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Abstract. Optimized Schwarz methods use better transmission conditions than
the classical Dirichlet conditions that were used by Schwarz. These transmission
conditions are optimized for the physical problem that needs to be solved to lead
to fast convergence. The optimization is typically performed in the geometrically
simplified setting of two unbounded subdomains using Fourier transforms. Recent
studies for both homogeneous and heterogeneous domain decomposition methods
indicate that the geometry of the physical domain has actually an influence on
this optimization process. We study here this influence for an advection diffusion
equation in a bounded domain using separation of variables. We provide theoret-
ical results for the min-max problems characterizing the optimized transmission
conditions. Our numerical experiments show significant improvements of the new
transmission conditions which take the geometry into account, especially for strong
tangential advection.

1 Introduction

We study optimized Schwarz methods for the advection diffusion equation

—vAu+a-Vu=0 in {2,

u=g on Of2, (1)

where v € RY, a = (a1,a2)7 € R? and 2 is a bounded domain in two

dimensions. As a model problem we consider the geometry given in Figure
1. We decompose 2 = (—L, L) x (0, L) into two subdomains £y = (—L,0) x

-L 0 L -L 0 L

Fig. 1. Geometry of the domain {2 on the left, and decomposition into two subdo-
mains on the right.
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(0,L) and 25 = (0, L) x (0, L), and because of the linearity of (1), we study

the optimized Schwarz methods for the errors e = u; — u},

—vAep +a-Vep =0 in 21, (w0, +51)(e})(0,-) = (0, + s1)(eh 1)(0,),
—vAel +a-Vey =0 in 25, (vdy — 52)(e})(0,) = (v, — s2)(e}1)(0, ),

(2)
where s1,59 € R are to be determined to get fast convergence. This is typ-
ically done using Fourier transforms in the simplified setting of unbounded
domains, see [1] and references therein, and in particular [2] for the case of
advection diffusion problems. Advection diffusion problems have however of-
ten boundary layers, which can not be taken into account using unbounded
domain analysis. The influence of geometry on the optimization for Laplace’s
equation on a rectangular domain has been studied in [3], and for circular
domain decomposition, see [4],[5]. We study here for the first time the influ-
ence of geometry on the optimization of transmission conditions for advection
diffusion problems, looking for a separation of variables solution of the form
ez, y) = ¢7(x)Y}(y),j = 1,2 in rectangular domains. Substituting the
separation of variables Ansatz into (1), we obtain on (2

Vayyw? - a28yw? + MHL =0, ye€ (Oa L)a (3)
1(0) =91 (L) =0,
VOpr®] — 10,07 — AT =0, x € (—L,0), (4)

¢1(~L) =0 and vd,¢7(0) + 5167(0) =r37",

where 73! is the Robin data to impose on I'. Equation (3) is a Sturm-
Liouville eigenvalue problem,

L1p =X, (0) =(L) =0, L :=ve (—jy [e—“f’y Chfi;y)D NGY

Hence the A are the eigenvalues of the differential operator £ with the associ-
ated boundary conditions, and the eigenfunctions ¢ form an orthogonal basis
for the Hilbert space L?(0, L) with respect to the weighted L? inner product

a

L L
(f. G = / Fwewe dy, 113 = / Py,

For A < 0, equation (5) does not admit a solution due to the boundary
conditions. For A > 0, the general solution of (5) is given by

ey (A —a3 - 4 v — a3
U(y)=e <C1 cos(\/ =, — ) + G sin(y ——y) | -

The boundary conditions prescribe C' = 0 and a quantization on A such that
2
A=)\ = ”’22212 + 22,1 € N. Equation (4) then has the associated solution

av)
Valtavn ad+avx e
ot (z) = - <D{le2v + Dge_?v> .
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Since boundary layers appearing on lateral boundaries will not reach the
interface, we assume for simplicity that the domain is unbounded in the z
direction and therefore get DY = 0. With similar calculations for es(z,y), we
obtain for the error functions on both subdomains by linearity

e ajztagy \/W ;’ﬁ
er(z,y) = lzzl er e o Sirl(l”Ty)e+%7

- 6)
eg(m7y) = l; é;lealxztwy Sin(lﬂTy)e_quw,

where €7 are constants to be determined imposing the Robin transmission
conditions on I'. Inserting the series expansions for e} ,ef into the transmis-
sion conditions of the optimized Schwarz methods (2) and using the orthonor-
mality of the eigenfunctions, we find for each !

; 12122 1021272

ai af+a§+ VLEW + sno ai a%—i—ag—&- VLEW + sn—1

T tsi|en =\ T s ey,
2122 212,.2

PN Ve e =N IS (PO Vi sl oy =R P

2 2 S2 €= | 3 p) S2 )€1 -

(7)
We thus obtain over a double step €}, = p(l)é} %, &3, = p(l)é5;?, where the
convergence factor is given by

Ap2]2 72 4021272
0 \/af—l—a%—i— Y —ay — 251 \/al 4 a3 + F5E 4+ ag — 259 -
p(l) == . (8
2 2 421272 ) 2 2 4021272 )
a] +a5+ —Fz— —a1+2524/a] + a5+ —Fz— + a1+ 25

2 Optimization

To optimize s1, s for fast convergence, we need to minimize the absolute
value of the convergence factor p(l) over all relevant [ € {1,..., N}, where
N is determined by the numerical truncation of the infinite series'. We in-

troduce the function f:p — \/a% + a2+ 4227 and set first 5, = L%

and sy = %, where p € RT, since f depends on p?. Inserting these
expressions for s, so into (8), and considering for simplicity a continuous set
for [ instead of the discrete one, see [9], we obtain the min-max problem

<f(l) - f(p)>2 | ©

min max |p(l,p)] = min max

pER IE[1,N] per+1e[L,N] |\ f(1) + f(p)
! In the unbounded domain analysis, one minimizes over all frequencies k := %l S
[Fmin, Fmax|, With Emin := ¥ and kmax = T, where h = ﬁ is the mesh size

and N the number of mesh points on the interface I'. From (6), we see that kmin

corresponds to [ = 1, and for [ = N, % ~ 7 = kmax, like in e.g. [1].
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We now solve the general min-max problem (9) under the only condition that
the function f is strictly monotonic, which holds for our case.

Theorem 1. If the function f is strictly monotonic, then the solution of
the min-maz problem (9) is given by the unique p* which satisfies f(p*) =
FAFN).

Proof. We prove the result when f is strictly increasing, the argument when
f is strictly decreasing is analogous. Since the objective function is squared,
we can omit the absolute value, and we compute

Op _ A4S = N f () Op _ A = f(p)fr(p)f(p) (10)

o (O+I@)? 7 op O+ w3
where fi, f, are the derivatives of f with respect to [ and p. If p < [ for
every | then, since f is strictly increasing, we know that f(I) > f(p) and
dp . . . .
fp(p) > 0, therefore 52 < 0 and we can not be at the optimum since increasing

p decreases max;ep,n|p(l,p)|. The same argument holds if p > N and we
conclude that at the optimum p € [1, N]. Due to the monotonicity of f, the
convergence factor has a unique zero at [ = p, and from the partial derivative
with respect to [, we see that p(l, p) has only two local maxima located at [ = 1
and [ = N,Vp € [1, N]. Therefore, max;ci vy |p(l, p)| = max{p(1,p), p(N,p)}.
Now since 8p(1’p) >0Vpe(l,N] and %ZZ’ZJ) < 0Vpe[l,N), by continuity
the optimal p satlsﬁes p(1,p) = p(N,p). The uniqueness of p* follows from
the strict sign of p(l D for | = 1, N and a direct computation leads to

f") = f(l)f(N)-

Theorem 2. When N — +o0, the asymptotic behaviour of the optimized
Schwarz method given by Theorem 1 is

a2+a2 40272
max |p(l,p")| = 1— —— LV

1<I<N VN’
\/mrf\/\/a +a2+4” x \/ 22

27y

where p* = \/ a} +a} + 2= L /N.

Proof. We make the Ansatz p* = C,N® and we solve the equation f(p*) =
f(1)f(N) asymptotically.

We consider now the more general case where si, sy depend on two different

parameters, s; = f(p) U and sy = %, with p, ¢ € R*, and study
. f(l)—f(p)) <f(l)—f(Q)>‘
min max |p(l,p,q)| = min max .
Jmin, o ol = min mox (S 700 ) (Fr s e
(12)
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Theorem 3. If the function f is strictly monotonic, then the solution of the
min-maz problem (12) is given by two couples (p},q;), j = 1,2 which satisfy
lp(L,p,q)| = |pl,p,q)| = |p(N,p,q)|, where I is an interior local mazimum
such that f(1) = +/f(p)f(q), and we have p5 = ¢f and ¢35 = p3.

Proof. We observe that p(l, p, q) is invariant if we exchange p and ¢, therefore
we focus our attention on the case p < ¢q. The sign of the partial derivatives
with respect to p and ¢ satisfies

sign (38';') —sign (—f() + f(p), sign (%"q") — sign (—f(1) + £(q).

Repeating the argument of Theorem 1, we obtain that at the optimum we
must have p, ¢ € [1, N]. For the derivative with respect to [, we obtain

ol 200 B) + @) — Fa)f@)
o~ el p ) TR D T F @)

We thus have three local maxima with respect to [, one located at | = 1,
one at [ = N, and an interior local maximum at [, with p < I < q which
is the unique zero of the partial derivative, satisfying f(Z)2 — fle)f(p) = 0.
The uniqueness of [ follows from the strict monotonicity of f. We thus have

Zax |o(p,q)| = max{lp(1,p, a)l, 1p(L,p,q)l, [p(N,p,q)|}. Now we observe

that for 1 < p < ¢ < N, we have

ap‘p(]wpﬂq)' > 0 aplp(livim Q)| < 0 8p|p(N7p7 q)| < Ou (13)
qlp(L,p,q)| >0 9ylp(l,p,q)| >0 9y|p(N,p,q)| <0.

Suppose that |p(1,p,q)| < |p(N,p,q)|- Then from (13), we see that increas-
ing p uniformly improves max{|p(1)|, |p()|, |p(N)|}. In the case |p(1, p, q)| >
|p(N, p, q)|, similarly decreasing ¢ uniformly improves max{|p(1)|, [p(1)|, |[p(IN)|}.
Thus, at the optimized parameters p* and ¢*, we must have |p(1,p*, ¢*)| =
|p(N, p*,q*)|, and a direct computation leads to the condition f(p*)f(¢*) =
F(1)f(N). We can thus focus on one parameter only, say p, letting ¢ = ¢(p),
varying such that the constraint f(p)f(q(p)) = f(1)f(N) is satisfied. Since
f is strictly increasing, ¢(p) must be a decreasing function of p in order to
satisfy the constraint. Moreover ¢(1) = N and ¢(/N) = 1. We thus obtain the
equivalent min-max problem

min max{|p(L,p,a(p))], lo(, p, a(p))[}- (14)
1<p<l
Combining (13), the implicit differentiation dzl(ﬁ) = —;/g z;: )()q;](az)); and the

explicit expressions for the partial derivatives, we obtain

Ip(1,1,4(1))[ =0, [p(1,
p(I,1,4(1))] >0, |,

(j))| >0, d\pgzp)l — 6|P(L§a‘1(1’))‘ + 8\9(1§7q(p))| d?i(p) >0,

o op R
(1) =0, dlﬂt(i;p)l — a\p(lyg;?q(p))\ + a\p(hg;f(p))l dtél(;) <0.
(15)

l,q
l,q
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These observations are sufficient to conclude, as in the last steps in Theorem
1, that there exists a unique p*, solution of the min-max problem (14), so that
the solution of (12) is given by p*, solution of (14), and ¢* defined implicitly
by f(p*)f(¢*) = f(1)f(N). The same argument can be repeated for the case
1< g <p< N, and since |p(l, p, q)| is invariant under the change p « ¢, we
obtain the desired result.

3 Numerical Experiments

The transmission conditions for the advection diffusion equation (1) were
analyzed in [2] using Fourier transforms assuming unbounded domains in the
y direction, which led to the convergence factor

5(k L \/af74iua2k+41/2k27a172§1 af74i1/a2k+41/2k2+a172§2
p(k,s1,82) == PRY 212 5 2_4; 212 5 (16)
\/a1—4zua2k+4u k2—a1+255 \/a1—4zua2k+4u k2+a1+251
This convergence factor was then optimized for 5, := *.-F and 5, := %52,

where we use the tilde to distinguish from our variables s; and p. Equations
(16) and (8) are similar in many aspects, but they differ profoundly in the
dependence on the tangential advection ay since equation (16) is a complex
quantity if as # 0. This comes directly from the Fourier transform, as the cal-
culations in [2] show, and makes the corresponding min-max problems much
harder to solve than the ones proposed here. In addition, our numerical tests
below show that our new optimized parameters perform substantially bet-
ter when strong advection is present along the interface. We discretize the
problem using finite differences, and use as initial guess random functions
with values in the interval [—1,1] multiplied by the factor e %, so that we
introduce errors in all eigenfunction components in (6). Without the weight,
a projection on the orthogonal basis (6) showed that the lowest and high-
est frequencies are statistically less present compared to the intermediate
ones, and this leads initially to an artificially faster contraction. We stop the
algorithm when both ||e?|r|. and ||e}|r|l, are less than e = 1078. This
norm corresponds to our analysis, since by Parseval, [le}|r[lw = >, (€} r%
For comparison, we will also measure the error in the L? norm, which cor-
responds to using the sine basis, e[ = >, €, sin(jmy), since by Parseval
lefrlla = >, |€},|r|?. We show in Figure 2 two iteration plots: in the left
panel, for weak tangential advection, the estimates for the optimal parameters
f(p*) and p are similar; in the right panel, for strong tangential advection, the
analysis presented in this manuscript is able to provide a parameter which
leads to a more efficient algorithm than p. We verified also that the discrep-
ancy between the iteration counts obtained with the two norms disappears
when we decrease the tolerance €. In Figure 3, we show the corresponding
iteration plots for the two parameter case. For the unbounded domain conver-
gence factor (16), there is no theorem available giving the optimal choice for
the parameters, since the complex nature of |p| makes the min-max problem
extremely difficult to solve, and we thus solved it numerically here.
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60 80 100 120 140 160 70 80 90 100 110 120 130 140 150
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Fig. 2. Iteration numbers for weak tangential advection, v = 1, a1 = 20, a2 = 1,
(left), and strong tangential advection, v = 1, a1 = 1, az = 20 (right). The blue
circle corresponds to f(p*) from the new bounded analysis, and the red cross to p
from the unbounded analysis. The continuous black line is for the weighted norm
|| - |lw, and the triangle for the standard norm || - ||2.

! / 8010 4 88 855 47
200 250 300 350 400 450 500
b/1(p)

Fig. 3. Iteration numbers for weak tangential advection, v = 1, a1 = 20, a2 = 1
(left), and strong tangential advection, v = 1, a1 = 1, a2 = 20 (right). The blue
circle stands for the parameters from the new bounded analysis, and the red cross
for the ones from the unbounded analysis.

4 Conclusion

The key step in the derivation of the convergence factor is that we could use
separation of variables: this allowed us to expand the errors €] in a series
of orthogonal eigenfunctions along the interface, and to obtain recursive re-
lations for each frequency, i.e. we could diagonalize the iteration operator,
see also [8]. Fourier invented the Fourier transform in his famous treatise on
the ‘Théorie analytique de la chaleur’ from 1822 precisely by using separa-
tion of variables, and the success of the Fourier transform is based on the
fact that it permits such a diagonalization for many classical PDEs such as
diffusion, reaction-diffusion, Helmholtz and, by the way, also an advection-
diffusion equation with only normal advection, in the presence of Dirichlet
boundary conditions. On unbounded domains, even more differential opera-
tors can be diagonalized, also the advection diffusion operator with general
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advection term. The presence of the Dirichlet boundary conditions and tan-
gential advection however changes the eigenbasis, see (6), and also the inner
product in which the eigenfunctions are orthogonal, it is not L?(0,L) any
more, but a weighted inner product. Since the sine functions are not eigen-
functions of the general advection diffusion operator on the bounded domain,
if we started the optimized Schwarz methods with eg-) = é?,l sin(my), already
} would not be proportional to the same
sine function, e} # €} ; sin(my), but contain in general a combination of sine

after the first iteration, the errors e

functions, e} = Zfifoo é;,z sin(lry), and therefore it would not be possible
to obtain recursive relations like in (7).

This insight sheds light on the emerging field of heterogeneous optimized
Schwarz methods. Great care is needed in the procedure used to obtain the
convergence factor. While no issues seem to be present for problems where a
common eigenbasis is shared by the PDEs of interest, see [6], recent failures of
the standard analysis for more complicated couplings [7] may be traced back
to the lack of a shared eigenbasis which leads to an inappropriate derivation

of p(1).
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