the coarse and fine meshes.
We can now completely analyze the two grid iteration operator.

4.4. Analysis of the two grid iteration operator. The error reduction capa-
bilities of Algorithm [I| are given by the spectrum of the iteration operator
E = (I - PA;'RA)(I —aD™'A),
and we have shown that the 4-by-4 block Fourier-transformed operator
E(k) = (I = P(k)AG* () R(K)A(K))(I — oD (k) A(K))

has the same spectrum. Then, we will focus on studying the spectral radius
0 (E(k)) in the next section, in order to find the optimal relaxation parameter
Qopt -

5. STUDY OF OPTIMAL RELAXATION PARAMETERS

We begin by recalling the study performed by Hemker et al. [19] for the Poisson
equation.
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A
1

— Point block Jacobi smoother

k C ;
A oL L L ell block Jacobi smoother
_2/ 7 4 4 \2

FIGURE 4. Spectrum of the point block-Jacobi and cell block-
Jacobi smoothers for g = 2, with optimized relaxation parameter
without taking into account the coarse solver, following Hemker et
al. in [19].

5.1. Hemker et al. results. In §4.1 of [19], a smoothing analysis is performed,
which is an important first step in LFA studies. A comparison of the spectrum of the
point block-Jacobi and cell block-Jacobi smoother with a relaxation parameter op-
timized only via a smoothing analysis is shown in Figure[d The smoothing analysis
predicts an optimal relaxation parameter 4/5 for the point block-Jacobi smoother,
and 2/3 for the cell block-Jacobi smoother. We see that the smoothing capabilities
of the point block-Jacobi smoother are better than the cell block-Jacobi smoother,
since the upper half of the spectrum corresponding to the higher frequencies is
better damped (equioscillation between J/4 and J/2).

In our study, we take into account the interaction of smoothing and coarse correc-
tion when optimizing the relaxation parameter, in order to get the best possible two
level method, and we deduce explicit formulas for the relaxation parameter. We will
show that, for DG penalization parameter values dp lower than a certain threshold
dc, which we determine explicitly, the cell block-Jacobi smoother of Schwarz type
leads to a more efficient two-level method than the point block-Jacobi smoother.
This threshold is higher than the frequently used DG penalization parameter value
0o = p(p+1) =2, where p = 1 here is the polynomial degreeﬂ This shows that, for
these penalization regimes, it is of interest in practice to use the cell block-Jacobi
smoother instead of the point block-Jacobi smoother which looks preferable based
on the smoothing analysis alone.

5.2. Poisson equation. We begin with the study of the Poisson equation, for
which we can completely quantify the optimal choice of the relaxation parameter in
the smoothing procedure to get the best error reduction in the two level algorithm.
The best choice is characterized by equioscillation of the spectrum, in the sense
that the absolute values of the maximum and minimum eigenvalues of the error
reduction operator are equal, and is given in the following two Theorems.

Theorem 5.1 (Optimal point block-Jacobi two-level method). Let A be the first
order, nodal, SIPG discretization matriz of a 1D Laplacian with periodic boundary
conditions. The optimal relazation parameter aope, in order to maximize the error

5The value &y = p(p+1) is used for example in the deal.II Finite Element Library |1] we will

use in Subsection
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A
A
25
20
%7 35 — A
Ve XX . 15 — f,
I N il L A= 10 f
2 4 4 2 i
5
L L L L L 60
¢l 12 _14—16 18 20
-5
(A) A+ and A_ for §o = 1,1.2,2 (in decreas- (B) f+ and f_.

ing absolute value at k = 0) using aopt.

FIGURE 5

reduction of Algorithm[1, using a point block-Jacobi smoother is given by

(260 — 1)?
21 ot = .
1) Yort = 652 — 60, + 1

Proof. We compute the spectrum of E(k) and find its extrema for —J/2 < k < J/2.
E(k) has 4 eigenvalues, two of which are zero since the coarse operator is of rank 2.
We focus on the non-zero eigenvalues Ay and A_, with A, > A_, shown as function
of k for several values of dy in Figure

(22)

\ 71+a71+8%flwgf@%74%+1ﬁ%iVK%+1XL7%M%ffJQ%fﬁQ
=7 (200 — 1)(400 — cx — 1) ’

where ¢, = cos (#) contains the dependence on k, and

Fi(b0) = 1 — 650 + 862 — 863 + 468 £ /1 — 85 + 1662 — 4853 + 12055 — 16055 + 12855 — 6467 + 1633
0) — .
2(00 — 1)

The function fy(do) satisfies the following properties for §y > 1, as one can see
from a direct computation (see Figure [5b)):

(1) f+(do) is monotonically increasing, lims,—,1 f(d9) = 3 and limg, 00 f+(d0) —
00, therefore (cx — f1(d0)) < 0;

(2) f-(do) is monotonically increasing, lims,_,1 f—(d9) — —oo and lims, 00 f— (o) =
—1, therefore (¢ — f+(do)) > 0;

(3) 1—69<0and cp+12>0, and thus with (1) and (2) we have (¢; + 1)(1 —
00) (e — f—(00)) (ex — f+(d0)) > 0, and therefore Ay (dg) € R;

(4) Timg, -1 (x-+1)(1—do) (e — /—(80)) (€ — F+(80)) = (ex-+1) (3 — ), there-
fore Ay (0g) = A_(60) <= ¢ =—1,1e k=J/4
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we first compute

In order to obtain the extrema of Ay in k, we need to btudy Bk , and since 6(;‘;

a {1 + 980 — 2863 + 6455 — 6435 + 3205 + (—3 + 2380 + 6455 — 6453 — 5605 + 3257 ) ¢

+ (=3 + 1580 — 1263) ¢} + (0o — L)cj £ 16(1 — 60)63 v/ (e + 1)(1 — o) (cx — f—) (cx — f+)}/

(2020 — 1)(=480 + e + 1)*v/(ex + D)1 = 80) (ex — /) (ex — F+) ) -

We begin by looking for zeros of the numerator; separating the term with the
square root and squaring both sides of the equation leads to

(=480 + ¢ + 1)?

[1 — 1000 + 4162 — 14453 + 25663 — 19257 + 64358

+ (12855 — 38455 + 51265 — 36855 + 14855 — 4050 + 4) ¢k
+ (648§ — 19265 + 25607 — 24055 + 15863 — 5250 + 6) c;,

+ (—1665 + 3665 — 2480 +4) ¢ + (65 — 260 + 1) ¢ | = 0.

This operation might add spurious roots to the original expression, so we analyze
them individually.

The left hand side is a product of two factors, the second of
which is a 4th degree polynomial in ¢;. The application of the Cardano-Tartaglia

formula leads to complex roots for §o > 1, leaving only two real roots coming from
the first factor, both at ¢y = —1 + 4dp, but dg > 1 and |ci| < 1, so there is no real

root of %’\Ti. We deduce that 85‘—i
k

is zero only where ac’" =0, ie., k=J/4,J/2.
We remark at this point that because the dependency on k is contained in cy,

the eigenvalues at k = 0 will be the same than at k = J/2, so it suffices to consider

only the case k = J/2.
We realize as well that the denominator vanishes for ¢, = —1 (i e. k=J/4), and

for the derivative when approaching this value, we get limy,_, 7 /4 8k = limy_, y/4

Ot
Der

multiplying and dividing by the factor \/(cx + 1)(1 — o) (¢, — f—) (ck — f+) we ob-

tain

Oy

ek,
ok

.
k—lgl/zx ok

2\[7‘( li 6)\i
_ ) Voo Ic—>J/4 Aex

B 2\[71’ lim 6)\j:
\/%J k—J/4 Ocy,

$

V2ar

[ e S —
(200 —1)v/30J

V2ar

(260 — 1)\/S0J’

=/ (ex +1)(1 =) (e — =) (ck — f1),
— (J/4)*
= (J/4)~

0 . OMg —
—kgfj}“ N e B ICEI RIS kET%/IT%J(Ck +1)(1 = o) (er — f-) (e — f+)

=V (e +1)(1=60) (ex — =) (ex — f+), = (J/4)7,

= (J/4)7,

dcy. .

ok’
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therefore at & = J/4, A+ has a minimum and A_ has a maximum as observed in
Fig. [bal
In order to determine if the extremum at k£ = J/2 is a minimum or a maximum,
we compute the second derivative,
02Xy 8wl — 260(2(60 — 2)do + 3))
O |y gy (200 —1)3(2(60 — 1)do + 1)J2

<0 <= 1—60 + 852 — 453 <0,

which always holds for §yp > 1, and thus at k = J/2, A\ has a maximum. Similarly,
for A_, we find

O?N_ _ 8m%a(260(2(60 — 1)0p + 1) — 1)

= 0 <= —1+260—462+453 <0
k2 4_ye (200(00(200 — 3) +2) — 1)J2 < 200 — 409 +4o5 <0,

which never holds for dg > 1, and thus at k = J/2, A_ has a minimum, as we can
see in Fig.

To minimize the spectral radius, due to the monotonicity of the eigenvalues
in the parameter o, we can minimize the absolute value of AL by just center-
ing the eigenvalue distribution around zero. Using the explicit formulas for the
extrema, this is achieved by equioscillation when the relaxation parameter aqpt

satisfies )\+|k:J/2 = 7)\_|k:J/2’ which gives . O

Theorem 5.2 (Optimal cell block-Jacobi two-level method). Let A be the first
order, nodal, SIPG discretization matriz of a 1D Laplacian with periodic boundary
conditions. The optimal relazation parameter aope, in order to maximize the error
reduction of Algorithm (1| using a cell block-Jacobi smoother is given by

50(25071) N
271 for 1 <60 < doy,
262(250—1) = g
= - < <
Qopt =  50[263 —480+1]+203 +467 —530+1 for do < o < do-,
262 <
2674301 for do_ < do,

where 8o, = L (8+ \3/152—24\/§+2\3/19+3\/§) — 1.41964... and &y —

3/2.

Proof. As in the proof of Theorem we compute the spectrum of E(k) and find

its extrema for —J/2 < k < J/2. Again E(k) has 4 eigenvalues, two of which are
zZero.
The non-zero eigenvalues A and A_ are real, with A, > A_, and are given by

2+ 60 (cp — 460 — 1) £ /(62 —2) (cx — f-) (c& — f+)
50 (450 — C — 1) ’

(23) /\i:1—|—a<

80 (462 —780+2)+24/(260—3) (463 —852 4450 —1
where ¢, = cos (%2£) and f1 () = (405 -700+2) ‘/22_02 ) (405~ 8% +4% ), (see
0]

Figs. and . A direct computation shows for g > 1 that (see Fig.

3) fr ¢ R <= &€ (V2,257
4) elsewhere |f1| > 1.
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A A
/ — A A — A
K e L S ———
2 4 4 2 2 4 4 2
St =
(A) Ay and A_ for 6 = 1,80 (in decreasing (B) Ay and A_ for o = do_, %\/5 (in de-
absolute value at k = 0) using qopt. creasing absolute value at k = 0) using copt.
A
1r f,
30
—_— —
— 20
—A 10 —f,
L k A —
_d _d L A : : -8 f
2 4 4 2 1.2 4 16 18 20 -
-10
-20
-1l -30
(c¢) A+ and A_ for §p = 3,4 (in increasing (D) f+ and f-.

absolute value at k = 0) using qopt.

FIGURE 6
To find i i foative O3t _ OAt dcy
o find the extrema of Ay in k, we compute again the derivative == = Ber Dh
and obtain
(24)
OAt 6 — 2680 + 5002 — 2483 + (652 — 1080 + 2) ¢ F /(3o — 1)2 (57 — 2) (ex — f—) (e — f+)
-« .
dey, £00(—400 + cx + 1)2/(05 — 2) (ex — f-) (er — f+)

We now look for roots of the numerator
(25) 6 — 2680 + 5002 — 2453 + (652 — 1080 + 2) cy,
= /4000 — 1)2 (08 —2) (ex — f-) (e — f+) = 0.

We first note that if f- = f, = f, i.e. (200 — 3)(455 — 862 + 459 — 1) = 0, we have

6 — 265 + 5053 — 2455 £ f1/4(80 — 1)2 (52 — 2)

+ (653 — 1000 +2 F \/4(50 — 1)2 (58 — 2)) cr, = 0.

The factor multiplying the ¢ has roots,

(26) 602 — 100 + 2 F \/4(50 —-1)2(02-2)=0
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— (=662 + 108, — 2)* = (8o — 1) (63 — 2)
<= 857 — 2855 + 3205 — 1459 +3 =0
= (200 — 3)(405 — 862 + 459 — 1) = 0,

where we might have added spurious roots to the original expression by squaring

both sides, so we analyze them individually. We see that this is the same condition

for f- = fi = f. There are, therefore, (%i such that a(;‘—ki = 0 independently of

k. Such 6~0i are found by obtaining the real roots of the polynomial from equation

29).

~ 1
boy =15 <8+ 6/152—24\/£+2§/19+3¢§> =1.41964.. .,

~ 3
60_ :i

We now take equation and compute the roots with respect to ¢y,

(6 — 265 + 5062 — 2463 + (652 — 1080 +2) c)” =
4(80 — 1) (55 = 2) (ex — f-) (ek — f+);
a simplification gives
¢+ (2 — 880)ck + (1655 — 859 + 1) =0,
which has two roots that are equal to ¢, = —1 + 4dg, but dg > 1, so there is no real

root of %. We deduce from this and the chain rule, that 86)‘—; is zero only where

% = 0, hence the roots are located at k = J/4,J/2 (i.e. ¢, =1,—1), except when
At or A_ do not depend on k.

We remark at this point that because the dependency on k is contained in cg,
the eigenvalues at k = 0 will be the same than at k = J/2. In what follows, we will
only analyze the case k = J/2.

We see that the denominator of has roots at

(1) 6o = /2, but given that |c;| < 1 we have
lim (35 —2) (ex — f=) (er — f+) = —4(=50 + 35V2 + (=7 + 5v2)cx) # 0

50*)\/5

since fi contains the term (07 — 2) in the denominator.
(2) 0o =1,c, =—11ie k=J/4,

. 6)\i . 6)\:t 8ck 200 < 47T8k>
lim — = lim —— =% . —
kﬁ?/lzx ok 1317/14 der. Ok (3 —cr)2Vi+ex d

b

e ko (7t
+¥2am g (/4)"

Ak

where s, = sin( ), hence there is a minimum for A} and a maximum

T
for A_;
(3) 6o = %,ck =1, where
lim —aAi = lim —Cw\i%
so—1 Ok n dp—1 8ck ok

k—J/2 k—J/2
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90, e —5 4ms
= lim [——"—— [1-v2+ - 7
H}/z<c,€32\/§< \/(ck—l)((2\/§—1)<:k—7—2ﬂ)>)( ’ )

plam@v2) o (g/9)+

(2+v2)J "’

4am(2—/2) 7
a0 KU

therefore it is a minimum for Ay and a maximum for A_.

Thus, in the following we will assume that §o # 1 and §y # %
In order to determine if the extremum at k = J/4 is a minimum or a maximum
we compute the second derivative,
02\ 4m?a (1 — 400 + 86% — 463)
Ok? 83J%(60 — 1) (260 — 1)

<0 <=
k=J/4

<0 <= 1—46) + 855 — 465 < 0.

The only real root of this polynomial is 5~0+, and we conclude that at k = J/4, for

dp < oy, Ay has a minimum, and conversely, for dg > o it has a maximum. For
the second eigenvalue, we get

O?X_

4% (260 — 3)
— <0 <=
ok?

<0< 20p—3<0,
k=J/4 doJ?(00 — 1) (200 — 1) ’

and we conclude that at k = J/4, for §y < (%_, A_ has a maximum, and conversely,
for dg > dg_ it has a minimum.
Similarly, at k = J/2, we find
9%\
- <0
k2 11— 1/2

(260—1)(d(250(360—T)+9)—2)
8o ( 0|1—2(50—(i)50(()250—3)\ + 00 — 1)

So(J — 2d.J)?
> 2— 1380 + 3265 — 3480 + 1265 + (60 — 1) | 485 + 1065 — 660 + 1| < 0
14400 — 802 + 483 <0 if 6 < Y2
= —2498) — 1402 + 663 <0 if 6y = 272,
260 — 3 <0 if 6y > 22

2
= —1+45) — 862 + 463 <0,

<= <0

and we conclude that at k = J/2, for §y < So 4, A4+ has a maximum, and conversely,
for 6o > do it has a minimum. And finally,

782/\, <0
Ok? k=J/2
> —2+ 1380 — 3265 + 3465 — 1205 + (8o — 1) |—463 4+ 1055 — 669 + 1| < 0
325, <0 if 6o < 252,

= {295+ 1462 — 663 <0 if 5y = 22,
1 — 460 + 803 — 483 <0 if §5 > 2572,
<~ 3—-2)y <0,
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P(aopt(éo):éo)
1.0

|
0.82
0.6
0.4 <
0.2
N L

FIGURE 7. Spectral radius p (copt(00), do) of the iteration operator
of Algorithm [T] using an optimal relaxation parameter, for a point
block-Jacobi smoother (blue) and a cell block-Jacobi smoother (or-
ange) as function of the penalization parameter dy.

and we conclude that at k = J/2, for 6y > (5~0_, A_ has a maximum, and conversely,
for 0y < c%_ it has a minimum.

In order to minimize the spectral radius we have to center again the eigenvalue
distribution around zero, using the explicit formulas developed above. The result
thus follows from the solution of

)‘+|k:J/2 = _)‘*‘k:J/gv for 1~§ 9o < 50+~,
/\+|k:J/4 - _/\_|k:J/2’ for CEH < do < do,
/\+|k:J/4 = 7/\_|k:J/4’ for 60_ < 50.

O

Figure [7] shows the contraction factor as function of the penalization parameter
0o for the point block-Jacobi and cell block-Jacobi two-level methods using the
best relaxation parameter ogp from Theorem and We see that the cell
block-Jacobi smoother outperforms the point block-Jacobi smoother for values of

0o < 6. =1+ % v/54 — 6/33 + \3/ i + % ~ 2.19149. For larger penalization
parameters &g the point block-Jacobi two-level method converges faster. This can
be understood intuitively as follows: the more we penalize the jumps, the more
important the face terms in the bilinear form become and, after a threshold, a
preconditioner that takes into account all the terms containing this penalization
begins performing better than a preconditioner which does not.

Note that we put explicitly parameter dependencies of the spectral radius through-
out our manuscript to emphasize the variables we are interested in, and not all the
dependencies; for instance p(a) does not imply that p depends only on alpha, but
that we are interested in the o dependency in the specific figure/context.

It should be noted that even though large values of dg are a better choice when
using the point block-Jacobi smoother, this also means that the discretization of the
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coarse space will be harder to invert, since according to equation the penalty
is doubled.

We can also observe that we obtain the best performance for dg = dg_ = %,
shown in Figure [7] as the minimum of the orange curve. This shows that the
penalization parameter in SIPG has a direct influence on the two-level solver, and
there is an optimal choice §y = dy_ for best performance. Choosing other values for
dg can make the solver slower by an order of magnitude, even if the best relaxation
parameter is chosen! It would therefore be of interest to lower this value in software
packages, see also footnote

5.3. Reaction-diffusion equation. We now use LFA to study the more general
reaction-diffusion case. The computations become substantially more involved, but
we will still be able to center the spectrum to derive relaxation parameter values
that lead to very effective two-level methods, even though we can not formally prove
optimality as in the simpler case of the Poisson equation in the previous subsection.
We will however provide numerical evidence for the optimality in Section [6} For
the reaction-diffusion case, we see from the elements in the matrices shown in
that the key physical parameter is

(27) 'y::% =cJ%

When ¢ becomes small, i.e. the reaction dominated case, the mesh size needs to
resolve boundary layers, and we then need h ~ /¢ |15, §1.3.2] (see also |23| and
references therein), which implies that « is of order 1. When ¢ is not small however,
the mesh size does not depend on ¢, and thus « can become large. We therefore
need a two-level method which is robust for a large range of physical values ~.

5.3.1. Point block-Jacobi smoother. By direct calculation, the eigenvalues of the
iteration operator of Algorithm [1 for the reaction-diffusion equation case using a
point block-Jacobi smoother are of the form

€1+ co + 322 £ ey + esx + cpx? + crxd + cgrt + cox®
c1o + e + craa?

(28) Ay =

)

where x = cos (#), and the ¢y, ..., c12, depending on dg, are defined in Appendix
[A] Figure [8a] shows the spectrum for penalization parameter §p = 1. We see that
there is a threshold on the physical parameter v where the frequency k, at which the
maximum absolute value of the eigenvalues determining the spectral radius occurs,

changes from J/2 to J/4. The critical v can be computed by solving A4 () ’k:J/2 —
>‘+ (7)|k=J/4’ and it is given by

1
3( 100 —1)0p + 5+ (3—250))'

Similarly, Figures [8D] and [Bq show the spectrum for v = 0.5 and v = 0.05. We
see that there is a threshold on ¢y where the frequency k, at which the maximum
absolute value of Ay occurs, changes from J/2 to J/4. The critical dyp can be

(29) Ve (60) =

computed as well by solving A (50)’k:J/2 = )\+(50)|k:J/4, and it is given by
(30)
s+ 3+ (6° +8y+1) ++/(3y +1) 3y (127 (37 (37 (3y +7) + 20) + 25) + 53) + 10)

6v(12y + 5)
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1 1
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FIGURE 8. Spectrum of the iteration operator of algorithm (1)
using a point block-Jacobi smoother for a varying stabilization pa-
rameter dy of the SIPG method and reaction scaling .

for v > 7., and

(31) 5o 14+2y(6y—11) — /4y 2y + 1) By (67 +7) +1) + 1

‘ 8y (6y—1)
for v < .. This allows us to obtain a,p for different regimes, again using the
equioscillation principle, which we rigorously proved for the Laplace case to obtain
Theorem and Theorem but which we can only observe numerically in the
more complex singularly perturbed reaction diffusion case here to minimize the
spectral radius: the equations to be solved for equioscillation are

)\+|k:% —|—)\_}k:% =0 fory <., <9,
(32) )ur’kfi +)‘*‘ka =0 fory<~.,0 >0d, ory >0 <6,
-2 -2
>‘+|k—l Jr/\_}k_l =0 fory>".d >4,
4 -2
which leads to the corresponding relaxation parameters that equioscillate,
8(37+1)(2807+1)(3(280—1)v+1) _
(T28075) (12(285 ~1)7? T80 1) for v < 7e,00 < 0.,
(33) aon = 8(3v+1)(3(260—1)y+1)2 for v < 7,00 > 6,
OPt ) (67 +1)(97(4(6(60—1)80+1)7+850—5)+5)’ or v > ., 00 < 0,

4(3y+1)(2007+1) (3(200 —1)v+1)
7(10850(26071)"/2+6(50(650+19)78)’Y+1960+9)+2 )
Figure |§| shows the behavior of apy and the corresponding convergence factor of
the two-level method as a function of dg for several values of the reaction scaling

(260—1)2
7000 11 (from the

second expression), which is consistent with Theorem We see from the right

for v > 7., 00 > 67.

vy = 3=. Note that lim, ,, 6 — oo and lim, o Qopt —
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p(aom(éo),éo)
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FIGURE 9. Optimized relaxation parameter cop(dp) and corre-
sponding convergence factor of Algorithm [I] using a point block-
Jacobi smoother as function of the stabilization parameter dy of
the SIPG method for different reaction scalings v = ;5.

plot in Figure [J] that the point block-Jacobi two-level method is convergent for all
do > 1 with the optimized choice aopt, and the convergence factor remains below
about 0.4 for penalization §y above 2, even when the reaction scaling v becomes
large, so the method is robust for large v. We also see from the left plot in Figure
|§| that overrelaxation is needed (i.e. aopy > 1), for typical values of dy around 2,
when v becomes small, but for v large we need underrelaxation (i.e. aop, < 1).

5.3.2. Cell block-Jacobi smoother. By direct calculation, the eigenvalues of the it-
eration operator of Algorithm [I] for the reaction-diffusion equation case using a cell
block-Jacobi smoother are of the form

€1+ co + c3x? £ Veq + csx + cex? + crad + cgrd
(34) Ay = . ,
Cg9 + C10% + c11X

where x = cos (#), and the cq,...,c11, depending on §y, are defined in Appendix

Figures and show the spectrum of the iteration operator of

Algorithm [1f for v = % We can see that, in contrast to the case of the Poisson
equation, the maxima and minima are not located only at 0, .J/4, J/2, however we
approximate the behavior optimizing by considering only the values at 0, J/4, J/2.
Therefore, in order to equioscillate the spectrum we see that the following equations

need to hold:

)\+|k:%+/\_|k: , for §g < 1 or 6o > Oea,

z 0
(35) Mtlimg +A-limy =0, for do < dea,
’\+|k:% + /\—|k:% =0, fordy < des,
)‘+|k:% + )\7’]6:% =0, for §y < b4,
where
Oe1 = — fl,yg (47 (- 67) +£y) + 02 <1§2(3)+ 5) + 1)> |

—3 4 3672 + 2y + /4y (3 (4y (277 + 35) + 65) + 37) + 9
16v(3vy+1) ’

502 =
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FIGURE 10. Spectrum of the iteration operator of algorithm (1)
using a cell block-Jacobi smoother for a varying stabilization pa-
rameter dy of the SIPG method and reaction scaling v > ..

b3 =27 + 2,
bea =3 (67" +4y+1).

with £(7) = 11/3v/3(127 (377 (57 (7 (67 (337 + 46) + 155) + 44) + 51) 1 89) 1 25) — 2 (3y + 1) (127 (57 + 20) + 13).

We observe that at v = v, = 0.16607... we have d.1(7) = de2(y). For v < 7,
we have d.0 < 0.1 < .3 < o4, which means that the distribution of critical values
of §p changes and we have to perform again the same equioscillation analysis as we
did previously.

Figures [[Ta] [TTH] and [TId] show the spectrum of the iteration operator of
algorithm for v = 2%. In order to center the spectrum we see that the following
equations need to hold:

)\+|k=% + /\*‘kz% =0, for dp < de2 or dg > e,
(36) A*’k*% + Mk:% =0, for o < der,

)\+|k=%+)‘f{k=% =0, for dy < b3,

Milymg +A=[ms =0, for 6 < des.
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FIGURE 11. Spectrum of the iteration operator of algorithm
using a cell block-Jacobi smoother for a varying stabilization pa-
rameter dy of the SIPG method and reaction scaling v < ..

Following equations and , the optimal relaxation parameter is
(37)
for Y Z ’7071 S 60 S 6017

2(2607+1)(6507+1) (3(260— 1)y +1) Or ¥ 2 e, 00 = Ocd,
3v(2480 (202 —1)~v2+2(1852+80—6)v+950—1)+2" | or Y < Ve, 1 < 8 < Bea,

or 7 < e, 00 2> dea,

(2007+1)(650v+1)
7(6(45%71)'y+5%0+6)+1’ for v > ¢, 0c1 < 6o < dea-
- (39+1)(2607+1) (6807+ 1) (3(250—1)7-+1)

opt 3’)/(1860(8((50—1)§0+1)’y3+6(460(260(60-‘1—1)—3)+1)’72+(§0(3160—6)—8)’Y+650—2)+1 ?

fOI' Y S 7676c2 S 60 S 5517

2(3v+1)(2607+1) (6507+1) for v > ¢, 0c2 < dp < s,
BEFDYFIIRE I | or 4 < 7, b < b < bes,

2(37+1)(2807+1) (6507+1) { for 4 > v¢,0c3 < 60 < deds

"/(3660(250+1)72+6(50(460+9)+4)"/+1350+15)+27 or vy S Ve, 603 S 50 S 504.

Figure [12| shows the behavior of a,p¢ and the corresponding convergence factor of
the two-level method as a function of §y for several values of the reaction scaling v =
7z- From the left plot in Figure we see that it would be quite difficult to guess
a good choice of the relaxation parameter o without analysis. From the right plot
in Figure we see that the cell block-Jacobi two level method is also convergent
for all values of the penalization parameter dy > 1 and reaction scaling v when
using the optimized relaxation parameter oo, and it has much better convergence
properties for moderate sizes of the penalization parameter §y around 2 than the
point block-Jacobi two-level method from Figure [0] However convergence is worse
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Qopt(6o)
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FIGURE 12. Optimized relaxation parameter api(do) and corre-
sponding convergence factor of Algorithm [I] using a cell block-
Jacobi smoother as function of the stabilization parameter dy of
the SIPG method for different reaction scalings v = ;5.

for larger sizes of the penalization parameter dg than for the point block-Jacobi
two-level method. We also see from the left plot in Figure [I2] that overrelaxation
can become necessary when the penalization parameter §y becomes large, especially
when ~ is small.

As in the case of Laplace’s equation, we see that we obtain the best performance
for §p around %, shown in Figure as the minimum of the curves on the right,
and this depends only little on the reaction scaling . This shows that also in
the reaction-diffusion case, choosing the penalization parameter in SIPG wisely can
make the associated iterative solver much faster than just choosing it large enough,

even with optimized relaxation parameter !

6. NUMERICAL EXPERIMENTS

We now show by numerical experiments that the expressions we obtained, though
quite lengthy in the reaction-diffusion case, are indeed very good approximations
of the optimal relaxation parameters, as a function of the penalization parameter
do and in the reaction case the reaction scaling v = ;5. To do so, we assemble the
system matrix on a uniform 64-element mesh, with Dirichlet boundary conditions,
and compute numerically the spectral radii of the two-level operators using the QR
method, as implemented in LAPACK 3.6.0, accessed with Python 3.5.2.

6.1. Point block-Jacobi smoother for the Poisson equation. The dotted
lines in Figure are numerically computed spectral radii p vs. relaxation pa-
rameter « for o = 1.2 (red), for 69 = 1.5 (orange) and for 6y = 2 (purple) for the
two-level method with the point block-Jacobi smoother. We see that they all attain
a minimum value giving fastest convergence, which coincides with the theoretical
prediction of Theorem [5.1] marked with blue dots and a label indicating the value
of 6y used. We also added a theoretical blue dot for §; = 1 (top right) and g — oo
(bottom left), and the entire theoretically predicted parametric line p(caopt(do), o),
also in blue with agpy(dg) from Theorem [5.1] We see that our theoretical result
based on the typical LFA assumption of periodic boundary conditions predicts the
performance with Dirichlet boundary conditions very well. One might be tempted
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I3 I3

1.0 1.0

08 0.8

0.6 o6l

0.4 0.4

0.2 0.2

0.0 a 0.0 a
0.6 0.7 0.8 0.9 1.0 147 706 0.7 0.8 0.9 10 14

(A) Numerically computed spectral radius (B) Numerically computed spectral radius
using a point block-Jacobi smoother to solve using a cell block-Jacobi smoother to solve
the Poisson equation. Red points: §p = 1.2, the Poisson equation. Red points: §o = 1.2,
orange points: do = 1.5, purple points: orange points: Jy = (%,, purple points:
do = 2. Blue points and blue line: pre- §, = 2, black points: &y = [5;”_. Dashed
dicted theoretically optimized spectral ra- plue: entire curve of numerically computed

dius p(copt)- optimized spectral radii. Solid blue: pre-
dicted theoretically optimized spectral radii
plcopt)-
FI1GURE 13

to use large values of §y in order to have as small a spectral radius as possible, but
for large &, the coarse problem is more difficult to solve because the Jy is doubled
as we showed in §4.3]and the condition number of the unpreconditioned coarse op-
erator grows. It would be interesting to investigate if the capacity of this smoother
to deal with large values of §y can be used to our advantage in a multigrid setting.

6.2. Cell block-Jacobi smoother for the Poisson equation. The dotted lines
in Figure[I3bare numerically computed spectral radii p vs. relaxation parameter a
for o = 1.2 (red), dp = do; ~ 1.41964 (black), o = dp_ = 1.5 (orange) and Jp = 2
(purple) for the two level method with the cell block-Jacobi smoother. Like for the
point block-Jacobi smoother they all attain a minimum value which gives fastest
convergence. With blue dots, we mark the theoretical predictions of Theorem [5.2)
also for a few more values of dp € {1,1.1,1.3,4,00}. In contrast to the point block-
Jacobi smoother case, the two values o = 1 and §y = oo lead to the same point
on the curve at the top right, which shows that this method also deteriorates when
do becomes large. We also plot the entire theoretically predicted parametric line
p(opt(0), o) in solid blue with aopt(dp) from Theorem [5.2) and the corresponding
numerically determined one in dashed blue ﬂ This shows that the theoretical
prediction is very accurate, except for values around Jy =~ (%Jr where there is a

6We did not plot this dashed line for the point block-Jacobi smoother case in Figure since

it would not have been visible under the predicted line.
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P(aop((‘So)véo) P(aop((‘so),éo)
1.0 1.0
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(A) Measured optimal spectral radius us- (B) Measured optimal spectral radius us-
ing a point block-Jacobi smoother to solve ing a cell block-Jacobi smoother to solve
a reaction-diffusion equation (points) over- a reaction-diffusion equation (dashed line)
layed on theoretically predicted optimal val- overlayed on theoretically predicted optimal
ues (solid line). values (solid line).

FIGURE 14

small difference. We checked that this is due to the Dirichlet boundary conditions,
by performing numerical experiments using periodic boundary conditions which
made the results match the predicted line. We also observed that the dashed
line approaches the predicted line when decreasing the mesh size. Therefore, even
though Theorem was obtained with the typical LFA assumption of periodic
boundary conditions, the predictions are again very good also for the Dirichlet
case. Note that in contrast to the point block-Jacobi case, where best performance
is achieved for large dg, for cell block-Jacobi the best performance is achieved for
6o = dg_, and convergence is almost twice as fast as for point block-Jacobi with
a similar value for dg. Clearly, also in practice, the DG penalization parameter
influences very much the performance of the two-level solver, even when using the
best possible relaxation parameter.

6.3. Point block-Jacobi smoother for the reaction-diffusion equation. Re-
sults for the solution of a reaction-diffusion equation using a two-level method with
the point block-Jacobi smoother are shown in Figure

Theoretically predicted parametric curves are shown for dy € [1,00), while nu-
merically computed values are shown as points for dg € [1,50]. The top right end of
the curves corresponds to dg = 1, while the bottom left end corresponds to dy — oo.
In blue, we can see the measured popt, Qopt as dots plotted on top of the predicted
parametric curve of the same color, for v = 16. As expected, we see that a large
value of v almost reproduces the predicted curve that we observed for the Poisson
equation (c.f. Figure [13a). As we modify v and make it smaller (in orange, green,
red, violet and brown, for v = 2,271 471 871 167! respectively), the parametric
curve moves towards the bottom right of the figure, while keeping its shape until
v =~ 77! where it features a point with discontinuous derivative. Keeping in mind
that the rightmost end of each curve corresponds to §o = 1 and the leftmost end
corresponds to g — oo, we observe that for any finite value of v the method is
robust for any value of g, i.e. the convergence factor remains bounded away from
1. Large values of 7 require underrelaxation, and small values overrelaxation, and
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(A) Measured spectral radius using a point (B) Measured spectral radius using a cell
block-Jacobi smoother to solve a reaction- block-Jacobi smoother to solve a reaction-
diffusion equation (points) overlayed on the- diffusion equation (dashed line) overlayed on
oretically predicted optimal values (solid theoretically predicted optimal values (solid
line). Note that the minimum spectral ra- line). Note that the minimum spectral ra-
dius always falls on the theoretically pre- dius always falls on the theoretically pre-
dicted line. dicted line.

FIGURE 15

in between there are vy values that require both overrelaxation for small §y and un-
derrelaxation for large §p to be optimal. When ~ is very small, the regime becomes
insensitive to the values of dy, which is expected since all the terms in the bilinear
form that describe derivatives are negligible in comparison to the reaction term and
even at very large values of dg, the point block-Jacobi smoother can neutralize the
operator’s dependency on dy; see also the bottom curve in Figure [9 on the right.

6.4. Cell block-Jacobi smoother for the reaction-diffusion equation. Re-
sults for the solution of a reaction-diffusion equation using a two-level method with
the cell block-Jacobi smoother are shown in Figure [[4b] Theoretically predicted
parametric curves are shown for §y € [1, 00), while numerically computed values are
shown as dashed lines for dy € [1,50]. All the curves end at popt = 1, qopy = 1, while
they begin at smaller values of p,pt for smaller values of . Once again in blue, we
show the measured popt, dopt With a dashed line, and the predicted value as a solid
line, for v = 16. Such a large value of  is almost equivalent to the Poisson equation
and the shapes of the curves of Figure are reproduced. When we set v to smaller
values (in orange, green, red, violet and brown, for v = 2,271 471 871 16! re-
spectively), we see that convergence rapidly improves for values of dy that are order
one, including Jy = 1, represented as the beginning of the curve that moves down
and to the right of the figure. For moderate values of dg, very small values of
will even result in an exact solver with the smoother alone. Convergence however
still deteriorates as g — oo, since, unlike the point block-Jacobi smoother, the cell
block-Jacobi smoother cannot neutralize the operator’s dependency on &g for &
large. The measured results (dashed) and theoretically predicted ones (solid) show
very good agreement. Also, we see that small values of v can require overrelaxation
when J§y becomes large.
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Figure shows experiments for a range of relaxation parameters, in order to
illustrate that when using the optimal relaxation, the spectral radius falls on the
line of predicted values. Each dot on the v-shaped dotted line is an experiment per-
formed for a different a.. The predicted optimal point on the solid line is indicated
with a label.

6.5. Higher dimensions, different geometries and further research. We
now test our closed form optimized relaxation parameters from the 1D analysis in
higher dimensions and on geometries and meshes that go far beyond a simple tensor
product generalization. To that end, we use the deal.II finite element library [1].
We show in Figure [I6] a set of comparisons of the optimality of our closed form
optimized relaxation parameters for the Poisson problem, using cell block-Jacobi
smoothers. In each case, we show the mesh used and a comparison between the
unrelaxed method, the relaxation of 2/3 coming from the smoothing analysis alone,
the one predicted by Theorem and the numerically best performing one, which
we obtained by running the code for many parameters and then taking the best
performing one. The closeness between our closed form optimized parameters from
the 1D analysis and the numerically best working one in higher dimensions is clear
evidence that the seminal quote from P. W. Hemker in footnote [4 is more than
justified.

In principle, it would be possible to extend our analysis to the case of tensor prod-
uct meshes in 2D (and 3D), but this would pose important technical difficulties: in
Section [4, we have seen that considering the complete 2-level error operator neces-
sitates analyzing a 4 x 4 matrix instead of a 2 x 2 matrix needed for the smoothing
analysis alone. For a tensor product grid in 2D, the error operator of the complete
2-level analysis would be 16 x 16, and a direct analysis like the one we performed
in 1D would require finding exact expressions, depending on the coefficients, of
polynomials of degree 16. Such difficulties have been faced by D. Le Roux et al.,
for specific wave propagation applications [24], and they require, when possible at
all, a very careful algebraic analysis and general understanding of the tensor inter-
actions. To the best of our knowledge, for higher dimensions, the community has
turned to the numerical study of the resulting matrices, see e.g. [6} 9, |16} (17} [20]
and references therein, which can not give the same depth understanding as an
analytical study. Some generalizations that tackle higher dimensions and different
boundary conditions can be found in |29).

The advantage of our approach is that we can see the interactions between dif-
ferent components in a very clear way in 1D, and thus achieve deeper insight into
the functioning of the numerical method in 1D. Furthermore, our numerical ex-
periments in higher dimensions show that the 1D results are still giving close to
optimal relaxation parameters, even on non-tensor and irregular meshes, which
indicates that our 1D analysis captures fundamental diffusion and singularly per-
turbed reaction diffusion behavior of the underlying operator, not just in 1D and
for tensor product meshes. A further illustration of the interest of our detailed 1D
analysis is our publication |14] showing that the optimization can be carried as far
as to obtain an exact solver from an iterative one, with exact analytical expressions
for the relaxation parameters involved.

The complexity of the analytical expressions found in our 2-level analysis not
withstanding, we managed, based on the results in the present manuscript, to
obtain analytical expressions for finite difference stencils in 2D and 3D by using
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FIGURE 16. Comparison of the spectral radius of the two level op-
erator for the Poisson problem on different geometries and meshes
in higher dimensions. We compare the unrelaxed method, the
relaxation a; = 2/3 coming from the smoothing analysis alone,
the optimized aopt1p from Theorem @, and the numerically best
working one.
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different, red/black decompositions, establishing a link with cyclic reduction. The
work is however extensive and will appear elsewhere.

7. CONCLUSION

We optimized the relaxation parameter in two-level iterative methods for solving
symmetric interior penalty discontinuous Galerkin discretized Poisson and reaction-
diffusion equations using a cell block-Jacobi and a point block-Jacobi smoother.
Our optimization for the complete two-level process shows that the cell block-
Jacobi smoother leads to a more effective two-level method for moderate sizes of
the penalization parameter, while the point block-Jacobi smoother is superior for
large penalization parameters. Our analysis also reveals that the penalization pa-
rameter in SIPG should not only be chosen large enough such that the DG method
converges, but it can be chosen to optimize the performance of the associated itera-
tive two-level solver. A good choice can lead to an iterative solver that converges an
order of magnitude faster than other choices, and this even using the best possible
relaxation parameter in the smoother. While we performed our analysis in 1D, our
numerical experiments in higher dimensions on irregular domains with irregular
meshes clearly show that our closed form optimized relaxation parameters work
very well also in these situations, with very close to best possible performance of
the SIPG two level method.
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