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HETEROGENEOUS OPTIMIZED SCHWARZ METHODS FOR
SECOND ORDER ELLIPTIC PDES

MARTIN J. GANDER* AND TOMMASO VANZAN'

Abstract. Due to their property of convergence in the absence of overlap, optimized Schwarz
methods are the natural domain decomposition framework for heterogeneous problems, where the
spatial decomposition is provided by the multi-physics of the phenomena. We study here heteroge-
neous problems which arise from the coupling of second order elliptic PDEs. Theoretical results and
asymptotic formulas are proposed solving the corresponding min-max problems both for single and
double sided optimizations, while numerical results confirm the effectiveness of our approach even
when analytical conclusions are not available. Our analysis shows that optimized Schwarz methods
do not suffer the heterogeneity, it is the opposite, they are faster the stronger the heterogeneity is.
It is even possible to have h independent convergence choosing two independent Robin parameters.
This property was proved for a Laplace equation with discontinous coefficients, but only conjectured
for more general couplings in [12]. Our study is completed by an application to a contaminant
transport problem.

Key words. Optimized Schwarz Methods - Heterogeneous Domain Decomposition Methods -
Optimized Transmission Conditions - Contaminant Transport

AMS subject classifications. 65N55, 656N22, 65F10, 65F08

1. Introduction. The classical Schwarz method is a domain decomposition al-
gorithm for solving large scale PDEs. It consists in dividing the domain of computa-
tion into many subdomains, solving iteratively the local problems while exchanging
information along the interfaces through Dirichlet boundary conditions. The pioneer-
ing paper [25], in which Lions proposed a convergent algorithm using Robin transmis-
sion conditions, paved the way to the development of the optimized Schwarz methods
which exploit optimized transmission conditions in order to overcome some of the
drawbacks of the classical Schwarz method such as slow convergence and overlap re-
quirement [10]. The procedure to obtain such optimized transmission conditions is
now well established [9]: the problem of interest is posed in a simplified setting where
one can use the Fourier transform, for unbounded domains, or Fourier series expansion
or more generally separation of variables [19, 18], for bounded domains, to transform
the PDE into a set of ODEs parametrized by the frequencies k. Then, solving the
ODEs and using the transmission conditions, one can get a recursive relation for
the Fourier coefficients and obtain a closed formula for the convergence factor which
contains some free parameters to optimize.

The literature regarding optimized Schwarz methods for homogeneous problems
is well developed. Optimized transmission conditions have been obtained for many
problems such as Helmholtz equations [16, 14], Maxwell equations [4, 22, 30], advec-
tion diffusion problems [8, 18], Navier Stokes equations [3], shallow water equations
[27] and Euler equations [6]. In all the previous work, homogeneous problems are
analyzed, in the sense that a unique physics is considered in the whole domain, and
therefore the coupling on the interfaces regards equations of the same nature. First
attempts to generalize this situation have been carried out in [26], [12], where Laplace
equations with different diffusion coefficients were considered, and in [5], which was
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2 M.J. GANDER, T.VANZAN

devoted to Maxwell equations with discontinuous coefficients. Let us remark that at
least two possible interpretations of heterogeneous domain decomposition methods
exist. The first one concerns problems where the same physical phenomenon is taking
place in the whole domain, but it can be convenient to use a cheaper approximation
in some parts of the domain in order to save computational resources. This might
be the case in the presence of boundary layers, or for example in CFD simulations
where a potential flow is used far away from the zone of interest while the Navier-
Stokes equations are fully solved near, for instance, an aircraft. In this situation, good
transmission conditions can be obtained through a factorization approach, see [15] for
further details.

In this manuscript we follow the second interpretation which assumes that two
different physical phenomena are present in the domain and they interact through an
interface. In this case some physical coupling conditions must be satisfied along the
common interface, such as the continuity of the function and its normal derivative for
second order PDEs, or the continuity of normal stresses for fluid-structure problems.
Some examples in this direction can be found in [17], where optimized transmission
conditions were obtained for the coupling between the hard to solve Helmholtz equa-
tion and the Laplace equation, or in [21] where a partial optimization procedure was
carried out for a fluid-structure problem. For this kind of heterogeneous problems,
a domain decomposition approach can be extremely useful since it allows to reuse
specific solvers designed for the different physics phenomena present in the domain.
For instance, one can use a finite volume solver where a strong advection is present
while using a multigrid solver where diffusion dominates or an ad-hoc linear elas-
ticity solver combined with a CFD code for the Navier-Stokes equations. In this
perspective, optimized Schwarz methods lead to a significantly better convergence of
the coupling routine with respect to other domain decomposition algorithms ( e.g.
Dirichlet-Neumann, Robin-Neumann) since they take into account the physical prop-
erties in their transmission conditions. We refer the interested reader to [23, 24] for
the application of optimized Schwarz methods for the coupling of atmospheric and
oceanic computational simulation models.

We study here first the coupling between a reaction diffusion equation and a dif-
fusion equation and second the harder coupling between a general second order PDE
and a reaction diffusion equation. We provide theoretical results and asymptotic for-
mulas for the optimized parameters, and we show the effectiveness through numerical
simulations. The manuscript is completed by the application of our results to a phys-
ical model describing contaminant transport in underground media, which is a topic
of great interest in the last thirty years due, for instance, to the increasing threat of
contamination of groundwater supplies by waste treatments and landfill sites or to
the disposal of nuclear radioactive waste [2]. We refer to [1] for a reference regarding
modeling issues of contaminant transport. Our model assumes that the computa-
tional domain Q = Q1 U Qs U Q3 U Q4, represented in Figure 1, can be partitioned
into four layers. In the first one, the contaminant, whose concentration is described
through the unknown wu, penetrates mainly thanks to rainfalls and therefore an ad-
vection towards the negative y direction is present. The next two layers are formed
by porous media so that the contaminant spreads in a diffusive regime described by
the Laplace equation. We furthermore suppose that in the second layer, some chem-
ical reactions may take place which are synthesized in the reaction term. Finally in
the last layer, an underground flow transports the contaminant in the x direction to-
wards a groundwater supply which is connected to a water well. The problem belongs
to the heterogeneous class, since in different parts of the domain we have different
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Fig. 1: Geometry for the contaminant transport problem.

physical phenomena, and thus in the last paragraph we use the results discussed in
this manuscript to design an efficient domain decomposition method to compute the
stationary and time dependent distribution of the contaminant.

2. Reaction Diffusion-Diffusion coupling. Let us consider two domains €2, :=i
(—00,0) x (0, L) and Qs := (0,400) x (0, L) and the interface I' :== {0} x (0, L). In this
section we study a reaction-diffusion equation with discontinuous coefficients along the
interface T',

(2.1) (@) —v(@)D)u=f in Q,

where == Q; U Qy, n?(x) = n? > 0in Q; and n(x) = 0 in 9, while v(z) = v; in
Q; and v(z) = vy in Q, with v1,5 € RT. Equation (2.1) is closed by homogeneous

Dirichlet boundary conditions on the horizontal edges and assuming hrf u = 0.
T—r 00

The optimized Schwarz method for this problem is

(1 —viDup = f in (110 + 1) (uf)(0,-) = (120, + S1)(u5~1)(0, ),
—wAuy = f in Qy, (120, — S2)(ul)(0,:) = (1105 — S2)(uF1)(0,-),

where S, 7 = 1,2 are linear operators along the interface I' in the y direction. The
goal is to find which operators guarantee the best performance in terms of conver-
gence speed. We consider the error equation whose unknowns are e}’ := ujq, — uf,
1 = 1,2, and we expand the solutions in the Fourier basis in the y direction, e} =
Srey €M(z, k) sin(ky),i = 1,2 with V := {Z,2% ...}, Moreover we suppose that
the operator S; are diagonalizable, with eigenvectors 1 (y) := sin(ky), such that
S, = 0j(k)yx, where o (k) are the eigenvalues of S;. Under these assumptions, we
find that the coefficients €} satisfy,

(n? — v10pe + 11K?)(e}) = 0, keV, <0,
(2.2) (102 + 01(k)(E1)(0,k) = (v20, +01(k)) (€5 )0, k), ke,
' (—Vg@xx + 1/2]{12)(@3) = 0, keV, x>0,
(20, — 02(k))(€5)(0,k) = (110x — a2(k))(E7)(0,k), ke

Solving the two differential equations parametrized by & in (2.2), imposing that the
solutions remain bounded for x — 0o and defining A(k) := y/k? + 7% and v(k) := k,
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4 M.J. GANDER, T.VANZAN

we obtain
(23) GH = ORI = (0, AW i 0,
e = é5(0,k)err = én(0,k)e (k) in Qy,
where 7% = Z . The transmission conditions in (2.2) allow us to express the Fourier

coefficient at 1terat10n n of the solution in one subdomain as function of the coefficient
of the solution in the other subdomain at the previous iteration n — 1, namely

—1y(k) + o1(k) en—1

(2.4) Ok = A O,
and
(2.5) &0, k) = 2K = 02(k) 10, k).

—v2y(k) — o2(k)
Combining (2.4) and (2.5) we get
—vay(k) + o1(k)  viA(k) — oa(k)

v (0,k) = : e 2(0, k).
GOR = TR W Far(h) v (k) —oale) L OF)
By induction we then obtain
&1 (0, k) = p"é1(0, k) &3"(0,k) = p"&3(0, k),

where the convergence factor p is defined by

—voy(k) + o1(k) . 1 A(k) — oq(k)
k) +o1(k)  —vey(k) — o2(k)

p:=plk,o1,02) =

Expressing the dependence on the Fourier frequency k we get

__wktah) /P -k
(26) oo = e bl kR

A closer inspection of (2.6) leads us to conclude that if we chose the operators S;
such that their eigenvalues are

(2.7) P (k) ==k and  o9P'(k) == vV k2 + 72,

then we would have p = 0. In this case the algorithm would converge in just two
iterations. This option, even tough it is optimal, leads to non local operators S;?pt,
which correspond to the Schur complements [29], and they are expensive from the
computational point of view. Indeed, the operator associated to the eigenvalues

U(fpt(k) := ok corresponds to the square root of the Laplacian on the interface T,

ie. SP' = 1y(—Ap)z which is a fractional and non local operator. The non-local
property of SOpt can also be understood considering a discretization of the straight
interface T' and the discrete counterpart of S{P', ie. SO := vp(—A, ;)7 where

—A,, = diag(—1,2,—1) is the classical 1-D Laplacian. A direct implementation
shows that the matrix S E is dense. Even though the use of S} * would destroy the
sparsity of the subdomain matrices, theoretically it could still be used as a transmis-
sion condition and the method would then converge in two iterations. However, the
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HETEROGENEOUS OSMS FOR SECOND ORDER ELLIPTIC PDES 5

major drawback is that in general we do not know the operator S;)pt and therefore
we would have to assemble numerically the Schur complements. This is an operation
which requires the knowledge of the inverse of the subdomain operators and therefore
it is computationally expensive.

We thus look for classes of convenient transmission conditions which are amenable
to easy implementation, and then to find which transmission conditions among a
specific class lead to the best convergence factor. We consider here zeroth order
approximations of the optimal operators in (2.7) which correspond to classical Robin
conditions on the interface. In order to get the best transmission conditions in terms
of convergence speed, we have to minimize the maximum of the convergence factor
over all the frequencies k. Defining Dy, D, as the classes of transmission conditions,
we are looking for a couple (03,03) € D := Dy x Dy such that

* * .

(2.8) (01,03) aremin (. max |p(k, 01, 02)]).
The lower and upper bounds kunin, kmax depend on the problem under study: Emin
is given by the Fourier expansion and here it is equal to kymin = 7. The presence of
Emin in (2.8), is the “memory” that our problem has of the boundness of the domain,
see [11, 20, 19] for more details on the influence of the domain for optimized Schwarz
methods. The upper bound kpax is instead the maximum frequency that can be

resolved by the grid and it is typically estimated as kpax = 7 where h is a measure
of the grid spacing.

2.1. Zeroth order single sided optimized transmission conditions. Let p
be a free parameter, we define

(2.9) o1(k) =wvep, oao(k) =11 \/W

We have made this choice because the optimal operators in (2.7) are clearly
rescaled according to the diffusion constants of the two subdomains and thus we
imitate this behaviour. Furthermore we introduce the parameter 772 in the definition
of o9(k) in order to make the problem amenable to analytical treatment. With this
choice, we have o;(k) = a;’pt(k) for k = p; in other words, for the frequency k = p,
the transmission conditions lead to an exact solver which converges in two iterations.
The idea of introducing free parameters such that the eigenvalues o;(k) are identical
to the optimal ones for a certain frequency is essential, because as we will see in the
following, it allows us to solve the min-max problems which, for a generic choice of
0j, are extremely hard to solve.

Inserting the expressions (2.9) into (2.6), the min-max problem (2.8) becomes

E— B2+ 72 — /D2 L2
(2.10) min  max P — - VR 4 ~\/p 1 ,
PER kmin <k<Kkmax k+)\1/p2—|—772 k2 —|—772—|— g
where A = 2. We define p(k,p) := kep VR ZVPEPE w are now solving

ve SRR VR 4R

the min-max problem (2.10). The main steps are the following:
e Restricting the range in which we are searching for p.
e Identifying the candidates for the maxima in the variable k.

e Studying how the maxima behave when varying the parameter p.

LEMMA 2.1 (Restriction for the interval of p). If p* is a solution to problem
(2.10) then p* belongs to the interval [kmin, kmax) -
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6 M.J. GANDER, T.VANZAN

Proof. First we note that |p(k,p)| < |p(k, —p)| for every p > 0. Therefore we can

assume p* € RT. Moreover the function is always positive and equal to zero only
for k = p. Thus we can neglect the absolute value. Direct calculations show that

Lg;’p) = h(k,p) where

(2.11)

Wk, p) = (P — )MP(VE? + A + k) L WP+ = VR PNV + 0PA + k)
R TN e N e W e A TN /e o WS T

We observe that if p* < ki, then g—Z(k‘,p*) < 0 for all k& € [kmin, kmax), hence we are

for sure not at the optimum since increasing p* would decrease the convergence factor
for all the frequencies k € [kmin, kmax]-

On the other hand if p* > kpa.x then we have g—Z(kz,p*) > 0 Vk € [knin, kmax]-
Hence we cannot be at the optimum either since decreasing p* would decrease p(k, p)
Yk € [kmin, kmax)- Thus we can conclude that if p* is a solution of (2.10), then p* lies
in the interval [kmin, kmax)- O

Now we focus on the search of the maxima of p(p,k) with respect to k keeping in
mind that p belongs to [kmin, Fmax]-

LEMMA 2.2 (Local maxima in k). For any fized value of p € [kmin, kmax), the
function k — p(k,p) assumes its mazimum either at k = kuyin or at k = kpax.

Proof. We consider the derivative of p(k, p) with respect to k and we remind that
p(k,p) is always positive so we may neglect the absolute value. Direct calculations
show that % = h(p, k). Thus considering (2.11) we have that letting p € (kmin, Fmax),
% < 0,Vk < p, and % > 0,Vk > p. Therefore the maximum is attained on the
boundary, either at k = kunin or k = kmax-

On the other hand, if p = kunin, p(k, kmin) has a zero in k = kyi,. For all the other
values of k in the interval [kmin, kmax], the function is strictly increasing and therefore
the maximum is attained at k = kpax. The case p = kpax is identical and hence the
result follows. ]

We now have all the ingredients to solve the min-max problem (2.10).

THEOREM 2.3. The unique optimized Robin parameter p* solving the min-maz
problem (2.10) is given by the unique root of the non linear equation

(212) |p(kmin»p*)‘ = |p(kmaxvp*)|‘

Proof. From the previous lemmas, we know that we can rewrite problem (2.10)
as

min  max {p(kmin, D), P(kmax, )},
PE [Emin, kmax]

i.e. the maximum is either attained at k = kpjn or k = knax. We now show that the
optimal p* satisfies a classical equioscillation property [32], see Fig 2 for a graphical

representation. We first note that p(kmin, p) = 0 for p = kpin, and Mk#‘“’m >0,Vp €
(Kmins kmax]. Therefore increasing p, p(kmin,p) strictly increases until it reaches its
maximum value for p = kpax. On the other hand, we have that p(kmax, kmin) is strictly

greater than zero, and while p increases from kpin t0 kmax, p(kmax, p) decreases, being
ap(k#”"m < 0,Yp € [kmin, kmax). Furthermore we have that p(kmax, kmax) = 0.

Hence, thanks to the strict monotonicity of both p(kmin,p) and p(kmax,p), there
exists by continuity a unique value p* such that p(kmin, p*) = p(kmax, p*). This value
is clearly the optimum, because perturbing p* would increase the value of p at one of

the two extrema and therefore the maximum of p over all k. O

This manuscript is for review purposes only.
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HETEROGENEOUS OSMS FOR SECOND ORDER ELLIPTIC PDES 7

Fig. 2: Nlustration of the equioscillation property described in Theorem 2.3.

Even though a closed form solution of (2.12) is not known, it is interesting to study
asymptotically how the algorithm performs. Therefore we keep v, 15 and 72 fixed,
and kmax = 7 while letting A — 0. This is a case of interest since usually we want
to decrease the mesh size h in order to get a better approximation and therefore it
is useful to see how the method performs in this regime. We introduce the notation
. e e f(h)

f(h) ~ g(h) as h — 0 if and only if }llli% Sy =L

THEOREM 2.4. Let D := \/k2, + 2. Then if v1,vs, 7> are kept fized, Emax=%
and h is small enough, then the optimized Robin parameter p* is given by

(AD + Eppin) 7
(A+1)

(2.13) pr~C-h73, Ci=

Furthermore the asymptotic convergence factor of the heterogeneous optimized Schwari
method is

AD D kg kmi

2.14 ko) ~1— hl A Y min min |-

214) b2y PP i [C ot T o }

Proof. We make the ansatz p = C' - h~® in the equation (2.12). Expanding for
small h, we get that

AD D kg k.
kminy Nl_ha i - min min )
(i ) 224 24 b o)

On the other hand,

‘P(kmax,pﬂ ~1—pl-@ + =24 2

s AT

AC 20 C
. .

Comparing the first two terms we get the result. 0

Remark 2.5. Note that if we set 7> = 0, then we recover the results for the
coupling of two Laplace equations with different diffusion constants, see [12]. In that
case,

™

1 min 1 2 / 1
P~ 1—h2 i |:()\—;):| i p* = k‘minﬂ'h_2.

This manuscript is for review purposes only.
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7 p* D maxy, p(k,p*) | maxy p(k,p)

1 22.47 22.47 0.5618 0.5618
100 | 72.11 110.09 0.0737 0.0452
500 | 92.21 | 508.2691 0.0025 0.0081
1000 95 1005 3.74-107% 0.0026

Table 1: Comparison between the optimal solution p* of Theorem 2.3 and the optimal
solution p computed numerically for the min-max problem involving o1 (k) = vep and
1

02(k) = v1p. Mesh size equal to h = .

Moreover we have that the convergence factor (2.14) satisfies for A = = oo,

lpl ~ 1 — h%)\\/g and for A — 0, |p| ~ 1 — h%% Emin - On the other hand as

3
7 — oo we have |[p| ~ 1 — h® \/ﬁ% It follows that for all strong heterogeneity

limits, the constant in front of the asymptotic term h? becomes larger, therefore the
deterioration is slower and the method is more efficient.

Remark 2.6. One could object that if we set oy (k) = vop and o2(k) = v1p, with-
out introducing the ad-hoc term involving 7 in the definition o9 (k), it may be possible
to improve the method. In this case the convergence factor would have two zeros, one
located at k1 := p and the other one located in ko := y/p? — 772. The min-max prob-
lem is then much harder to solve analytically because one of the zeros depends on
the parameter p in a non-linear way. Furthermore for p < 77 the second zero is not
real, for values of p slightly larger than 7, the distance between the two zeros might
be significant while if p is very large then ky = k9. A large number of different cases
arises which make the min-max problem really hard to solve. However, even tough
we are unable to solve the min-max problem for a general setting of parameters, it is
possible to draw conclusions in the case in which k. is large enough. In fact from
an analysis of the convergence factor we deduce that p(kmax,p) — 1 as h — 0. If we
impose equioscillation between p(kmin, p) and p(kmax, p), calculations show that then
p goes to infinity as h — 0 and therefore we have three local maxima in the interval
[Kmin, kmax), two at the boundary and an interior maximum, k located between the
two zeros. Estimating asymptotically |p(l%7p)| as h — 0 using the convexity of the
function in the interval [kq, k2] we obtain

- d =
lp(k,p)| < KZI(,C:\/@J,) “Ip = Vp? = 7P| = h? + o(h?).

Then observing instead that the value of p tends to one at the boundaries, it follows
that the optimal solution is indeed obtained by equioscillations between the extreme
points and the interior point does not play a role. Repeating the analogous calculations
of Theorem 2.4, we find that p has the same asymptotic expression as in the previous
theorem. We can then conclude that, for h — 0, the two min-max problems with
different o2 (k) lead to equivalent optimized parameters. In the non asymptotic regime,
Table 1 shows that the two choices are equivalent for moderate values of 7. For very
large values of 7}, then (2.9) leads to a more efficient method.

2.2. Zeroth order two sided optimized transmission conditions. Let us
consider now the more general case for Robin transmission conditions, with two free

This manuscript is for review purposes only.
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HETEROGENEOUS OSMS FOR SECOND ORDER ELLIPTIC PDES 9

parameters p and ¢ such that the operators S; have eigenvalues

o1(k) = vap, 02(k) = v1V¢* + 72

We remark that, according to this choice, o1 (k) is exact for the frequency k = p
while o2 (k) is exact for frequency k = ¢q. Therefore from (2.6) we deduce the method

converges in two iterations for two frequencies. Letting again A = Z—;, we get,
(2.15)
k— B2 2 — 2 1 72
min  max  |p(k,p,¢)| =min  max ( p)(\Q/ :Z I ;/q ~:_ iU 13 .
Psq Kmin <k<Kmax P Fmin <k<kmax | (k + A\/q2 + 72) (VK2 + 72 + £)

Following the same philosophy of the previous section, we start restricting the range
in which we need to search for the parameters p and ¢. Then we focus on the maxima
with respect to k£ and finally we analyse how these maxima behave with respect to p
and q.

LEMMA 2.7 (Restriction for the interval of p, q). If the couple (p*, ¢*) is a solution
to the min-maz problem (2.15), then we have that both p* and ¢* belong to the interval
[kminy kmax] .

Proof. For p > 0, we observe that |p(k,p,q|) < |p(k,—p,q)| and ¢ is always
squared so we can restrict both parameters to be positive without loss of generality.
Next we consider the partial derivatives of |p| with respect to p and g¢:

(Ol (Ol
(2.16) sign <3p>_ sign(k —p), sign <8q = —sign(k — q).

Repeating the same argument of Lemma 2.1, we conclude that we are not at the
optimum unless both p and ¢ belong to [kmin, Kmax]- O

Next we analyse the behaviour of |p(k, p, ¢)| with respect to the variable k, trying to
identify the local maxima.

LEMMA 2.8 (Local maxima in k). For p,q € [kmin, kmax),

k‘ = kmin; 5 9 ]%; ) ) kmaxa ) )
— lp(k, p, q)| = max{|p( P, ), lp(k, p, @), |p( p,a)l}

where k is an interior mazimum always between [min(p, ¢), max(p, q)].

Proof. We first observe that |p(k, p, ¢)| has two zeros, one at k = p and the other
at k = ¢q. Next we consider the derivative of p(k, p, ¢) with respect to k and assuming
that p # ¢' we get,

aplk,p.a)  (WE2+2 =@+ 712)(VE2 + ) (VE2+ 72 + ) AV a2 + 72 +p)

(2.17) ok D(k.p)
N (k—p)(k+2V/a? +7)k(X +va? +72)
D(k, p) '

The denominator D(k,p) is always positive. Now we consider the two cases in which
k < min(p, ¢) and k > max(p,q): in both we have that p(k,p,q) > 0, and analyzing
equation (2.17) we conclude that for k£ < min(p, q), % < 0 and for k& > max(p, q),

LIf p = ¢ we are considering the optimization problem discussed in the previous paragraph.

This manuscript is for review purposes only.
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—pn(k.p)
= = = lp(kp)l

k

Fig. 3: The left panel shows an example of the convergence factor with its three local
maxima localized at k = kpin, kK = kmax and k = k. On the right we summarizes how
these local maxima behave as function of p and q.

% > 0. Hence by continuity of dxp(k, p), there exits at least one k, which is a local
minimum of p(k,p) and a local maximum for |p(k,p)| see Fig. 3, such that dxp = 0,
and all of them lie in the interval [min(p,q), max(p,q)] for p and ¢ fixed. Now we
prove that the interior maximum is unique. Indeed the interior maxima for |p(k, p, ¢)]
are given by the roots of the equation dxp(k,p) = 0 which corresponds to

kA2 + 42 (AWR T +p) VT

First we suppose that p < k < ¢. Then we have that the left hand side of (2.18) is
positive in k = p, it is strictly decreasing in k, and it reaches zero at k = q. The
right hand side of (2.18) instead starts from zero and it is strictly increasing. We
conclude that there is a unique point k such that the two sides are equal and hence
a unique interior maximum & for lo(k,p,q)|. If instead ¢ < k < p, changing the sign
of (2.18) and diving by k/+/k? + 72, the right hand side is strictly decreasing while
the left hand side, computing the derivative, is strictly increasing and hence the same
conclusion holds.

We may conclude that the function assumes its maximum either at the interior point
12:, or at the boundaries of the interval, i.e. kmin, Kmax- 0

In the next lemma we prove that the end points ki, and knyax satisfy an equioscillation
property as in the previous case of a single parameter p.

LEMMA 2.9 (Equioscillation at the end points). The optimized convergence fac-
tor |p(k, p,q)| must satisfy equioscillation at the endpoints, i.e.

|p(Fmin, 25 @) = [p(Fmax, P*5 ¢7)|-

Proof. We study how |p(kmin,p, q)|, |p(k,p,q)| and [p(kmax,p, g)| behave as p, g
vary and we show that if we do not have equioscillation at the boundary points, we
can always improve the convergence factor until equioscillation is reached. Taking
into account (2.16) we have for every p,q € [kmin, Fmax]

0 kmim 5 0 kmin; )
Ip( P, q)| >0, Ip( P, q)|

B D >0,
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a|p(kmax7p7 q)' a'/)(k'maxvpa Q)|
dp dq

In other words, increasing independently p, ¢ increases |p(kmin,p,q)| and decreases
|p(Fmax, P, q)|- We now compute the total derivative of [p(k,p, q)| with respect to p
and ¢, which since we have 9x|p(k,p,q)| = 0, corresponds to the partial derivative

< 0.

<0,

with respect to the two arguments. One then finds that the sign of 8")(;7;"1)' and

%f’q” depends on the position of k with respect to p and ¢. Indeed it holds

_(opkp )\ _ o (Oplkpl\ s
51gn< o =sign(p — k), sign B4 = sign(q — k).

The right panel of Fig. 3 summarizes the dependence of the local maxima with respect
to p and ¢g. Let us suppose that p < ¢, ¢ fixed, and |p(kmin, D, ¢)| < |p(kmax, P, q)|-
The other cases are treated similarly. We do not make any assumptions on the value of

|p(l;:,p7 q)|. Now if we increase p we decrease max{|p(kmin, D, )|, |p(lAf,p, D1y 1p(kmasx, s q)|}l

as long as [p(Kmin, P: )| < |p(kmax, P )| and p < ¢. If [p(kmin, , @)| = [p(Kkmax, P, )]
for a certain p < ¢, then we obtain the desired result since we have improved

uniformly the convergence factor. Suppose instead that when p = ¢, and there-
fore |p(k,p,q)| = 0, we still have |p(kmin, D, q)| < |p(kmax,D,q)|. Thus the conver-
gence factor is equal to |p(kmax,p,q)|. We now set up a process which improves
MAX[k, - kas] 12K, P, @) until we get equioscillation at the boundary points. As long
as |p(kmin; , @)| < [p(kmax, p, q)|, we increase p > ¢ until |p(k,p, )| < |p(kmax, P, @)|-
When we reach |p(k, p, q)| = |p(kmax, D, ¢)|, we then increase ¢ until ¢ = p. If while
increasing ¢ we still have |p(kmin, D, ¢)| < |p(kmax, P, ¢)|, then we repeat the process.
Continuing this process, we must reach equioscillation at some point by continuity
since when p approaches kyax, we must have |p(kmin, Fmax; )| > |2(kmax, Kmax, @)| = 0.
At the same time we improved surely the convergence factor since, in spite of the ini-
tial value of |p(k,p, q)|, we have that maxy, ko1 ek, p,q)| < |p(kmax, P, q)| which
is decreasing along the process. O

We now have enough tools and insights to prove the main results of this section:

THEOREM 2.10. There are two pairs of parameters (pi, q7) and (p5,q5) such that
we obtain equioscillation between all the three local maxima,

(2.19) 0 (ksnin, 5, @) = |p(kmas, 5, a)| = 1o(k, 03, @) 5 =1,2.
The optimal pair of parameters is the one which realizes the

2.20 i Femins D7, 4]
(2.20) (p;7${?21,2|p( mins Py 5 ;)|

Proof. Let us define Fi(p,q) := p(kmin, D, q) and Fo(p,q) := p(kmax,p,q). Due
to Lemma 2.9, we know that there exist values (p,q) such that F := |Fy(p,q)| —
|F5(p,q)] = 0. We can thus express one parameter, for example ¢, as a function of
the other one, i.e. ¢ = ¢(p). Although the expression is too complicated to be used
for analytical computations, we are able to infer about the structure of ¢(p). First of
all we can state that ¢(p = kmin) = Kkmax since |Fi (Kmin, ¢(kmin))| = 0 implies that
| F (Kmin, ¢(kmin)| = 0 but then the only choice possible is ¢(kmin) = kmax. Similarly
we have ¢(kmax) = kmin. We next use implicit differentiation to infer about the

This manuscript is for review purposes only.
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behaviour of g with respect to p.
Following classical arguments we have that, since F(p,q(p)) =0,

AFp.a(p) _ dFi(p,aw)) — B> a(p)) _ OFy —OF, | OFy —0F, ,

O p—
o o o 34 (p),
and therefore
or _om
(2.21) 4= op—or-
Bq ~ 0q

Analyzing carefully the sign of each term, we conclude that ¢'(p) < 0  Vp € (kmin, Fmax) I
Therefore we state that ¢(p) is a strictly decreasing function which starts from ¢(p =
kmin) = kmax and reaches its minimum at q(kmax) = Kmin-

Now we have only one free parameter p, since ¢ is constrained to vary such that the
equioscillation between the ends points is achieved, thus we look for values of p such
that we obtain equioscillation between ki, and the interior maximum k.

Let us first study how F(p,q) := p(k,p,q(p)) behaves while p varies. As long as
p<k< q(p), we have

sign CW) = sign(y/q(p)? + 712 — \/ k2 + ij2) - sign(F(p, q(p)) < 0,

sign <8|F(}g;(p))> = sign(p — k) - sign(F(p, q(p)) > 0.

Then, keeping in mind the ¢’(p) < 0, F(p, q(p)) is strictly decreasing for all the values
of p such that p < k < q(p),
d|F(p.a(p)| _ 3|F(p,a(p))| , OF(p.a(p))

/
o B + 9 q (p) <O.

Similarly it is straightforward to verify that for ¢(p) < k < p

dFp.aw)| _ 01F@.a)| , AF P )
dp dp 0q

-¢'(p) > 0.

Moreover we have that for p =k = ¢(p), |F(p, q(p))| = 0 and %};}(1)))\ =0.
Focusing next on |Fy(p, q(p))| we can state that, neglecting the sign(Fi(p, ¢(p))), be-
cause it is always positive or zero, the derivatives at the left and right boundary
extrema are equal to

d|F' kmin7 kmax | F kminy kmax o|F kmin; kmax ’ | F kmin; kmax
[F1 ( )| OlF( ) OIF( )Iq(p): [F1 ( )|>07|
dp dp dq dp
and
d|F kmaxy kmin o|F kmax; kmin o|F kmaxa kmin 4 o|F kmaxa kmin
[P | _ AR LY L ) 2IE 1]
dp p 9q 9p

So for values of p in a right neighbourhood of p = kpin, |Fi(p

,q(p))| increases, while
for values of p in a left neighbourhood of p = knax, |F1(p, ¢(p))|

decreases. Using the

This manuscript is for review purposes only.



416

418
119
420
421
122
423
424
425
426
427

428
129
430
431
432
433
134

436

437

438
439
140

441

HETEROGENEOUS OSMS FOR SECOND ORDER ELLIPTIC PDES 13

monotonicity of |F(k, p, ¢(p))| and the fact that when k = p = q(p), |F(k,p, q(p))| = 0,
while |F(Kmin, P, ¢(p))| > 0, we conclude that there exists at least one pair (p, ¢) such
that |F(kminap7 ( ))| = ‘F(k’p7 ( ))|

We still have to prove that actually there exist only two couples (p;,¢q;) such that
equioscillation is achieved. Indeed, if we imagine that |F(p,q(p))| had a certain
behaviour, for example it oscillates, then we might have more than two pairs. Nev-
ertheless we show that |Fy(p, ¢(p))| has a unique local maximum for p € [kmin, kmax)
so that only two equioscillations are allowed among all the three local maxima: one
while |F(p, q(p))| decreases, the other one for increasing |F(p, q(p))|-

To do so, we consider %&q(?))\ again and substitute (2.21),

OF OF: OF: OF
diFy(p,alp))l 3¢ op ~ 9¢  op

8F1 . 8F2
dp dq¢  Oq

The zeros of the derivative are given by the non linear equation

+772 + P
~ \V mln
- Hlln \/kmax \/kmm 2) =

maX ~2 + £
mm kmax + A AV q + 77

It is sufficient to observe that the left hand side starts from 0 and it is strictly increasing
in p, while the right hand side starts from a positive value, it decreases with p and
it reaches 0 for p = kpax. So the equation admits only one solution and therefore
the local maximum with respect to p of |Fi(p, q(p))| is unique. The solution to the
min-max problem (2.15) is the pair of parameters (p*, ¢*) which allows equioscillation
among the three local maxima and realizes (2.20). Every other pair of parameter
would led to the increase of at least one of the local maxima and therefore of the
maximum of |p| over k. O

k‘max* \/q +7] —

In [12], the authors proved a similar result for the Laplace equation with discon-
tinuous coefficients without the presence of the further optimality condition (2.20).
Their result was based on the possibility to restrict the interval of interest for the pa-
rameters to p < g or ¢ < p according to the value of A. In the present case this is not
possible because of the presence of 772 which breaks the symmetry of the convergence
factor. Therefore we cannot discard a priori one of the two possible equioscillations
and the further condition (2.20) must be added. Nevertheless in the asymptotic regime
for h — 0 and k. — 00, the next result allows us to clearly choose the optimal pair
as a function of A, recovering the property of the results for the simplified situation
treated in [12].

THEOREM 2.11. Let D := +\/k2, + 2. Then if the physical parameters 72, vy, vs
are fived, kmax = 7 and h goes to zero, the optimized two-sided Robin parameters are
for X >1,

w _ AlkmintD)  2V2(1+A) AD+Fmin)\? mm+D
P~ 71 TAO—1)
s, T o1y V2(14 )%y /7 (kmin+D)

(2.22) g ~ ™3y zx(\/x 1) h-

2f(1+>\ v/ (kmin+D) h

maxy,,. <k<x/n |0k, D}, a})] ~ 5 — NCYeEY)
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and for A <1 we have

p3 ~ La(1 = Ah1 g V2O A D enin) g

2 2(1-)
2 2 1
2.23 5~ <D+kmi“> — 2 — 22D ) QLNAD o),
( ) q2 -\ (/\71)4\/m\/%,ﬁ2

2\/5/\(1+/\)\/mh%

manmmgkgrr/h |p(k7p;a ffzk)| ~ A= VT(1=X)

Proof. Guided by numerical experiments, for A > 1 we make the ansatz p ~
Cp+ Ah%, g~ Qh~1+ Bh_%7 and k = C’kh_%. First of all considering the equation
8kp(l%,p, g) = 0, we find setting to zero the first non zero term Cy = /C), - Q. Insert-
ing this into (2.19) and comparing the two leading terms, we get the result. Similarly
for A < 1, we make the ansatz p ~ Cph ™'+ Ah™%, ¢ ~ Q4 Bh? and k = Cyh™? and

we get C, = /Cpy/Q? + 2. Substituting and matching the leading order terms we

obtain the result. 0

If we set 772 = 0, then D = ky,;, and we recover the results of [12]. Note that in
contrast to the one sided case, the convergence factor does not deteriorate to 1 as
h — 0, but it is bounded either by % if A>1or by Aif A < 1, so we obtain a non-
overlapping optimized Schwarz method that converges independently of the mesh size
h. We emphasize that the heterogeneity makes the method faster instead of presenting
a difficulty. A heuristic explanation is that the heterogeneity tends to decouple the
problems, making them less dependent one from the other. In contrast with other
domain decomposition methods, optimized Schwarz methods can be tuned according
to the physics and therefore they can benefit from this decoupling.

3. Advection Reaction Diffusion-Reaction Diffusion coupling. In this
section, we consider again a domain {2 divided into two subdomains, €21, {25 according
to the description at the beginning of Section 2. In ©; we have a reaction diffusion
equation, while in Q5 we have an advection reaction diffusion equation. We allow
the reaction and diffusion coefficients to be different among the subdomains. The
optimized Schwarz method reads

N} —uv A} = f, in Q,
(3.1) (118, + S1) (W) (0,) = (1280, —a- (1,07 + 1) (uz™1)(0,),
’ M3 +a-V—wmAud = f in Q,
(120, —a-(1,0)7 = S5)(up)(0,) = (118, — S2)(uf™1)(0,),

where a = (a1,a2) . The additional term in the transmission conditions arises from
the conservation of the flux in divergence form, see Chapter 6 in [31]. We first suppose
as = 0. Then we can solve the error equations in the subdomains through separation
of variables and we obtain e} =), .|, &} sin(ky), i = 1,2, where

712
ér(k,x) = A”(k)emm &n(k, x) = B (k)er- 07
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af+4u§k2+41/2 77%
21/2

and A_ (k) := 2
we get

. Inserting ey, es into the transmission conditions

viy/ Zj + E2A"(k) 4+ o1 (k) A" (k) = voX_(k)B" 1 (k) — a1 B" " (k) + o1 (k) B" " (k),

vaA_(k)B" (k) — a1 B" (k) — o2(k)B" (k) = 114/ f + E2A" (k) — o9 (k) A" ().

The convergence factor is therefore given by

vod_(k) — a1 + o1(k) vi/n? + k? — oa(k)
N2+ k2 + oy (k) veA-(k) — a1 — oa(k)’

where 77 = % We rewrite A_(k) as A_(k) = 2L — k2 + 62 with 62 = ai Z—g

21/2 m
Using the dependence on k, the convergence factor becomes ’
0 ) voVk? 462+ G —o1(k)  vi\/Nf + k% — oa(k)
,01,02) = .
P b2 Vl\/ﬁ%—l—kz-i-O'l(k) Vg\/k2+62+%+0'2(k)

We can define the two optimal operators S;-)pt associated to the eigenvalues Ui’pt (k) ==

voVEk? + 02 + % and o5 (k) := v1\/k% + 77 which lead to convergence in just two
iterations.

p(k701702) =

3.1. Zeroth order single sided optimized transmission conditions. Fol-
lowing the strategy of the previous section, we choose o1 (k), o2 (k) so that they coincide
with the optimal choice for the frequency k = p, i.e. o1(k) = vo/p? +62 + 4 and
oa(k) = v1/p? + 7. Defining \ := oL, the convergence factor then becomes

VIR PR VT~ /74
(3.2) p(k,p) = - - = = —
X<\/k2+52+ﬁ)+\/p2+n1 )\\/k2+771+< p2+62+ﬁ)

THEOREM 3.1. The unique optimized Robin parameter p* solving the min-maz
problem

i k
min, max el

is given by the unique oot of the non linear equation

|p(p*7 kmin)‘ = |p(p*a kmax)|~

Proof. The proof is very similar to the proof of Theorem 2.3, therefore we just
sketch the main steps. We start observing that p(k,p) has only one zero located at
k =pand p(k,p) >0 Vk,p. Thus we may neglect the absolute value. Analysing the
derivative with respect to p, we find

s (P52 )

This implies that %’;p) > 0if k£ < p and %’;’p) < 0if £ > p. We conclude that p

must lie in the interval [kmin, kmax]- Similarly the derivative with respect to k satisfies
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3p(k 8p(k

P < 0if k< p and 2 5 0if k> p. Hence, the local maxima with respect
to k; are located at the boundary points k = kpin, and k = knax. Repeating the final
argument of Theorem 2.3 we get the result. ]

Since a closed form formula is again not available, we show now asymptotic results
for the optimal parameter p* and observe the behaviour of the method when taking
finer and finer meshes.

THEOREM 3.2. If the physical parameters are fived, kmax =7 and h is small enough,j
then the optimized Robin parameter p* satisfies

\/ A+1)m ( VK2 i v + 2 mm+52y2—a1)
Vavs (A +1) -

Furthermore the asymptotic convergence factor is

2
max_[p(k,p")| ~ 1 — h? (C“ A+1) ) :

P~ Co b7, Cy =

kmmSkSﬂ'/h A i
Proof. We insert the ansatz p = C, - h~% into the equation (2.12). Expanding for
small h, we get that
Co (A+1)
kmin) ~1 —h% | —————— | .
(P, kmin) ( v

On the other hand,

)\—I—l ( 2\/kjr2nm—|-’l71)\V2—2\/ 51/2-‘1-&1)

1
k ~14+n7ott |2
p(p max) + 2 Ca V2
Comparing the first two terms we get the result. ]

3.2. Zeroth order two sided optimized transmission conditions. In this
paragraph we generalize the previous transmission conditions, introducing another
degree of freedom ¢. The operators S; are such that their eigenvalues are

a -
o1(k) = o q2—|—52+?1, 0’2(k)=1/1\/p2+77%7

and the convergence factor becomes

VER R - VPP it _ VEZ+ 82 — \/¢? + 62
1 (\/k'2 +62 + ;712) VPR MR+ + (\/q2 +462 + ;712)
In order to prove a similar result as in Theorem 2.10, we suppose that n; = 0, i.e.

only diffusion is present in €, and a; > 0, i.e. the advection flux is pointing into the
subdomain 2.

p(k,p) =

THEOREM 3.3. There are two pairs of parameters (pf,q;) and (p5,q3) such that
we obtain equioscillation between all the three local mazima located at the boundary
extrema kmin, kmax and at the interior point k,

lp(Kmin, P55 45 = 1p(kmax, 9}, ;)| = |p(k, 0}, q5)| J=1,2.

This manuscript is for review purposes only.



536

w W w
o

[S1 NS G, e |

B

544
545
546

[ S B
ot Ot Ot
o =

w

=

[ B
(S NS G
t

557

HETEROGENEOUS OSMS FOR SECOND ORDER ELLIPTIC PDES 17

The optimal pair of parameters is the one which realizes the

i Kin, D5, @)
L |p(Kmin, P}, 45 )|

Proof. Similarly to the proof of Theorem 2.10, we observe that the function admits
two zeros, one located at k = p, the other at £ = ¢ due to the choice of the transmission
operators. Computing the derivatives with respect to p and q we get

.0 . ) )
s1gn<8'—]‘j'> — —sign(p) -sign(k — q) = —sign(k — p),

Sign(afq) = —sign(p) - sign(k — p) = —sign(k — q).

We conclude that, at the optimum, both p and ¢ lie in [kpin, kmax], i-€. the function at
the optimum has two zeros in the interval. Now we study the behaviour with respect
to k. Computing the derivative with respect to k, we find that the potential local
maxima are given by the roots of

V2 + k2 — /82 +¢> p—k

k(Nk+ /g + 0% + &) \/m<p)\+\/k2+52+ﬁ).

2112

With some algebraic manipulations, we find that a sufficient condition such that
p—k . . . .

NIV rar o) has a monotonic behaviour with respect to k is that a; > 0.

Then under this hypothesis we may repeat the arguments in the proof of Theorem

2.10. Letting p,q in [Kmin, Fmax|, we have that the local maxima of the function are

located at Emin, Fmax, k. Moreover we have

d\p| ard

i >0, ek >0,

op | k=Fkmin 94 | k=Kmin

el d|p|
3.3 — = <0, —— |k=kpa. <0,
(3.3) o k= max 94 | k=K max

dlpl dlp|

7@ |k::]~c < O, 78(] |k:l§ > 0.

We can thus repeat the same arguments as in the proof of Theorem 2.10 since all
steps are now exclusively based on the sign of the partial derivatives with respect to

the parameters, see (3.3), and the result follows. d
THEOREM 3.4. Let D := \/k2, + 02. If the physical parameters ij3,v1,v2, a1 are

fived, kmax = 7 and h goes to zero, the optimized two-sided Robin parameters are for
A>1,

* - —1 * 1 % Eymr(A+1) 4 1
i~ P+ By gf ~ Q- Faha, max (k. gt i) ~ A= GREhe,
min =NV X p
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558  with
ﬂ-()\ - 1) D + kmin + 25‘71/\
559 Pl =y Ql = \/2 - 523
2X 1— %
560  Fy o= 2(P1\/32 + Q3 + CR)A + Do + Prar)(AP1 + )°
56( L=

2)\2P11/2C'h7r()\+ 1) ’

o (2(P1y/6%2 4+ Q% + CR)(A + Dvz + Pra1)(2v2(Memin + /02 + Q3) + 1)’ /62 + Q3
T AN Piv2CHLQ1 (202 (Mkmin + D) + a1) ’

. VERVEF @ +1) +a)
562 h o= .
563 V2r2(A+1)

564 and for A < 1,

561

S5 Dh~Po—Ih3, g~ Qoh T+ Fh TR, max |p(k,p5,a5)| ~ A — F2T0ED Y
566 with
D + kmin + = —1
567 Py = 2 Qy = L)‘Q ),
o g, = (Ot 1)(Diy + PaQa)va + 9722)(2u2(AP2 + D) + a1)®
00¢ 2 = ’

202Dy Q2(2kmin Av2 + 2v2D + ay)
VAt 1\/(D + kmin) (A + 1) + £ /7 (31 — 1)

569 F = )

6 2 ﬂ(l — )\2)

_ \/QQ(QPQVQ(/\—‘r 1) +a1)
570 Dh = .
571 2wa(A+1)
572 Proof. The proof follows the same steps as in the proof of Theorem 2.11. 0
573 3.3. Advection tangential to the interface. In the previous subsection we
574 restricted our study to the case of advection normal to the interface. Here we consider
575 the other relevant physical case, namely advection tangential to the interface, so that
576 a3 = 0 and as # 0 in (3.1). For homogeneous problems, this case has been studied
577 through Fourier transform in unbouded domains, see for instance [7]. However, it
578 has recently been observed in [18], that for homogeneous problems with tangential
579 advection this procedure does not yield efficient optimized parameters. The reason
580 behind this failure lies in the separation of variables technique which applied to the
581 error equation,

(N} —11A)el = 0, in O,

(105 +81)(e})(0,) = (20, + S1)(e3™")(0, ),

82 (34)

(n? + a20y — vaA)es 0, in o,
(v20; — S2)(e8)(0,) = (10: — S2)(e]~1)(0, ),

583 leads to

584 (3.5) e} = Z &m0, k)eM P sin(ky) and el = Z é5 (0, k)e‘M(k)xe% sin(ky),
kev kev

} _ 212 21,3 ~ 2 .
585 where Ay (k) = /B2 + 11, Ao(k) = Y2k -;‘Zﬂlz 9 with ;= Z—; Since the func-
azy

586 tions Yk (y) := sin(ky) and ¢ (y) := e?2 sin(ky) are not orthogonal, it is not possible
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587 to obtain a recurrence relation which expresses €}/ (0, k) only as a function of é?_Q(O, k)
588 for each k and j = 1,2. Nevertheless we here propose a more general approach. First
589 let us define two scalar products, the classical L? scalar product (f, g) = % fr fgdy and

590 the weighted scalar product (f, g)w = %fr fge_%dy. It follows that (g, ¥;) = 0k ;
501 and (¢g, ®j)w = Okj. Setting S := vaXa(p) and Sy := v1Ai(q) for p,g € R and
592 inserting the expansions (3.5) into the boundary conditions of (3.4) we obtain

(3.6)
.+OO 1 (0, 1) (n1 A1 (8) + v2da(p))i(y) = joo &7 10,0 (=22 (1) + vada(p)) du(y),
593 =1 =1
; &3(0,1)(— (1) — 11 ()i (y) = +; 10, 8) (A (i) — 1 ()i (9).

594  We truncate the expansions for i, > N, since higher frequencies are not represented
595 by the numerical grid, and we project the first equation onto ¥, with respect the
596 scalar product (-,-) and the second one onto ¢; with respect to the weighted scalar
597 product (-, )y,

(3.7)
er(0,k)(n1A1(k) +12h2(p) = lzl 5710, 1) (=2 Ao (1) + v2Xa(p) (Vi 1),

598 =
e5(0,7)(—v2A2(j) —vidi(q)) = ié?_l(oﬁ)('h/\l(i) — 1A (@) (D5, Yi)w-

599 Defining now the vectors e € R¥ such that (e}); :=€7(0,4) for j = 1,2, the matrices
600 Vi := (Ui, 1), Wji = (¢;,%:)w and the diagonal matrices (D1);; := (—vaXa(l) +
601 v2Aa(p)), (D1)kk = (1Ai(k) + v2Aa(p)), (D2)ii = (1A1(i) — vidi(q)), (D2)j; =
602 (—raAa(j) — 11A1(q)), we obtain,

e — D—IVDlen—l
603 (3.8 1 21 2
38 ey = Dy'WDael! ',

604 which implies
605 (3.9) el = DT'VD1Dy'WDqe ™% and ef = Dy 'WDyD; 'V Dyeh 2.

606 Since for two given matrices A, B the spectral radius satisfies p(AB) = p(BA), we
607 conclude that p(D; 'V DDy 'WDs) = p(Dy *W Dy D'V D) and therefore, in order
608  to accelerate the method, we are interested in the minimization problem

609 (3.10) mirﬂl{ p((D7*'V DDy *WDy)(p, q)).

P.q€
610 Problem (3.10) does not have yet a closed formula solution. However in the next
611 section we show its efficiency by solving numerically the minimization problem.

612 Remark 3.5. Equation (3.10) is a straight generalization of the min-max prob-
613 lem (2.8). Indeed, assuming that the functions v and ¢; are orthogonal, the ma-
614 trices V and W are the identity matrix. Therefore equation (3.9) simplifies to
615 ep = De' % and e} = Dej 2, where the diagonal matrix D satisfies (D) =
616 beda(k)—raXa(p) vidi(k) —viAi(a)
T UL (R)Frara(p) varz (k) FriXi(q) |
617 onal entries we get that if W =V =1,

Since the eigenvalues of a diagonal matrix are its diag-

: - - , A2 (k) — vada(p) viAi(k) — vidi(g)
18 Dy'VD Dy 'wD = " ,
o Prggﬁ%p(( v VDiDy WD2)(p,9) g ke viA1L(k) +v2da(p) vara (k) +v1A1(q)
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h p single sided | p double sided h p single sided | p double sided
1/50 0.7035 0.4052 1/50 0.1721 0.0337
1/100 0.7801 0.4748 1/100 0.2625 0.0456
1/500 0.8950 0.6160 1/500 0.4868 0.0685

1/1000 0.9245 0.6672 || 1/1000 0.5823 0.0760
1/5000 0.9655 0.7650 || 1/5000 0.7662 0.0872

Table 2: Asymptotic behaviour as h — 0 for the reaction diffusion-diffusion coupling.
Physical parameters: left table 72 = A = 1, right table 72 = A = 10.

Remark 3.6. The case of an arbitrary advection, i.e. a; # 0 and ay # 0 has
been recently treated in [18] for homogeneous problems. Considering a heterogeneous
problem with advection fields a; = (alj,agj)T in domain €}, j = 1,2, a separation
of variables approach would lead to non orthogonal functions ¥ (y) = eTh sin(ky)

a2y
and ¢ (y) = Sy sin(ky) unless g2t = 222, and thus it is not possible to obtain a

recurrence relation as shown in (3.5). However the approach developed in this section
can be readily applied. The subdomain solutions are

a1y | a2y
et (z,y) E ey pe 2 sin(ky)e M)z en( E éy pe 22 sin(ky)e —Ha(k)z
kev kev
. a11+\/4y12k2+41/127ﬁ2+a11+a21 a12+\/4ugk2+4u2022+a12+a22
with A (k) = and A2(k) =

Defining S1 = voXa2(p) + CL12, Sa =i (p ) — a, the two scalar products (fs 9w,

% Jr fgef%dy and (f, @)w, = 7 fr fge~ 7y dy and repeating the calculations (3.6)-
(3.8), one finds the recurrence relation (3.9), with Viy := ¢k, ¢1)w,, Wi 1= (05, ¥i)ws
and the diagonal matrices (D1); := (—v2X2(l) + veX2(p )),(D1)k,k = (nA(k) +
Voo (p) — @11 + 1), (Da)ii i= (1A (i) — 11A1(9)), (D25 = (—v2ra(j) — vidi(q) —
aiz +am).

4. Numerical results. Our numerical experiments to test the different coupling
strategies separately are performed using the subdomains ; = (—1,0) x (0,1), Q5 =
(0,1) x (0,1). We use a classical five point finite difference scheme for the interior
points and treat the normal derivatives with second order discretization using a ghost
point formulation.

4.1. Reaction Diffusion-Diffusion coupling. We first consider the reaction
diffusion-diffusion coupling analyzed in Section 2. Tables 2 and 3 show the values
of the convergence factor in two different asymptotic regimes, when h — 0, and
for strong heterogeneity. As the asymptotic Theorem 2.11 and Remark 2.5 state, a
strong heterogeneity improves the performance of the algorithm. In the single sided
optimized case, the value of the convergence factor |p(k)| tends to 1, while in the
double sided case, |p(k)| is bounded either by A or by 1/\. Fig. 4 shows the number
of iterations required to reach convergence with a tolerance of 107¢ as function of
the optimized parameters in both the single and double sided cases. We see that the
analysis predicts the optimized parameter very well.

2. Advection Reaction Diffusion-Diffusion coupling. Next we consider
the advection reaction diffusion-diffusion coupling with advection normal to the inter-
face. Table 4 summarizes the behaviour of p(k) as h — 0 and for strong heterogeneity.
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A p single sided | p double sided
0.001 0.0125 7810717
0.01 0.1075 0.0078

0.1 0.4453 0.0757

1 0.5851 0.4748

10 0.2625 0.076
100 0.0389 0.0078
1000 0.0040 781074

21

Table 3: Asymptotic behaviour as A — 0 and A — oo, with h = 0.05 for the reaction
diffusion-diffusion coupling. Physical parameter: 72 = 1.

130

Iterations

20 L L L L L L 30

Fig. 4: Number of iterations required to reach convergence with a tolerance of 1076
as function of the optimized parameters for the reaction diffusion-diffusion coupling.
The left panel shows the single sided case while the right panel shows the double sided
case. Physical parameters : v, = 2, vy = 1, n? = 10, mesh size h = 0.02.

Similarly Fig 5 shows the number of iterations required to reach convergence with the
tolerance of 10~%. Figure 6 shows the number of iterations to reach convergence for the
tangential advection case. The minimization problem (3.10) is solved numerically to
find the optimal parameters p and g using the Nelder-Mead algorithm. We have solved
the minimization problem with different initial couples (p, ¢) and we have noticed that
the optimal solution satisfies an ordering relation between p and ¢ depending on \ as
in Theorem 2.11 and 3.4.

4.3. Application to the contaminant transport problem. The compu-
tational domain € described in Fig 1 is set equal to © = (0,8) x (—4,0), with
Q; = (0,8) x (1 —4,—j), 7 = 1..4. On the top boundary I';, we impose a con-
dition on the incoming contaminant flow, i.e. % — agu = 1 while on the bottom edge

I's we impose a zero Neumann boundary condition g—z = 0. On the vertical edges I's

and I'y we set absorbing boundary conditions so that

% +pu=0 on {0} x[-3;0] and {8} x [-3;0],
Gw—au+pu=0 on {0} x [~4—3] and {8} x [~4; -3,
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A p single sided | p double sided

h p single sided | p double sided || 0.001 0.0031 4.89-107%
1/50 0.4766 0.1835 0.01 0.0297 0.0049
1/100 0.5910 0.2306 0.1 0.2101 0.0458
1/500 0.7889 0.3274 1 0.4865 0.2552
1/1000 0.8452 0.3618 10 0.2786 0.0517
1/5000 0.9273 0.4228 100 0.0459 0.0056

1000 0.0049 5.6-10~7

Table 4: For the advection reaction diffusion-diffusion coupling, the left table shows
the asymptotic behaviour when h — 0 while the right table shows the values of the
convergence factor for strong heterogeneity when h = 1/50. Physical parameters:
n? =1,m3 =2,v1 = 2,15 = 1l,a3 = 0, a; = 5, mesh size h = 0.02.

14 |30 32
30 30
12 28 28
&
2
10 8 2 26 —— .
" S 22 —— 24
c ‘ / \
2 o 8 O R — 29 e =
I | / ;
e | -
5 o/ °
I - /
A O N —
at | T S 22/
S ‘ g 24 —|
2r 8 ‘ s\ gy
20 do
5 10 15 20 25 30 35 40 40 50 60 70 80 90 100 110 120 130
P P

Fig. 5: Number of iterations required to reach convergence with a tolerance of 10~°
as function of the optimized parameters for the advection reaction diffusion-diffusion
coupling with normal advection. Physical parameters: vy = 2, vp = 1, 73 = 1,
n3 = 2,a; = 5, mesh size h = 0.02.

where n is the outgoing normal vector. The parameter p is chosen equal to p = ﬂ ,
being kyin = 7 and kypax = 7. This choice derives from the observation that imposing
% + DtNu = 0, where DtN is the Dirichlet to Neumann operator, is an exact
transparent boundary condition, see [29, 28]. Thus we replace the expensive exact
transparent boundary condition with an approximation of the DtNN operator. We
know from [9] that p = ﬂ is indeed a zero order approximation of the DiN
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Fig. 6: In the top row, we show the number of iterations required to reach convergence
with a tolerance of 1076 as function of the optimized parameters for the advection
reaction diffusion-diffusion coupling with tangential advection. In the bottom row, we
show the dependence on p and the level curves of the objective function in the min-
max problem (3.10). Physical parameters: 11 = 1, vp = 2, n? = 1, 03 = 2,ay = 15,

mesh size h = 0.01.

operator. To solve the system of PDEs, we

(4.1)
—v1 Au} — a0yult
an1,2u7f + plQU’T
nauy — veAul
anl,lug +p21u§
8712,3“’3 + p23u3
—Z/3AU,§'
8’n2,2u§I + p32u§
8"3,4ug + p3auy
—vgAu} + a10,ul
6713,3”2 + p43uff

=0
o n—1 n—1
- a7L1,2u2 + P12Uy
=0
—1 —1
= an1,1u? +p21u?
n—1 n—1
= On,3us  + p2sug
=0
—1 —1
= aﬂ2,2u3 + p32u§
n—1 n—1
= an3,4u4 + P34y
=0
n—1 n—1
= Opg su3 ~ + pasuy

consider the optimized Schwarz method:

in 917
on X,
in 927
on 21,
on 22,
in 937
on Yo,
on 23,
in Q4,
on 23,

Bi(u}) =0 on 0O \ X1,

Bg(ug) =0on 392 \ {21, 22},

B3(U§) =0on 693 \ {22, 23},

B4(u2) =0 on 394 \ 23,

where 3J; are the shared interfaces ; = 9€); N 0Q;41,7 = 1,2, 3, the vectors n; ; are
the normal vectors on the interface >; pointing towards the interior of the domain 2;
and the operators B;(u;) represent the boundary conditions to impose on the bound-
ary excluding the shared interfaces. Regarding the Robin parameters p; ;, we choose
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Fig. 7

Stationary distribution of the contaminant. Physical parameters:
v1 =05, =3,v3=3,1v4 = 1,77% =0.01,a2 =2,a1 = 2.

them according to the two subdomain analysis carried out in this manuscript. Due
to the exponential decay of the error away from the interface, see eq. (2.3), if the
subdomains are not too narrow in the y direction, the information transmitted from
each subdomain to the neighbouring one does not change significantly and therefore
the p; ; from a two subdomain analysis are still a good choice. We remark that this ar-
gument does not hold for the Helmholtz equation, for which there are resonant modes
for frequencies k < w, where w is the wave number, which travel along the domains
and they do not decay away from the interface. Figure 7 shows the stationary distri-
bution of the contaminant. We observe that due to the advection in the y direction
in 4, the contaminant accumulates on the interface with €5, representing the porous
medium, and here we have the highest concentration. Then the contaminant diffuses
into the layers below and already in the porous media region it feels the presence of
the tangential advection in €24. Next we also consider the transient version of equa-
tions (4.1). We discretize the time derivative with an implicit Euler scheme, so that
each equation has a further reaction term equal to 77]2',tmn = 17?7 stat T 27. Figure 8
shows the time dependent evolution of the concentration u over 400 integration steps.
The initial condition is set equal to zero on the whole domain €.

Table 5 shows the number of iterations to reach a tolerance of 10~° for the al-
gorithm (4.1) both used as iterative method and as a preconditioner for GMRES for
the substructured system, see [13] for an introduction to the substructured version of
(4.1). We consider both single and double sided optimizations for the parameters p; ;
at each interface. For the time evolution problem, the stopping criterion is

U —u U —u U
) max{nm 6 g, il Jubs, 423”}_10
[|uf 21” ([ugy 22” Jug 23”

From Figures 7 and 8, we note that this physical configuration would represent a safe
situation since a very small concentration of contaminant manages to get through the
vertical diffusive layers and to reach the right-bottom of the domain, where it could
pollute the water well.

5. Conclusions. In this manuscript we considered the heterogeneous couplings
arising from second order elliptic PDEs and solved analytically the corresponding
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(b) 200 time steps.

x

(c) 300 time steps. (d) 400 time steps.

Fig. 8: Evolution of the contaminant concentration w.

Iterative | GMRES Iterative | GMRES

Single sided 270 33 Single sided 11.5 5.7

Double sided 55 25 || Double sided 9.6 4.3
Table 5

Number of iterations to reach a tolerance of 1075 for the optimized Schwarz method
(4.1) used as an iterative method and as a preconditioner. The left side refers to the
stationary case while the right side to the transient one where we consider the
number of iterations needed to satisfy the stopping criterion (4.2) averaged over 400
time steps.

min-max problems, except in the case of tangential advection to the interface where
we provided a numerical optimization procedure. Our results show that optimized
Schwarz methods are not only natural for heterogeneous problems, they are also ex-
tremely efficient. Indeed, the asymptotic analysis shows that the stronger the hetero-
geneity is, the fastest becomes the convergence. In particular, a double sided method
should be preferred since not only is it clearly faster than a single sided one, but it
also leads to an h independent convergence as long as there is a jump in the diffusion
coefficients. Our analysis is based on a two dimensional setting but the results can be
extended to three dimensional problems. Considering Q1 = (—00,0) x (0, L) x (0, L)
and Qy = (0,400) x (0,L) x (0, L), we can obtain analogous sine expansions for the
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errors €, j = 1,2 as in Section 2. Then, for symmetric problems and in the case of

normal advection to the plane I' := {0} x (0, L) x (0, L), we can reuse the same theo-
retical results by changing the range of frequencies in the min-max problems, setting
kmin = T + % and kpax = 27” Considering tangential advection, all the possible tan-
gential directions now lie on the plane I', which in our example is the y-z plane. Then
one could use the numerical procedure developed in Section 3.3 introducing the ma-
trices V and W and proper scalar products defined as integrals on the 2 dimensional
interface.
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