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Abstract

In this paper we develop the parametrix approach for constructing the heat kernel on a
graph G. In particular, we highlight two specific cases. First, we consider the case when G
is embedded in a Eulidean domain or manifold 2, and we use a heat kernel associated to
{2 to obtain a formula for the heat kernel on G. Second, we consider when G is a possibly
infinite subgraph of a larger graph G, and we obtain a formula for the heat kernel on G
from the heat kernel on G restricted to G.

1 Introduction

A heat kernel is the fundamental solution to a heat equation in a domain, manifold or graph,
which may be subject to certain boundary conditions. Heat kernels have proved useful when
studying a variety of problems, from geometry and topology to combinatorics and mathe-
matical physics; see, for example |[Gr09| or [JoLaOl] for some general discussion as to the
many manifestations of heat kernel techniques throughout mathematics. Algebraically, the
heat kernel can be viewed as a generating function of the spectrum of the Laplace operator,
in instances when its spectrum is discrete.

In this article we will prove a construction of the heat kernel on graphs analogous to the
parametrix construction in Riemannian geometry, [MP49, Mi49| [Ch84, [Ro97|. The parametrix
approach plays an important role in geometry and in varied applications such as machine
learning [LL05] and quantum field theory [Av0l]. In brief, this approach to constructing the
heat kernel on a Riemannian manifold M begins with an initial approximation which could,
for example, come from the Euclidean heat kernel patched together on local charts. This is
then refined through an iterative process. The successive refinements provide an increasingly
precise small time asymptotic expansion of the heat kernel.

We will describe the construction of the heat kernel on a finite graph by starting with a
general parametrix. We pay particular attention to situations in which a finite graph G is
embedded in an ambient space, which may be a domain in R"™, a manifold or another larger
graph. Then we may take our initial approximation in the parametrix construction to be the
heat kernel on the ambient space. This allows us to extend our results to construction of the
heat kernel on infinite subgraphs with a finite boundary. In Example [15]| below we will use the
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heat kernel on G = Z, when viewed as a 2-regular tree, as a parametrix and prove that the
heat kernel on the discrete half-line G = Z> is given by

Hz., (v,w;t) = e_Qt(Iv_w(%) + Lyrw+1(2t)) for all v,w € Z>p and ¢t > 0,

where I, denotes the I-Bessel function.

A similar construction in the special case when G is embedded in a complete graph is
considered in [LNY21]. In Section [6] below we relate our method to the approach in [LNY21]
and show how our construction implies one of the main results of [LNY21].

Let us now be more specific in describing the results of this article. Let G be a finite, edge-
weighted graph with finite vertex set VG and nonnegative weight function w : VG x VG —
[0,00),w — wgyy. When wy, = 0 we say there is no edge between x and y. Furthermore,
we assume the symmetry wg, = wy, holds for all z,y € VG. This data defines the Laplace
operator Ag on functions f: VG — C by

Acf(x)= > (f(@) = f(y))way.

yeVG

Note that the sum in fact is taken over the neighbors of z, that is, over the vertices y with
weight wgy > 0. The heat kernel on the graph G associated to the weighted graph Laplacian
Ag.y, acting on functions in the first variable vy, is the unique solution Hg (v, v2;t) to the
differential equation

0
Ago, + = | H ,V2;t) =
< Gy T 375) a(v1,v9;t) =0

with the property that
1if V1 = V2

%l—lg(l)HG(vl’UQ;t) - { 0 if v1 # vs.

For the proof of the existence and uniqueness of the heat kernel on G, we refer to [Do84| and
[DMO06]. We do not normalize the Laplacian Ag f(x) by dividing the sum defining it by the
weighted degree u(x) = ZerG Wgy of z; this normalization appears mostly when discussing
stochastic properties of graphs, see e.g. [Wo21| and the extensive bibliography there. However,
the parametrix construction of the heat kernel given in our main result Theorem [p| can be
carried out in the same manner for the “normalized” Laplacian.

After we give a reasonably general construction in Theorem [5 we then explain in Proposi-
tion [6) how to obtain a parametrix of higher order. We will highlight the following two special
cases.

1. When the set VG is a subset of a bounded domain € in RY, we show that the parametrix
for the heat kernel on G can be obtained from the heat kernel on 2 and a certain partition
of unity depending upon a (Dirichlet-)Voronoi decomposition of Q induced by G.

2. When G is a finite or infinite subgraph of a graph G, we prove that the heat kernel on
G can be used as a parametrix of order zero in the construction of the heat kernel on G,
under the technical assumption that the boundary 0G of G when viewed as a subgraph
of G has a finite number of vertices.

Any new expression for the heat kernel is potentially a source for interesting new identities,
which occurs since in the case when the heat kernel is unique. For example, when studying
continuous functions on the continuous circle, one can write the heat kernel either through its
spectral expansion or through the periodization of the heat kernel on the covering space. In



doing so, one immediately obtains a classical theta inversion formula, which itself is logically
equivalent to the one-variable Poisson summation formula. A similar argument in the setting
of compact hyperbolic Riemann surfaces yields a quick proof of the Selberg trace formula;
see Remark 3.3 of [GJ18]. In the case of a heat kernel on a discrete circle with N points,
then similar considerations in [KN06] lead to “heat kernel proofs” of I-Bessel identities. See
also [Gr22] and [CHJISV23| for proofs of trigonometric identities using the uniqueness of the
discrete-time heat kernel on a discrete circle with N points.

With this in mind, in Example [17] we specialize our general result to the discrete half-line
Z>o with a Dirichlet boundary condition. We define the time convolution of I-Bessel functions

t
(I +1,) (1) = / L(F)L,(t — 7)dr. (1)
0
Then the parametrix construction of the heat kernel on Z>¢ yields the identity

- (_1)4 *f
Loy () = Y S (1 Lama % 1, ) (8 (2)
£=0
where [ fz denotes the ¢-fold convolution of I; itself. This identity can be confirmed directly
by comparing the Laplace transform of both sides.

The paper is organized as follows. In Section 2] we develop various analytic results which
are needed in our study. Section [3| contains the details of the general parametrix construction
and its refinement. In Section [ we relate the heat kernel of a graph embedded in a domain
with the heat kernel of the domain. Corollary is particularly interesting since it gives a
precise relation between the graph heat kernel on a graph GG which is embedded in a domain
Q) in terms of the geometric heat kernel associated to €, up to O(t?) for small time ¢. Section
deals with derivation of expressions for the heat kernel in a general subgraph case. In
Section [6] we show that our general result, applied to the setting of the complete graph on N
vertices yields some of the main results from Section 3 of [LNY21]. We also give an alternative
formulation for those results and explicitly compute the heat kernel on the graph obtained
by removing a single edge from the complete graph. An example of an infinite subgraph is
treated in Section [7] In Section [§ we show how to construct the Dirichlet heat kernel on a
subgraph G of a finite or infinite graph, assuming that boundaries of G and G\ 9G are finite.
An example in this section yields the I-Bessel function identity (2).

2 Convolution on a graph

Let G be a finite weighted graph as above with vertex set VG of cardinality |VG|. Let
Fi1,F, : VG x VG x Rsg — R. Assume further that for ¢ = 1,2 and fixed vertices v, vg, the
functions F;(v1,v9;t) are integrable as functions of ¢ on every interval (0,b] with b > 0. The
convolution of functions F; and F5 is defined to be

t

(Fy * Fy)(v1,v2;t) :—/ Z Fi(v1,v,t — r)Fy(v,vg;r)dr. (3)
0 vEVG

When thinking of Fy and F as operators on L?(VG), or equivalently as |V G| x |V G| matrices,
we may simply write

(Fy = Fy)(t) := /Fl(t — 1) o Fy(r)dr. (4)
0



The above convolution is not commutative in general but it is associative. Specifically, for
any three functions Fj(vi,ve;t), i =1,2,3, F; : VG x VG x Rsg — R which are integrable as
functions of ¢ on every interval (0,b], b > 0 for all v1,v9 € VG, we have

[(F1 x Fy) * F3](v1,v9;t) = [F1 % (Fy x F3)|(v1, va; t). (5)

Remark 1. There are two notions of convolution which are used in this paper: the two-variable
vertex and time convolution defined in this section and a one-variable time convolution as
in . The latter is used only in Example [17|of Section [§| and we hope no confusion will arise
from using the same symbol * to denote both types of convolution.

We have the following lemma.

Lemma 2. Lelt F1,Fy : VG x VG x Ryg — R be as above. For some tg > 0, assume there
exist constants C1,Cy and integers k, € > 0 such that for oll 0 < t < tg and vi,v2 € VG, we
have

|F1(1)1,’Z)2;t)‘ S Cltk and ’FQ(’Ul,’UQ;t” S Cgte.

Then, for all vi,vy € VG we have

k!
‘(Fl * FQ)(Ul,UQ;t)| < ClCQ’VG’mtkH—e—FI for 0 <t < to.
In particular, if kK =0 then
thrl

C+1

‘(Fl * Fg)(vl,vg;t)| < 0102"/(;‘ for all v1,v9 € VG and 0 < t < tg.

Proof. The proof is immediate from the definition of the convolution and the formula for the
Euler beta function, namely that

t kloNk+1
k 4
t—r)ldr=—r
/07'( r) dr (k+0+1)!
0

For any positive integer ¢ and any function f = f(v1,v2;t) : VG x VG x R5g — R which
is integrable in ¢t on every interval (0,b], b > 0 for all vi,ve € VG, we can inductively define
the ¢-fold convolution (f)*(v1,ve;t) by setting (f)*!(v1,v2;t) = f(v1,ve;t) and, for £ > 2 we
put

(D et) = (DD # F) (1, vai).

Note that in the last definition the order is not important because the convolution operator
is associative.
With this notation we have the following lemma.

Lemma 3. Let f = f(v1,vg;t) : VG x VG x Ryg — R. Assume that for all vi,ve € VG
and tg € Rsq, the function f(vi,ve;-) is integral on the interval (0,to]. Assume further there
exists a constant C' and integer k > 0 such that

fv1,v9;t) < CtF for all v1,v5 € VG and 0 < t < t.

Then the series

D (D) (w1, v3t) (6)

(=1



converges absolutely and uniformly on every compact subset of VG x VG x Rsg. In addition,
we have that

(f*Z(—l)e(f)M) (v1,va;t Z D (01, w9 ) (7)
=1

(=1
and,
S| @ est)| = o) ast—o. (®)
(=1

Proof. With the stated assumptions, together with Lemma [2] we have that

t2kz+1
)] < C? N? .
(F % lonent)] < CAVEIRY s, )
Similarly, by induction for £ > 1 we have the bound that
Lk+£—1
*(0) . ‘ < ! ¢ E_lti. 1
(N vait)| < (CRY VI Gy, (10

The assertion regarding the convergence of @ now follows from the Weierstrass criterion.
Fix t > 0. By reasoning as above, it is easy to deduce that the series on the right-hand
side of converges absolutely. Therefore, we may integrate the equation

(f*Z(—l)e(f)*Z) vy, v9;t /Z ( vy, vt — 1) Z (v, v2;7 )) dr
(=1

0 veEVG =1

termwise to establish (7)). Finally, the assertion in follows by combining (6), (10)), and
Lemma 2]
O

3 The parametrix construction of the heat kernel on G

We repeat and expand on some notation from the introduction. Let G be a finite weighted
graph with vertex set VG and edge weight function w,, for vertices x,y. The Laplace operator
Agq acting on functions f : VG — C is defined by

Acf(x)= > (f(z) = f(y))way (11)
yeVGE

and the heat operator L on the graph is defined by

)
L=Ac+ . (12)

The heat kernel Hg on G associated to the Laplacian Ag is the unique solution Hg : VG x
VG x [0,00) to the differential equation

Ly, Hi(v1,v2;t) =0
with the property that

1 ifvy=w
He(vi,v2:0) = { 0 if 11117'é U22-

5



The subscript v; on L,, indicates the sum associated to the Laplacian, as in is over
neighbors of v; which is the first space variable. A parametriz for the heat operator on G is
any continuous function H : VG x VG x [0,00) which is smooth on VG x VG x (0, 00) and
satisfies the following two properties.

1. For all v1,v2 € V@G,

1 if’U1:UQ

if V1 75 () (13)

H(Ul,UQ;O) = %i_l;r[l)H('Ul,’UQ;t) = {

2. The function Ly, H(v1,v2;t) extends to a continuous function on VG x VG x [0, 00).
We say the parametrix H is of order k if for some integer k > 0,
| Ly, H(v1,v2;t)] = O(tF) ast— 0.

Lemma 4. Let H be a parametriz for the heat operator on G. Let f = f(vi,ve;t) : VG X
VG x Rsg = R be continuous in t and bounded for all vi,vo € VG. Then

Ly, (H * f)(v1,v9;t) = f(v1,v9;t) + (Ly, H * f)(v1, v2;t)
for all vi,v9 € VG and t € Ryy.

Proof. For any t > 0 we have

Ly (H # ) = S (H 5 )4 D (Hx f) = (s )+ (A H) e S (14)

By the Leibniz integration formula, the first term on the right hand side of is equal to

t
gt/ Z H(Ul,v;t—T)f(U,UQ;T)dT
0 veEVG

Z (v1,v;0) f(v, v2;t / Z H (vi,v5t — 1) f(v,v2;7)dr

cVGaG vEVG
0
= f(vi,vo;t) + (QH* (v, v2;t).

Therefore,

Ly, (H * f)(v1,v9;t) = i(H*f)(vl,vg;t) + (Agp H * f)(v1,02; 1)

0
0
= flon,v238) + (G H * ) (o1, 028) + (A H * ) (v1,v23)
= f(Ul,UQ;t) + (LﬂlH * f)(’Ul,’UQ;t),
as claimed. O

With all this, we now can state the main theorem in this section



Theorem 5. Let H be a parametriz of order k > 0. For vi,v2 € VG and t € R>( define

oo

F(vy,v9;t Z Y (L, H) ™ (v, 095 1). (15)
=1

Then the series converges absolutely and uniformly on every compact subset of VG X
VG x R>g. Furthermore, the heat kernel Hg on G associated to graph Laplacian Ag., s
given by
Hg(vy,vg;t) = H(vy,vg;t) + (H x F)(v1, vo; t) (16)
with
(H % F)(vy,v9;t) = O(t*™1) ast— 0.

Proof. Set 3
H(vy,vg;t) := H(vy,v9;t) + (H % F)(v1, v2; t).

From the characterizing properties of the heat kernel

lim H(vl,vg, t) = }%H(vl,vg;t) = Oy =vy»

t—0

it suffices to show that
Ly H(vi,v2;t) =0 and }in[l) H(v1,v9,t) = Gpy—py- (17)
—

By Lemma 3] the series F(vq,vo;t) defined in converges uniformly and absolutely and
has order O(t¥) as t — 0. Since H is bounded on any finite interval, Lemma [ I then yields the
asymptotic
(H * F)(vy,v9;t) = O(t*) ast — 0.
In particular,
lim H(v1,v95t) = }i_fg%H(vl,vz;t) = Gy =0y

It remains to prove the vanishing of Lvlfl in . For this, we can apply Lemma {{to get

that
Lvlf{(vh V2; t) = Ly, (H)(’Ul, V23 ) + Lm (H * F)(vlv V23 t)

= Ly, (H)(v1,v2;t +Z V(Lo H)* (v1, 095 ¢)

+ (Lo, H) * (Z(—U%me*@) (01, v2;t)
/=1
:Lvl( ’Ul,’UQ, +Z Lle (UlaU%t)
/=1
+ Z )Y (Ly, H) (”1)(7)177)2; t)
=1

=0,

where we used absolute convergence of the series defining F'(v1,v2;t) to change the order of
summation. This completes the proof. O



The construction of the heat kernel on G begins by starting with a reasonably general
function as a parametrix. This method can be further refined, depending upon the properties of
the parametrix. For example, if an order zero parametrix H (vi, v2;t) is n+1 times continuously
differentiable in ¢ for all v1, vy € VG, then one may define a function H,,(v1,ve;t) which is a
parametrix of order n for the heat operator on G. This following proposition establishes this
assertion.

Proposition 6. With the notation as above, let H be a parametriz of order zero for the
heat operator on the graph G. Assume further that H(vy,vo;t) is n + 1 times continuously
differentiable in t for all vi,vo € VG. For j=1,...,n, letuj : VG x VG — R be a sequence
of functions which are defined inductively as follows. Let

w1 (v1,v2) == (Ly, H)(v1,v2;0),
and for 2 < j <n set

o
('1)17 UQ) at] ari—1 (Lle)('Ul, V23 t) —o - AG,’Uluj—l(v17 'UQ).
Then, the function
Hy(v1,v93t) = H(v1,v958) = Y =1, vp)
— j!
]_

s a parametriz of order n for the heat operator L,, on G.

Proof. Trivially, limy_,0 Hy,(v1,v2;t) = 0yy=v, and (Ly, Hy)(v1,v2;t) extends to a continuous
function on VG x VG x [0,00). So then, it remains to determine the asymptotic behavior of
(Ly, Hy,)(v1,v2;t) as t — 0.

By assumption, the parametrix H (v1,ve;t) is n + 1 times continuously differentiable in t.
Hence, for any two points vy, v9 € VG, we have the expansion that

n—1
th o
(Lo, H)(v1, 023 Z (Lay H)(v1, 023 1)

i 8t3 v +O0(t") ast—0.

t=0

M

The implicit constant in the term O(t") depends on vy, va, and it is uniform in t for all ¢ in
some interval (0,0). Therefore,

(L, Hy)(v1,v25t) = (Lo, H)(v1,v25 1) z; AG (v, v2) — Zl (jtj_ll)!uj(vl,vz)
" aj_lj J
— ]z::l G- <6tj_1 (Ly, H)(v1,v2;t) i —uj(vi,v2) — Ag v uj—1(v1, 1)2)>
+O(t") =0(t") as t — 0,
where we have set that ug = 0. With this, the proof of the assertion is complete. O

Remark 7. In (16)), the function H(vi,vo;t) is a parametrix, so it is required to satisfy the
reagonably weak conditions given in its definition. In particular, one does not use any informa-
tion about the edge structure associated to the graph. One incorporates the finer information
regarding the edge data through the Laplacian, which is used to form the Neumann series
. In this regard, the parametrix construction of the heat kernel on a graph, as given in
Theorem [o| is easier than the parametrix construction for the heat kernel in the setting of
Riemannian geometry (see, for example, Chapter IV of [Ch84], page 149) where the Laplacian
is necessary in the construction of the parametrix.



4 Graphs embedded in a domain

Let us assume that a graph G is embedded in a Riemannian domain €. In this section, we will
show one way in which the Riemannian heat kernel on €2 can be used to construct the graph
heat kernel on G. In effect, we define a parametrix on the graph by computing an average of
the heat kernel from 2 over neighborhoods of the vertices of G. We then employ Theorem
Certainly, there are other means by which one could define a parametrix. However, we find it
appealing to develop a direct connection between the Riemannian heat kernel on §2 and the
graph heat kernel on G.

Let ©  RY be a bounded domain with C* boundary 0. The Laplacian on € is defined
through its action on twice continuously differentiable functions f on € as

N 82
Bof(e) ==Y 5/ (@).

Let Kq(x,y;t) denote a heat kernel on 2, meaning the fundamental solution to the equation
(Aq + 0) K (z,y;t) =0
on £ x 2 x (0,00) subject to the initial condition
lim K (2, y3 1) = du,

where 0, is the Dirac delta mass concentrated at x. For definiteness we assume that Kq(z,y;t)
satisfies a Dirichlet boundary condition, but this will play no role in our construction and any
reasonable alternative boundary condition may be assumed. We assume that € is fixed and will
suppress the subscript © and denote a the heat kernel on Q simply by K (z,y;t). Heat kernels
with different boundary condition are, of course, different; however, for our construction we
can take any one.

Let G be a graph embedded in €, in the sense that VG C ). Let d denote the Euclidean
distance on 2 and let m be the Lebesgue measure also denoted dx below. For any vertex v in
G we let

N() = {z € Q:d(z,v) <d(z,0) for all v € VG}

be the (Dirichlet-) Voronoi decomposition of €2 induced by VG. In words, N(v) is the set of
points in € closer to v than any other vertex in VG. The collection of sets { N (v) : v € VG} are
disjoint, by construction, and non-empty since v € N(v). Each set is open, thus measurable.
We assume that VG is embedded in © in such a way that all sets N(v) in the Voronoi
decomposition are path-connected. We denote by p, the measure of N(v). For example, if
is convex, then each set N(v) is open and convex.
The set
H(v,v') = {z e RN : d(x,v) = d(z,v) : v,v € VG}

is a union of hyperplanes in RY, hence a measure zero set. The set Q\ U,y IV (v) is a subset
of H(v,v"), hence is also a set of measure zero.
For any § > 0 and v € VG, define the set

Ns(v) :=={z € N(v) : d(z,0N(v)) < 6},

where ON (v) stands for the boundary of N(v). For an arbitrary and fixed € > 0, we choose
6 > 0 which depends on e and G such that

N(v) \ Ns(v) #0 and m(Ns(v)) < ¢/|[VG| for all v € VG.



For such a fixed € > 0, let us introduce a family of C*°-functions 7, : Q2 — [0, 00), indexed by
v € VG, which satisfy the following properties.

(a) For all v € VG one has supp(n,) C N(v), meaning n,(x) = 0 whenever x ¢ N (v).
(b) We have that n,(z) =1 for all z € N(v) \ Ns(v) and n,(z) = 0 for all x € Nj/(v).
(c) For all v € VG, we have that

/ mo(@)2dz = iy = m(N(v)).

Q

In words, the function 7, is equal to one on N (v)\ Njs(v), equal to zero outside N (v)\ Ns/2(v),
increases from one and then decrease to zero on Ns(v) \ Ns/2(v) so that one has the integral
condition (c). It is an elementary exercise in real analysis to construct such a family of
functions. Later, we will use the relation

1/2 1/2

mo(z)de < [ 1-my(z)de < 1dz m(@)de | = (18)
/ / / /

Q N(v) (v) (v)

where we used (a) and (c) above, together with the Cauchy-Schwartz inequality.

With this notation, we can use a heat kernel K(z,y;t) on Q to construct a parametrix
of any order k > 0 for the heat kernel on the graph G. The details are as follows. For any
v1,v9 € VG and t > 0, define

1
Ho(vi,v9;t) = \/WN(/) N(/) K (2, y; )0, ()10, (y)dydz. (19)
v1 Vo

From the known properties of K, and from the smoothness of the family 7, for v € VG, the
function is infinitely differentiable in ¢. Moreover, for each v € VG the function

wy (w3 1) = / K (g ) (y)dy = / K (2 y: )0 (y)dy
(v) Q

is a solution to the initial value problem

(AQ + ;) uy(z;t) =0 for (x,t) € Q x (0,00) (20)

with
Uy(2;0) = ny(z) for x € Q. (21)

Proposition 8. Assume the notation as above.

(i) For all vi,v2 € VG, we have that

. i o 1 Zf V1 = V2
}EEI(I)HO(UI’UQJ) N { 0 ’Zf U1 7& V2 (22)

10



(i) For any k > 0 all v1,vy € VG, there is a constant Cy(v1,v2) such that for all t > 0, we
have that
7

8tkH0(1)1,1}2, )' < Ck(vl,vg) ast — 0. (23)

Proof. (i) From the definition of Hp, we have that

1

lim H i) = lim —— st)dex.

tgl(l) O(Uh V2; ) tgl(l) T U ($)u712 (‘777 ) T
N(’U1)

Since all sets are bounded and have finite volume, the dominated convergence theorem implies

that

lim Moy (T) Uy, (5 8)dx = / (nvl (x) %g% Uy, (T t)) dzx.

t—0
N(v1) N(v1)
Hence,

lim Hy (Ul, V2; t) = 77111 771)2 )d
t—0

vV :uvl :uvz /

If v1 # vg, the functions 7,, and n,, have disjoint support, implying that lim;_,o Ho(v1, ve;t) =
0. If v1 = vy, we get that

: 1 2
%g%HO@h'Ulat) = / My, ()dz =1,

v1
N(v1)

by assumption (c) regarding the function 7,. This proves assertion (i).
To prove (ii), consider two arbitrary and fixed vertices v1,v2 € VG. Since the function

ak
Hy(v1,v9;t) is right-continuous in ¢ > 0, there exists § = d(v1, va, k) such that

otk
ok ok
‘8tkH0(U1,U2, )‘ <1+ hm ((9 kHo(’ul,vg,t)> )
5 B k
for all ¢ € (0,0). Let us fix such 6 = 0(vy, v2, k). To prove that 5 5 Ho(v1,v2;t)| is bounded

k

< 0
n (0,0) it suffices to show that %iﬂé(%Ho(Uh v2;t))| is bounded. Let us take k = 1 first, to
—

illustrate our approach.
From the definition of Hy, the dominated convergence theorem implies that

0 (1
%gn 5 — Hoy(v1,v9;t MZ: . / }gr[l)( Uy (25 t)> N, (z)dz.

1

Recall that u,,(z;t) is a solution to the initial-value problem and with v = v9. As
such, the continuity of wu,(z;t) and Aqu,,(z;t) in the t-variable implies that

(0 -
lim (atuv2 (I'J)) = }g% (_AQUUQ (x’ t))

t—0
= —AQuy, (7;0) = —Aqn, ().
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Therefore,

0 p
%gna H(] V1, V2;t :: le / Aﬂnvz 77v1( )d .
1
As a result, we have that
tim - Ho(or, v ) = 0 if vy # (24)
t1—>08 o(v1,v2;t) =0 1L v # V2
and 9
lim - Ho (v, v158) = — / — A (@) (1) (25)
t—0 Ot

We now can apply the mean value theorem for mtegrals, which is justified because 7, is non-
negative and Agqmn,, (x) is continuous. In doing so, we conclude that for some z; € N(v1) we
have the bounds

0 1
lim — Ho(vi,v1;t) < |Aamny, (21)] - — / Moy (z)dz < [ Aoy, (21)],

t—0 a ,uvl
N(v1)

where the last inequality follows from (18)). Therefore,

. 0
g 5 Hofon, )| < 1At (00)] 6

for some x1 € N(v1). For all v € VG, the functions 7, are smooth. Let us define

Cir(v) == sup |Afn,(z)

€N (v)

9

where A’é denotes the operator A applied k times. Then we have that

t—0 Ot

. 0
11m<H0(U17U2§t))' < O1(v1) * Opy =,

0
Consequently, we have that aHo(vl, vg;t) is bounded by a constant which is independent of

t for all t € (0,4). The proof of (ii) in the case k = 1 is now complete.
When k£ > 1, we proceed in a similar manner. Namely, we write that

8k Iy
%g% 5 7 Ho(vr,ve;t /,u 1 m / t%0< Uy (T t)) My, (x)dx.
vy Hvq

1

Since the functions 7, are C*°,

= (= 1) A, (2;0) = (1) A, (),
and arguing as above, we get
k

i (e

Hy (v, va; ))‘ < Cr(v1) - vy =0y

12



k

Therefore wl—fo(vl, vg; t) is bounded by a constant which is independent of ¢ for all ¢ € (0, 5)
oF .
For any fixed ¢ > 0, the function Sk K (z,y;t) is uniformly bounded on the set Q x Q x [d, 00|,

by a constant Cs,, see [Gr09]. Therefore, for all v1,v2 € VG and ¢t > 5,
e

atkHo(Ul, Ug,t)‘ <

M\/m/ /171,1 )Ny (Y )dydeC&km(Q) (26)

N(v2)

8k
by . We have shown that ik
all ¢t € [0,00), and the proof of the proposition is complete. O

Hoy(v1,v2;t) is bounded by a constant independent of ¢ for

From the above proposition it is evident that Hg(v1, vo;t), defined by is a parametrix
of order zero for the heat kernel on . This parametrix possesses continuous and bounded
derivatives in t of any order (see (23))), hence, it is possible to further refine it and define a
parametrix of higher order, by applying Proposition [6] For example, combining Proposition
@ with n = 1, and equations and we deduce the following corollary.

Corollary 9. With the notation as above, and for any vi,ve € VG, let

d(v1) — #11 f (Aany, ()0, (z)dz,  if vi = vy
N(v1)

_w’Ulvga Zf V1 ~ V2,
0, otherwise,

(27)

where d(vi) = val Wyy, 1S the degree of the vertex vi. Then
Hi(v1,v95t) := Ho(v1,v2;t) — tug(vi, va)
1s a parametriz for the heat operator on G of order k = 1.

Theorem [5] combined with the above corollary yields the following asymptotic formula
relating the heat kernel on the graph G with the heat kernel of the "ambient space" Q for
small time t.

Corollary 10. With the notation described in this section we have the following formula
relating the heat kernel Hg on the graph G embedded in ), with the heat kernel K on €):

HG(U17U2;t)— W / / Kx Uit 771)1( )771)2( )dydx—l—
v1 Mg

N(v1) N(v2)

Oy =v
t [ Ovy vy Wy vy — vy =upd(v1) + f / (Aanu, ()0, (z)dz | + O(tg)a ast—0,
v1
N(v1)

where the implied constant depends upon vi,va € VG and dy,~n, = 1 if v1 is adjacent to vy
and Oy, ~v, = 0, otherwise.

. . 1 . s
Remark 11. The normalization factor N the definition (19)) was chosen so that

Ho(v1,v2;t) = Ho(va, v15t).

13



If one defines

HO(/UL/UQv

/ / K(,y; t)10, ()10, (y)dyde., (28)

’U1) N ’UQ)

Mv1

it is easy to see that Ho(v1,ve;t) is also a parametrix of order zero for the heat kernel on G.
The normalization in can be justified by the fact that in the construction of the heat
kernel on G the graph Laplacian acts only to the first variable and the formula can be

written as .
Ho(vi,v2;t) =

[ @zt
N(U1)
which can be veiwed as an “averaged by n,,” discretization; see Definition 4.1 on p. 689 of
[BIK14]. The function w,,(x;t) is a solution to the initial value problem and (21).

V1

5 Heat kernels for subgraphs

Let G be a finite or infinite subgraph of a finite or infinite weighted graph G with the weight
function wy, for vertices z,y € VG. For us, a subgraph G of G is obtained by using a subset
V@G of the vertices VG defining the weight function w,, for z,y € VG to be equal either to
the same weight w,, on G or set to zero. In the case when Way 7 0 but wyy = 0, we say that
we have removed the edge connecting = and y in G. We define

Z Wy and p(x Z Way- (29)

yevVa@ yeVG

When the graph G is infinite, we assume that for all z € VG, the function @ (z,-) has finite
support and that the quantity fi(z) is uniformly bounded for = € VG. In this case, we say
that G has bounded valence. We further assume that G is of bounded degree. Let dG denote
the set of boundary vertices of the subgraph G in G. That is, G consists of vertices z € VG
such that p(z) < f(x). We call Int(G) = VG \ OG the set of interior points of G.

Let Hg denote the heat kernel for the graph G with respect to the weighted graph Laplacian

Ag. Recall that for any function f : VG — C

Aaf(@) = (f(z) = f(y))iay

ye@

The Laplacian A is a non-negative and self-adjoint operator on the Hilbert space LQ(VG).
Under our assumptios of finite valence and finite degree, the existence and uniqueness of the
heat kernel follows from [DMO06].

Let LGU = AGU + 8, be the heat operator on G acting in the first variable, and let
Law, = AG o 1 O be the heat operator on GG. Define

H(vy,vo;t) := Hg(vi,v25t) for vi,ve € VG and t > 0.

In other words, H is the restriction of the heat kernel from G to G. Clearly, if v; € Int(G) we
have Lg 4, H(v1,v2;t) = 0, but if v; € 0G then

Lg o, H(v1,v25t) = — Z (H(vi,v2;t) — H(v,v2;t)) Wy, v, (30)

vEAg (v1)

14



where
Ag (o) ={v e VG \ VG : vis adjacent to vy in G} U {v € VG : 1y, # 0 but wy,, = 0}.

The set Ag (v1) is not empty for vy € OG, so one cannot expect that the difference
to vanish so H is certainly not the heat kernel on G. However, we show in the following
proposition that H(v1,ve;t) is a parametrix of order zero for the heat kernel on G.

Proposition 12. Assume the notation as above.

(i) For all vi,v2 € VG, we have that

. . . 1 ’Zf V1 = V2
%E}I(l]H@}l’U%t) - { 0 Zf U1 75 V2. (31>

(ii) For vi,va € VG, there is a constant C(v1,v2) such that for all t > 0, we have that

‘aatH(vl,’UQ;t)‘ S C(Ul,vg). (32)

Proof. Part (i) follows trivially from the fact that H(vi,ve;t) is the restriction of the heat
kernel on G, so it remains to prove part (ii).
Since H(v1,v9;t) = Hgs(vy,v2;t) for vy, v0 € VG,

0 -
EH(vl,vg;t) = —Ag,, H(vi,v51) = Z H(y, vo; )Wy, y — H (v, va;t) p(v1).
yevaG

Both w and p are bounded, so in order to prove , it suffices to show that H(vy,ve;t) is
bounded as a function of ¢ for fixed v, v9 by some constant, which may depend upon v; and
vo. We could not find a convenient reference for this fact so we provide a short proof for the
sake of completeness.

The Dirac property implies that H(vy,v2;t) is bounded by an explicit constant, such
as 2, when viewed as a function of ¢ for ¢ € [0,7) for some n > 0. It remains to prove
boundedness for ¢ € [n,00). In the case when V@G is finite, we can use the spectral expansion
of the heat kernel as a sum over eigenfunctions 1; of the Laplacian Az and the Cauchy-
Schwartz inequality to deduce that for ¢ > 1 one has

1/2 1/2

D e g (vn) > e N () P
i i

< (H(v1,v1;n) H (vz, v2m)) /2 | (33)

|H (v1,v2;t)|

IN

Note that the fact that the eigenvalues \; are nonnegative implies that each et above is
nonincreasing on t > 0. If VG is infinite, one re-writes the sums in as integrals over
the appropriate spectral measures, and one gets that H(vi,ve;t) is bounded for ¢ > n by
(H (v1,v1;m)H (v2, vo; 17))1/2. This completes the proof of the claim. O

If the graph G is a finite subgraph of G, Theorem [5| applies to deduce the heat kernel
on G from the parametrix H(vi,ve;t). However, the parametrix construction of the heat
kernel on infinite subgraph of a finite valence infinite graph G can also be carried out, under
the assumption that the boundary dG of G is finite. The precise result is the following
proposition.

15



Proposition 13. Let G be an infinite subgraph of a finite valence, bounded degree graph G
such that boundary G is finite. Let H(v1,ve;t) denote the heat kernel on G. Then the series

Z (L H)™ (v1,va; 1) (34)

(=1

converges absolutely and uniformly on any compact subset of VG x VG x [0,00) and defines
a function F(vy,v:t) on VG x VG x [0,00). Furthermore, the heat kernel Hg(vi,ve;t) on G
s given by

He(v1,v95t) := H(vy,v95t) + (H % F)(v1, v9; ).

Proof. We start by observing that the function L ., H(v1,v2;t) when viewed as a function of
the first variable is supported on the finite set dG. Moreover, the heat kernel H(vi,vo;t) is
bounded. Hence, there exists a constant C' depending on the finite subset G of G and the
valence of G so that

(LG o H % Lg o H) (v1, 023t Z /LGU1 (v1,v;t — T) LG o H (v, va; 7)dT
’L}GaGO

for all (vi,v2) € OG x VG and all t > 0, where |0G| denotes the number of elements in JG.
By arguing analogously as in the proof of Lemma|3| we conclude that the series converges
absolutely and uniformly on any compact subset of VG x VG x [0,00). The Dirac property
limy 0 H (v1,v2;t) = 8y, =4, when combined with the finiteness of support of Lg », H(v1,va;1)
is sufficient to conclude that Lemma |4 I also holds with H = H. The method of the proof of
Theorem [5| I then applies to show that Hg(v1,ve;t) is the heat kernel on G. O

6 A subgraph of the complete graph on N vertices

In this section we will develop explicitly our results in the setting of a subgraph of the complete
graph on N vertices. Throughout this section we will employ some of the same considerations
as in [LNY21], namely in the explicit computation of the graph convolution. In doing so, we
will show the relationship between our Theorem [5| and Theorem 3.3 of [LNY21].

Let Kx denote the complete graph Ky on N vertices. Let us label the vertices with the
integers 1,2,--- , N and define the weights to be w,, = 1 for all « # y. In the notation of the
previous section, Ky plays the role of G. The heat kernel on Ky is well known. Indeed, if we
set Hz = Hg,, then we have that

+(1-%)e ™, forz=y
. ) e— N ’
HG(%Z/a t) = { W _ %e_Nt, otherwise. (35)

Let G be any subgraph of K. Without loss of generality, we assume that G has N vertices,
and take Hgs as a parametrix for the heat kernel Hg on G. In order to compare our results
with those from [LNY21], we will borrow and adapt some notation from [LNY21].

For any vertex 2 € VG, let d$ be the degree of z in G and set d¢ = (N —1) —dS. For two
vertices ¢ € VG and y € VK, let us write z ~,. y if £ # y and x and y are not connected in
G. Define the combinatorial Laplacian on the complement of G in Ky by

Af(x) =Y (f@) = f(y) (36)

Yn~ie
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From we have that

2T
for all z,y € VG and any ¢t > 0. Note that we have shortened the notation by lettng L
denote the heat operator of G acting on the first vertex variable z. From the expression (35
for the heat kernel Hs, we immediately have for z,y € VG that

—eNtge ifr=y:
LiHg(z,y;t) =< e N, if x ~cy; (37)
0, otherwise.
In the notation of formula (3.4) from [LNY21],
LiHp(x,y;t) = —e_NtuZ(m). (38)

(We write u for u$* in [LNY21].)
In Section 3 of [LNY2I] the authors define an operator T which acts on functions F :
VG x VG x Ry by

t
TF(z,y;t) = / e NUTIALF (2, y; 5) ds (39)
0

t
=/ e NP (2, y8) — Y F(v,y;9)) ds.
0

veVG

VT

In other words

This explains the connection between our Theorem 1
He(x,y;t) = He(w, s t +Z (LyHg)" « Hg)(x,y; t)

and equation (3.3) of [LNY21]:

(z,y;t) ZTI (x,y;t)

Theorem 3.3 of [LNY21] goes further to show that
t
He(x,y;t) = Hg(x,y5t) + te” M uj () + Z D e (A9 ().

We can give a slightly different expression for Hg(l‘, y; 1) using matrix notation. Since G
is undirected we have ug(y) = uj(z) for all x,y € VG. Let B denote the N x N symmetric
matrix with elements by, = u$(y) = uf (). Then starting with (38), it is easy to inductively
show that

\ tt
(Hg  (11HE)™) (wy31) = (—1)! e M B (a ),
Therefore,
et
He(z,y;it) = Ha(z,y;t) + e NtZEB (2, y).
/=1

Let us highlight the example when G is a subgraph of Ky obtained by deleting one edge
from Ky.
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Example 14. Let G2 be the graph that results from deleting the edge between 1 and 2 in
K. In this case, B = (bjj) nxn with bi1 = baa = 1; bia = ba1 = —1 and all other entries of B
are zeros. Inductively, it is straightforward to show for any ¢ > 1 we have that

271 ifr =y e {1,2},
Bf(z,y) =< —2¢7Y, ifa,ye{l,2}, 2 #y,
0, otherwise.

Therefore
except when z,y € {1,2}, in which case we have that

o0

t
Hg(z,2;t) = Ha(z, 23t) Ntz2e 1=

= Hg(x,w5t) + e Nt(e —-1)/2

and

0 L

_ it

HG(mvyvt) - H@(wvyvt) —e e E 26 l@
(=1 '

= Hg(z,y5t) — Nt(e_Qt—l)/Q for x # y.

These computations show very explicitly and simply the effect on the heat kernel from
deleting an edge in the complete graph. Specifically, one sees the change by a negative number
in K;(1,2;t) reflecting the disconnect between the vertices 1 and 2.

7 Heat kernel on a discrete half-line

The following example illustrates the construction of the heat kernel on an infinite subgraph
with finite boundary.

Example 15. Let G be a discrete half-line beginning with 0. More precisely, GG is the graph
with vertices consisting of non-negative integers such that each positive integer j is connected
only to its neighbors j 4+ 1 and j — 1, while 0 is connected only to 1. Then G is an infinite
subgraph of G = Z with the finite boundary dG = {0}. Therefore Proposition applies
to give an expression for the heat kernel on G by using the heat kernel H(v,w;t) on Z as a
parametrix. Let us carry out these calculations in detail.

Recall that H(v,w;t) = e 2T, _,(2t); see [KNO6]. The heat operator of G acts on the Z
heat kernel H as

e_Zt(Iw+1(2t) - Iw(2t))7 if v = 0;

LgH(v,w;t) = { 0, otherwise.

Hence, the heat kernel on the discrete half-line G is given by

Hg(v,w;t) = e 2 Ty (2t) —|—Z (H* Lg UH)*Z> (v, w;t). (40)
/=1
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We will now compute explicitly the convolution series on the right-hand side of . We start
by observing that

t
(H * (LgpH)) (v, w;t) /HUOt T)LGoH (0, w; T)dr
0

2t

_ %e_% / Lo(2t — 1) (T (1) — Ty (w)) du. (41)

0

Next, we derive a formula for the classical convolution of I-Bessel functions. Let m,n be
non-negative integers. For x > 0 we start with formula (1) on page 379 of [Wa66]. In the
notation from [Wa66] we take p = m and v = n and complex z to get that

k=0

/2
o [ o8t ), (zsin 0)sin dcos 6 = S U s (2)
0

where J stands for the classical J-Bessel function of the first kind. By replacing z with iz
and applying the identity J,(iz) = i"1,(2) (see [GRO7], formula 8.406.3), the above equation
becomes

/2
z/] (2 cos® @) I, (zsin? ¢) sin ¢ cos pdo = ZIm+n+2k+1( ).
0

k=0

The change of variables t = zsin? ¢ gives that

xT

/ Ln(t) I (2 — t)dt =2 I nponsa (2). (42)

Combining and we arrive at
(H * (Lo H)) (v,w;t) —Qtz R i (20).

Applying the identity once again, it is immediate to see that

(H * (LG,’UH)*2) (va;t) - ((H * (LG',UH)) * (LG,’UH)> (an;t)

=e Z (_1)k1+k21v+w+k1+k2 (2t)'
(k1,k2)ENZ?

A simple inductive argument yields that, for any £ > 1 the following identity holds true

(H o (L)) (vwst) =7 S0 (=1)RF gy (20):
(k1,...k¢)ENE

Therefore,
[e.e]
Z (H * (LaowH)* Z) (v, w;t) 2152 Iy ywin(2t),

=1
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where a(1) =1 and
a(n) = (=1)") (-1)fS(n,0)], for n>2,
=1
where |S(n, 0)| is the cardinality of the set S(n,¢) = {(k1,...ke) € N“: k1 + ... kg =n}. Ac-

tually, |S(n,£)| is the number of ordered partitions of n > 2 into ¢ > 1 parts and it equals
(7{}:11), hence

a(n) = (—1)7{”:(—1)@ (Z: 11> —0, for n>2

(=1
This proves that

S0 (H o (Lo )™ ) (0,058) = e T (20),
=1

hence the heat kernel on a discrete half-line is given by

HG(Ua w; t) = (I\v—w|(2t) + Iv+w+1(2t)) :

8 The Dirichlet heat kernel on a graph

Let G be a subgraph of a (possibly infinite) graph G of finite and bounded valence. As above,
we denote the set of boundary points of G by G. We denote the set of interior points of G
by Int(G) = VG \ 9G. Similarly, we may view the graph with the vertex set VG \ 9G and
edges between the elements of the vertex set inherited from G to be a subgraph of G. The
boundary of this subgraph will be denoted by 9(G \ 9G).

We define the Dirichlet heat kernel Hp ¢(v1,v2;t) : VG x VG %[0, 00) on G with boundary
0G in analogy to the Dirichlet problem on a manifold with the boundary, or on a regular
domain; see, for example Chapter VII of [Ch84]. Specifically, we define Hp ¢(v1,v2;t) to be
the solution to the differential equation

0

LgyleD,G(Ul, vg;t) = (AG,UI + 815) Hpg(vl, ve;t) =0, if v; € G\ G

with the property that
%% Hp,c(v1,v2,t) = Oyy=y, for vy € G\ 0G
together with the Dirichlet boundary condition
Hp c(vi,v2;t) =0 for all vo € G and t > 0 whenever v; € 0G.

The existence and uniqueness of the Dirichlet heat kernel readily follows from results in [Hul2].
The Dirichlet heat kernel in the setting of a discrete interval was constructed from the heat
kernel on Z in [Dol2| using a symmetry based method of images.

Proposition 16. Let G be a finite or infinite graph with bounded valence. Let G be a subgraph
of G such that boundaries 0G and O(G \ 0G) are finite. Let H(vi,v2;t) denote the heat kernel
on G. For (vi,ve;t) € VG x VG x [0,00) define the function

Ho(v,va:8) := { H(vy,vg;t), forvy € VG\9G,v3 € VGt >0

0, otherwise.

20



Then the series
oo

D (=) (L Ho)™ (vi, va31) (43)
(=1
converges absolutely and uniformly on any compact subset of VG x VG x [0,00). Furthermore,
the Dirichlet heat kernel Hp g(vi,v2;t) on G is given by

Hp ¢ (vi,ve;t) := Ho(v1,v25t) + (Ho * F)(v1,v9;t). (44)

Proof. First, we note that our assumptions on G ensure existence and uniqueness of H; see for
example [DMO6]). Hence, the function Hy is well defined. Let L , denote the heat operator

on G. Then it is immediate that for all vertices v; € VG \ (0G U (G \ dG)), all vertices
v € VG and any t > 0 one has that

Lé,leo(’Ul,’UQ;t) = LGy, H(vi,v2;t) = 0.
In particular, this shows that L, Ho(vi,v2;t) is supported on (0G U 9(G \ 0G)) x VG x
[0,00). Therefore, for all £ > 1, the convolution (Lg,», Ho)**(v1,v2;t) is supported on the set
(0GUO(G\ 0G)) x VG x [0, 00).
Choose an arbitrary, but fixed finite subset A of VG. We now will prove for any T" > 0
the convergence of the series on the set (G U O(G \ 9G)) x A x [0,00), and that the

convergence is absolute and uniform on the set.
0
From Proposition the functions Ho(vi,ve;t) and — Ho(vy,v2;t) are uniformly bounded
in t. Denote an upper bound the two functions by C(v1, v2). Therefore, for every finite subset
A of VG the function Lg ,, Ho(v1,v2;t) is bounded by a certain constant C'(A) which depends
only on the graph G and the set A, and can be chosen to be a constant depending on the

graph and multiplied by max,, cacua(c\0G)),mealC (v1,v2)}-
Let C denote the cardinality of the set 0G U 9(G \ OG). Then

¢
(LGw Ho * L v, Ho) (v, v25t) = > /LG,mHo(Ul, v;t — T) LG, Ho(v, v2; 7)dT
vEIGUA(G\IG) {)

—0(C-C(A)),

where the implied constant depends only upon G. By proceeding as in the proof of Lemma
we deduce that

. {—
(LG,leo)*Z(Ul,Ug;t) =0 <C . (CC(A)t)1> ’

=]

where as before the implied constant depends only upon G. With these bounds, we have proved
the absolute and uniform convergence of the series on the set (0GUI(G\IG)) x Ax [0, 00).

It is left to prove that the right-hand side of is equal to the Dirichlet heat kernel
Hp c(vi,v2;t) on G. For vy € 0G, va € G and all t > 0, and by the definition of Hy
and convolution, it is immediate that Hp g(v1,v2;t) = 0. What remains is to prove that
La v Ho(vi,v9;t) =0 for all v; € VG \ 0G, v € G and all t > 0.

When v; € VG \ G, Hy(vy,v2;t) = H(v1,v2;t). Hence, by reasoning as in the proof of
Lemma 4] and by using the Dirac property of H we get that

Lguw, (Ho * F)(v1,v2;t) = F(vi,v2;t) + ((Lg,w, Ho) * F)(v1,v2; t).
The absolute and uniform convergence of the series suffices to deduce that L ,, Ho(vi, v2;t) =
0 for all v; € VG \ 0G, v2 € G and all t > 0, as in the proof of Theorem O
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As an example, let us compute the fundamental solution to the Dirichlet problem on the
discrete half-line {0,1,2,...} when starting with the heat kernel on the graph Z.

Example 17. With the notation from Example[15] let G be the discrete half-line {0, 1,2,...}
when viewed as a subgraph of Z. Let us set

e 21, (2t), forz,y€Z,x>1,y>0
Hy(z,y;t) ::{ jo—y1(2) Y

Then the Dirichlet heat kernel on G is given by Proposition In order to compute it
explicitly, one first notices that

0, when x > 2;
Le o Ho(z,y;t) = e 211, (2t), when z =1
—e 1, 4/(2t), when z =0.
Let -
F(z,y;t) = Z(—I)Z(LG,xHU)*K(x,y; t), z,y=0,1,2,..; t>0.
(=1

When viewed as a function of the first variable =, Lg , Ho(z, y; t) is supported on the set {0,1}.
Then, F(x,y;t) as a function of z is also supported on the set {0,1}. Therefore, we need to
find an expression for F' when z =0 and z = 1.

Case 1. When = = 0. First, we compute (Lg.Ho)*(0,y;t) for £ > 2. When y > 1 we
have that

(Lo Ho)*(0,y;t —2t / ) y—1/(27) = Io(2(t — 7)1, (27))dT = 0
0

while
(Lg+Ho)*(0,0;t) = —e 2 11(2t) = L+ Ho(0,0;1).

Since (L¢ . Ho)*?(0,1;t) = 0, we can now deduce that
(Lg..Ho)*#(0,0;t) = (Lg.. Ho)*®* Y Hy(0,0;t) for all £ > 1.

It is somewhat straightforward to show that (Lg,Ho)*2(0,y;t) = 0 for all y # 0. Also, we
have that

(_1)4—0—1 e—2t
2t
Note that the symbol * in the above display is used for two types of convolution: the graph
convolution on the left-hand side and the classical convolution of two functions on the right-

hand side. We will continue using this notation, as it is clear from the context which type of

convolution is used.
With all this, we can conclude that F(0,0;¢) =0 for all ¢ > 0 and

(LaaHo) ®(0,y5t) = (L) * Iy 1)) (2t), for y > 1.

< (—1)e —2t y
F(0,y;t) = Z L) s 0, _q))(2t) fory > 1,
=0

where we interpret a 0-fold convolution to act as the identity operator:
(I)*° * £)(t) = f(¢) for all f:(0,00) — R.
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Case 2. = 1. We shall compute (Lg . Ho)*(1,y;t) for £ > 2. When ¢ = 2 we get that

(LewHo)™(L,y;5t) Qt/ 2t = 7)1y (27) = Lo(2(t — 7)) Ly—1)(27))dT
0

for y = 0;
—e’2tfy(2t), for y > 1.

Analogous calculations as in Case 1 give that

oo Lo—2t N
2 G ()« 1,)(2t),  for y > 1;
F(1,y;t) = &0

_ 267 «
— Y EUEE (1)« o) (20)),  for y = 0.
=0

We now can compute the convolution of Hy and F' in closed form. First, notice that the
convolution of I, and I,, depends only on the sum of m and n, and that it is commutative
operation. Therefore, for x,y > 1 and ¢ > 0 we have

(Iz « [(Il)*‘ % Iy_ID (2t) = (Lﬂ_l * [(11)*6 * IyD (2t) = [(11)*f s (Lo * Iy)} (2t).

The convolution series over £ converges absolutely and uniformly over compact subsets of
VG x VG x [0,00). With this, we get a closed formula for Hy * F(z,y;t). Specifically, for all
x>1,y>0andt >0, we have that

f—i—l
Hox F(z,y;t) = e 2 Z 2€+1 <(Il)*é * ([y—q * Iy)> (2t).
Therefore, the Dirichlet heat kernel on the half-line {0, 1,2, ...} is given for ¢t > 0 by

)£+1

o2t Tp—y(2t) + Z = 12“1 (1) % (I—1 % 1)) (2t), forz>1,y>0
0, if z =0.

Hpg(z,y;t) =

On the other hand, it is easy to check directly that for all z,y > 0 and ¢ > 0 the Dirichlet
heat kernel on the half-line G can be expressed as

Hpa(z,y;t) = 6_2t(Ix—y(2t) = Loyy(2)).

The uniqueness of the Dirichlet heat kernel immediately implies the identity that
o~ (1)
Loy () = Y- S ()5 (ama 1)) ()

for all integers x > 1 and y > 0. From this expression, we will point out the two interesting
special cases that

00 g
=3 S ()« (o))

and
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