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Summary. Inrecent years, much attention has been given to domain decomposition
methods for solving linear elliptic problems that are based on a partitioning of the
domain of the physical problem. More recently, a new class of Schwarz methods
known as optimized Schwarz methods was introduced to improve the performance
of the classical Schwarz methods. In this paper, we investigate the performance of
this new class of methods for solving the model equation (n — A)u = f, where
n > 0, in spherical geometry. This equation arises in a global weather model as
a consequence of an implicit (or semi-implicit) time discretization. We show that
the Schwarz methods improved by a non-local transmission condition converge in a
finite number of steps. A local approximation permits the use of the new optimized
methods on a new overset grid system on the sphere called the Yin-Yang grid.

1 Introduction

Meteorological operational centers are using increasingly parallel computer
systems and need efficient strategies for their real-time data assimilation and
forecast systems. This motivates the present study, where parallelism based
on domain decomposition methods is analyzed for a new overset grid system
on the sphere introduced by Kageyama and Sato [2004] called the Yin-Yang
grid.

We investigate domain decomposition methods for solving (n — A)u = f,
where 7 > 0, in spherical geometry. The key idea underlying the optimal
Schwarz method has been introduced in Hagstrom et al. [1988] in the context
of non-linear problems. A new class of Schwarz methods based on this idea
was then introduced in Charton et al. [1991] and further analyzed in Nataf
and Rogier [1995] and Japhet [1998] for convection diffusion problems. For the
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case of the Poisson equation, see Gander et al. [2001], where also the terms
optimal and optimized Schwarz were introduced. Optimal Schwarz methods
have non-local transmission conditions at the interfaces between subdomains,
and are therefore not as easy to use as classical Schwarz methods. Optimized
Schwarz methods use local approximation of the optimal, non-local transmis-
sion conditions of optimal Schwarz at the interfaces and are therefore as easy
to use as classical Schwarz, but have a greatly enhanced performance.

In Section 2, we introduce the model problem on the sphere and the tools of
Fourier analysis, we also recall briefly some proprieties of the associated Leg-
endre functions, which we will need in our analysis. In Section 3, we present
the Schwarz algorithm for the model problem on the sphere with a possible
overlap. We show that asymptotic convergence is very poor in particular for
low wave-number modes. In Section 4, we present the optimal Schwarz al-
gorithm for the same configuration. We prove convergence in two iterations
for the two subdomain decomposition with non-local convolution transmis-
sion conditions. We then introduce a local approximation which permits the
use of the new method on a new overset grid system on the sphere called the
Yin-Yang grid which is pole-free. In Section 5 we illustrate our findings with
numerical experiments.

2 The problem setting on the sphere

Throughout this paper we consider a model problem governed by the following
equation
Llw)=n—A)(u)=f, i SCR, (1)

where S is the unit sphere centered at the origin. Using spherical coordinates,
equation (1) can be rewritten in the form

10 0 1 0? 1 0 . 0 _
L(u) = (77 - r_‘ZE(T2E) T2 sin%bw T2 sin¢8_¢(sm¢8_¢)> (u) = f,
(2)

where ¢ stands for the colatitude, with 0 being the north pole and 7 being
the south pole, and 6 is the longitude. For our case on the surface of the unit
sphere, we consider solutions independent of r, e.g., r = 1, which simplifies
(2) to

1 02 1 0,. 0
£ = (1- G o~ masCnegy)) W= O

Our results are based on Fourier analysis. Because u is periodic in 6, it can
be expanded in a Fourier series,

[e%e] 27T
wo0) = 3 ae.me™, alo.m) = o [ e u(o. 0.

m=—00



Optimized Schwarz methods in spherical coordinates 3

With the expanded u, equation (3) becomes a family of ordinary differential
equations. For any positive or negative integer m, we have

0% ot 2 R
_ Ua(z;m) B Z?jz U(g{;&m) +(n+ £—2¢)ﬂ(¢, m) = f(p,m). (4)

By linearity, it suffices to consider only the homogeneous problem, f(¢, m) =
0, and analyze convergence to the zero solution. Thus, for m fixed, the homo-
geneous problem in (4), can be written in the following form

(¢, m)  cos ¢ Ou(p, m m?

s+ eI vy + 1) - Ti(am) =0, (6)
where v = —1/241/2/1 — 47. Note that the solution of equation (5) is inde-
pendent of the sign of m, and thus, for simplicity, we assume in the sequel that
m is a positive integer. Equation (5) is the associated Legendre equation and
admits two linearly independent solutions with real values, namely P!"(cos ¢)
and P*(— cos ¢), see e.g., Gradshteyn and Ryzhik [1981], where P*(cos ¢) is
called the conical function of the first kind.

Remark 1. The associated Legendre function can be expressed in terms of the
hypergeometric function and one can show that the function P.*(cos¢) has
a singularity at ¢ = 7w and is monotonically increasing in the interval [0, ].
Furthermore, the derivative of the function P!"(z) with respect to the variable
z is given by

oF, 5”; (2) _ : _1Z2 (-mzpp() ~ VI= 2P (). (6)

3 The classical Schwarz algorithm on the sphere

We decompose the sphere into two overlapping domains as shown in Fig. 1
on the left. The Schwarz method for two subdomains and model problem (1)
is then given by

Lup = f, in 21, ul(b,0) =uy"'(b,0), )
Luf = f, in 2y, uP(a,0) =ul (a,b),

and we require the iterates to be bounded at the poles of the sphere. By
linearity it suffices to consider only the case f = 0 and analyze convergence
to the zero solution.

Taking a Fourier series expansion of the Schwarz algorithm (7), and using the
condition on the iterates at the poles, we can express both solutions using the
transmission conditions as follows

ﬁ?(¢am)=ﬁ§1(b,m)%, ﬁ3(¢,m)=ﬁ?1(a,m)%. (s)
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Fig. 1. Left: Two overlapping subdomains. Right: The Yin-Yang grid system.

Evaluating the second equation at ¢ = b for iteration index n —1 and inserting
it into the first equation, evaluating this latter at ¢ = a, we get over a double
step the relation

P"(—cosb)P"(cosa) .,,_»

P (—cosa)P(cosb) U

v

at(a,m)= (a,m). (9)

Therefore, for each m, the convergence factor p(m,n,a,b) of the classical
Schwarz algorithm is given by

B __ P*(—cosb)P*(cosa)
Pcla = pcla(m;naa;b) = P,fn(— cosa)P,Z”(cos b) (10)

A similar result also holds for the second subdomain and we find by induction

ai"(a,m) = pl @t (a,m),  @3"(b,m) = pl,u5(b,m). (11)

Because of Remark 1, the fractions are less than one and this process is a

contraction and hence convergent. We have proved the following

Proposition 1. For each m, the Schwarz iteration on the sphere partitioned
along two colatitudes a < b converges linearly with the convergence factor

P (—cosb)P!"(cosa)
Pm(— cosa)Pm(cosb)

Pcla = pcla(m:naaab) = <L

The convergence factor depends on the problem parameters 7, the size of the
overlap L = b — a and on the frequency parameter m. Fig. 2 on the left,
shows the dependence of the convergence factor on the frequency m for an
overlap L=b—a = ﬁ and n = 2. This shows that for small values of m the
rate of convergence is very poor, but the Schwarz algorithm can damp high

frequencies very effectively.
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Fig. 2. Left: Behavior of the convergence factor p.;,. Right: Comparison between
peta (top curve), pro (2™ curve), prs (3" curve) and poo (bottom curve). In both

plots a = w — L/2 and the overlapis L=b—a = 1%% and n = 2.

4 The optimal Schwarz algorithm

Following the approach in Gander et al. [2001], we now introduce a modified
algorithm by imposing new transmission conditions,

L(up) = f,in 1, (S1+05)(up)(b,0) = (S1 +0p)(uz)(b,0),

C(ug) = frin R, (Sy+06)(ug)(0.6) = (2 +Dp)(ul "V )(a,0), 2

where S, j = 1,2, are operators along the interface in the 6 direction. As for
the classical Schwarz method, it suffices by linearity to consider the homoge-
neous problem only, f = 0, and to analyze convergence to the zero solution.
Taking a Fourier series expansion of the new algorithm (12) in the 6 direction,
we obtain

(01 (m) + ) (a1') (b,m) = (1 (m) + ) (™) (b,m),

(02(m) + 00) (i) (a,m) = (o2(m) + O (i} ) (a,m), (13)

where o;, j = 1,2, denotes the symbol of the operators S;, j = 1,2, respec-
tively. To simplify the notation, we introduce the function

(z) = Pt (cosx)
boym %) = Pm(cosz)

As in the case of the classical Schwarz method, we have to choose P}*(cos ¢)
as solution in the first subdomain and P[*(—cos¢) as solution in the sec-
ond subdomain. Using the transmission conditions and the definition of the
derivative of the Legendre function in (6), we find the subdomain solutions in
Fourier space to be

o1(m) + mcotb — g, m (7 — b) P*(cos ¢)

AT _ ~n—1

i (¢m) = o1(m) + mcotb+ gy, (b)  Pr(cosb) ? (b,m), (14)
. ~_og(m)+mceota+q,m(a) Pl(=cose) .,

ig(¢,m) = o2(m) + mcota — gy m(m — a) P(— cosa) ™ (a,m)
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Evaluating the second equation at ¢ = b for iteration index n—1 and inserting
it into the first equation, we get after evaluation at ¢ = a,

At (a,m) = pope(m, a,b,n,01,09)a7 *(a,m), (15)
where the new convergence factor p,p; is given by

o1(m) +mecoth— g, m(m —b) o2(m) +mcota+ g,m(a)
o1(m) +mcotb+ gy m(b)  o2(m) +mecota — gy m(m —a)

Pcla-
(16)

Popt =

As in the classical case, we can prove the following

Proposition 2. The optimal Schwarz algorithm (12) on the sphere parti-
tioned along two colatitudes a < b converges in two iterations provided that
o1 and oy satisfy

o1(m) = —mcotb+ q,m(m —b) and o2(m) =—mcota — g, ;m(a). (17)

This is an optimal result, since convergence in less than two iterations is im-
possible, due to the need to exchange information between the subdomains.
In practice, one needs to inverse transform the transmission conditions in-
volving o1 (m) and o2 (m) from Fourier space into physical space to obtain the
transmission operators S; and Ss, and hence we need

Si(u}) = Fl(on (@), Sa(uy) = F' (02(a3)).

Due to the fact that the o; contain associated Legendre functions, the oper-
ators S; are non-local. To have local operators, we need to approximate the
symbols o; with polynomials in ¢m. Inspired by the results for elliptic prob-
lems in two-dimensional Cartesian space, we introduce the following ansatz

sin(¢) v/ +m? (18)

qu((j)) ~ 1+ COS((;5)

Based on this ansatz we can expand the symbols ¢;(m) in (17) in a Taylor
series,

_ sin(b) in(b)m?

o1(m) = —Slcos(b\)/jl + 2(—105((13)%)\/5 +0(m*),
_ in(a) in(a)m

o2(m) = —ios&)ﬁ - 2(czs(51))+1)ﬁ +0(m?).

A zeroth order Taylor approximation 70 is obtained by using only the first
terms in the Taylor expansion of o;, while a second order approximation
T2 is obtained by using both terms from the expansion. In Fig. 2 on the
right, we compare the convergence factor p., of the classical Schwarz method
with the convergence factor prg of the zeroth order Taylor method and the
convergence factor pro of the second order Taylor method. Numerically, we
find the optimized Robin conditions, namely o; ~ 1.4 and 05 ~ —1.4, and we
compare the corresponding convergence factor pog to the other methods.
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5 Numerical experiments

We perform two sets of numerical experiments, both with n = 1. In the first
set we consider our model problem on the sphere using a longitudinal co-
latitudinal grid, where we adopt a decomposition with two overlapping sub-
domains as shown in Fig. 1 on the left. In this case, we combine a spectral
method in the #-direction with a finite difference method in the ¢-direction.
We use a discretization with 6000 points in ¢, including the poles, and spec-
tral modes from —10 to 10. The decomposition is done in the middle and
the overlap is chosen to be [0.497,0.517], see Fig. 3 on the left, where the
curves with (circle) and without (square) overlap of optimal Schwarz are on
top of each other. In the second experiment, we solve the model problem on
the Yin-Yang grid. This is a composite grid, which covers the surface of the
sphere with two identical rectangles that partially overlap on their borders.
Each grid is an equatorial sector having a different polar axis but uniform
discretization, see Fig. 1 on the right. The Ying-Yang grid system is free from
the problem of singularity at the poles, in contrast to the ordinary spherical
coordinate system. In Fig. 3 on the right we show some screenshots of the

A 4 B
" " e
[ 4 -’ - i

Evact solution Numerical solution Error x10

CC SC 4

Fig. 3. Left: Convergence behavior for the methods analyzed for the two subdomain
case. Right: Screenshots of solutions and the error for the Yin-Yang grid system.
In both plots n = 1.

Classical Schwarz|Taylor 0 method|Taylor 2 method|Optimized 0 method
h |[L=1/50| L=h |L=1/50|L=h|L=1/50|L=h|L=1/50] L=h
1/50 184 184 22 22 16 16 12 12
1/100 184 284 22 27 16 19 12 16
1/150 183 389 21 31 15 21 11 19
1/200 184 497 22 36 16 24 12 22

Table 1. Number of iterations of the classical Schwarz method compared to the
optimized Schwarz methods for the Yin-Yang grid system with n = 1.
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exact and numerical solutions for the Yin-Yang grid using optimized Robin
conditions with ¢; = —1.4 and o5 = 1.4. In Table 1 we compare the classical
Schwarz method to the optimized methods in the Yin-Yang grid system.

Conclusion

In this work, we show that numerical algorithms already validated for a global
latitude/longitude grid can be implemented, with minor changes, for the Yin-
Yang grid system. In the future we will implement optimized second order
interface conditions in order to improve the convergence of the elliptic solver.

Acknowledgement. We acknowledge the support of the Canadian Foundation for
Climate and Atmospheric Sciences (CFCAS) trough a grant to the QPF network.
This research was also partially supported by the Office of Science (BER), U.S.
Department of Energy, Grant No. DE-FG02-01ER63199.

References

Philippe Charton, Frédéric Nataf, and Francois Rogier. = Méthode de
décomposition de domaine pour 1’équation d’advection-diffusion. C. R.
Acad. Sci., 313(9):623-626, 1991.

Martin J. Gander, Laurence Halpern, and Frédéric Nataf. Optimized Schwarz
methods. In Tony Chan, Takashi Kako, Hideo Kawarada, and Olivier Piron-
neau, editors, Twelfth International Conference on Domain Decomposition
Methods, Chiba, Japan, pages 15-28, Bergen, 2001. Domain Decomposition
Press.

I. S. Gradshteyn and I. M. Ryzhik. Tables of Series, Products and Integrals.
Verlag Harri Deutsch, Thun, 1981.

Thomas Hagstrom, R. P. Tewarson, and Aron Jazcilevich. Numerical experi-
ments on a domain decomposition algorithm for nonlinear elliptic boundary
value problems. Appl. Math. Lett., 1(3), 1988.

Caroline Japhet. Optimized Krylov-Ventcell method. Application to
convection-diffusion problems. In Petter E. Bjgrstad, Magne S. Espedal,
and David E. Keyes, editors, Proceedings of the 9th international confer-
ence on domain decomposition methods, pages 382—-389. ddm.org, 1998.

A. Kageyama and T. Sato. The Yin-Yang grid: An overset grid in
spherical geometry. Geochem. Geophys. Geosyst., 2004. Q09005,
d0i:10.1029/2004GC000734;physics/0403123.

Frédéric Nataf and Francois Rogier. Factorization of the convection-diffusion
operator and the Schwarz algorithm. M3AS, 5(1):67-93, 1995.



