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◮ Linear wave propagation in inhomogeneous media, BVP

◮ Continuous transition from propagating to evanescent medium

◮ Accurate numerical simulation of this transition



Time-harmonic waves through homogeneous media

Frequency domain

Low-order Galerkin methods

✗ Large number of points per wavelength

High-order Galerkin methods

◮ Finite Element Methods ♯BF = O(n2)
◮ h and p convergence

◮ Wave-based methods ♯BF = O(n)
IDEA incorporate oscillations in the Basis Functions

◮ Partition of Unity Method, Discontinuous Enrichment method
✓ Focus Trefftz methods

Integral equation based methods

◮ Dense linear algebra

A comparison of high-order polynomial and wave-based methods

for Helmholtz problems. Lieu A., Gabard G., Bériot H. JCP 2016



Introduction to

Trefftz methods



Some weak formulations

Galerkin method

Find u ∈ H s.t. A(u, v) = ℓ(v),∀v ∈ H

Discontinuous Galerkin method
Mesh dependent formulation : Mesh Th = {K}

Find u ∈ H :=
∏

K

HK s.t. Ah(u, v) = ℓh(v),∀v ∈ H

Trefftz method
Mesh dependent formulation : Mesh Th = {K}
Equation-based space : Lu = 0

HK = {v ∈ L2(K ) : v smooth,Lv = 0}

Find u ∈ H :=
∏

K

HK s.t. Ah(u, v) = ℓh(v),∀v ∈ H



Trefftz framework
Computational domain oooooooooppppppppp Mesh Th = {K}
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Trefftz methods

◮ Local basis functions

◮ Mesh dependent formulation

◮ Lower dimensional integration

◮ Exact solutions of the equation

NoveltyNoveltyNovelty Challenges

◮ Variable coefficients
◮ Design basis functions

◮ Convergence of the method



The PDE model

2D Helmholtz equation for the total field

• −∆u − ω2

c2
ǫ(x)u = 0

• smooth variable coefficient : Cutoff ⇔ ǫ(x) = 0

Airy function in 1D : −u′′ + xu = 0
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✓ ǫ < 0
⇒ Propagating waves

◮ ǫ = 0
⇒ Cutoff

✗ ǫ > 0
⇒ Evanescent waves



The boundary value problem

2D Helmholtz equation for the total field

• −∆u − ω2

c2
ǫ(x)u = 0

• smooth variable coefficient
sign = ±1, Cutoff ⇔ ǫ(x) = 0

Bounded domain and boundary conditions

Ω ⊂ R
2 bounded domain

−∆u(x)− κ2ǫ(x)u(x) = 0, x ∈ Ω

Boundary conditions : metallic, absorbing, incoming

∂nu + ıκϑu = g , x ∈ ∂ΩR

u = 0, x ∈ ∂ΩD



Trefftz weak formulation for Helmholtz BVP

Weak formulation 000oooojjjjjjjjjjjjNotation : Local operators ∆h , ∇h

∫

K

u(−∆hv − κ2ǫv)+

∫

∂K
û∇hv · n−

∫

∂K
∇̂hu · nv = 0

TG space H = {v ∈ L2(Ω) : v smooth
ooooooooooooooooooooooooo and −∆hv − κ2ǫv = 0,∀K ∈ Th}



Trefftz weak formulation for Helmholtz BVP

Weak formulation 000oooojjjjjjjjjjjjNotation : Local operators ∆h , ∇h

∫

K

u(−∆hv − κ2ǫv)+

∫

∂K
û∇hv · n−

∫

∂K
∇̂hu · nv = 0

TG space H = {v ∈ L2(Ω) : v smooth
ooooooooooooooooooooooooo and −∆hv − κ2ǫv = 0,∀K ∈ Th}
Numerical fluxes

ıκσ̂ =




{{∇hu}} − αıκ[[u]] on E I
∇hu − (1− δ)(∇hu + ıκϑun− gn) on ER
∇hu − αıκun on ED

û =




{{u}} − β(ıκ)−1[[∇hu]] on E I
u − δ((ıκϑ)−1∇hu · n+ u − (ıκϑ)−1g) on ER
0 on ED

α, β, δ piece-wise positive constants



Bilinear and antilinear forms on H

Ah(u, v) =

∫

E I

(
{{u}}[[∇hv ]]− β(ıκ)−1[[∇hu]][[∇hv ]]

− {{∇hu}} · [[v ]] + α(ıκ)[[u]] · [[v ]]
)
dS

+

∫

ER

(
(1− δ)u∇hv · n− δ(ıκϑ)−1(∇hu · n)(∇hv · n)

− δ∇hu · nv + (1− δ)ıκϑuv
)
dS

+

∫

ED

(
∇hu · nv + αıκuv

)
dS

ℓh(v) =

∫

ER

(
− δ(ıκϑ)−1g(∇hv · n) + (1− δ)gv

)
dS

Find u ∈ H =
∏

K

HK s.t. Ah(u, v) = ℓh(v),∀v ∈ H

Next step : Discretization

Sequence of finite dimensional space Vh =
∏

K VK

with VK ⊂ HK ?



Generalized Plane Waves (GPWs) at a glance

◮ Smooth functions

◮ Associated with partial differential equation Lu = 0
◮ Introduced for variable coefficient operators

◮ Local approximation

◮ Generalization of classical PW

Goal

◮ High order approximation u ≈ ua

Challenges to find ua

◮ Design
Lua ≈ 0

K ∈ Th

xK

h

◮ Best approximation properties

∀ u s.t. Lu = 0,∃ ua satisfying ‖u − ua‖ ≤ Chn



Construction of GPWs

The Helmholtz example

LHua ≈ 0



Local definition of a GPW

Constant coefficient

(x)LI = −∆− κ2ǫK (x)

ϕ(x) = exp (ıκ
√
ǫKd · x)

⇒ LIϕ = 0

Variable coefficient

LH = −∆− κ2ǫ(x)

ϕ(x) = exp
(
ıκ
√

ǫ(xK )d · x+ H.O.T.
)

⇒ LHϕ ≈ 0



Local definition of a GPW

Constant coefficient

(x)LI = −∆− κ2ǫK (x)

ϕ(x) = exp (ıκ
√
ǫKd · x)

⇒ LIϕ = 0

Variable coefficient

LH = −∆− κ2ǫ(x)

ϕ(x) = exp
(
ıκ
√

ǫ(xK )d · x+ H.O.T.
)

⇒ LHϕ ≈ 0

Definition of a GPW

◮ For a given point xK
◮ For a partial differential operator LH
◮ For a parameter q K ∈ Th

xK

h

✓ ϕ(x) = expP(x)

✓

{
Taylor expansion at xK
LHϕ(x) = O (hq)



Building a GPW : The system

−LHϕ(x) =
[

∂
2
xP(x) + (∂xP(x))

2 + ∂
2
yP(x) + (∂yP(x))

2 + κ
2
ǫ(x)

]

e
P(x) = O (hq)



Building a GPW : The system

−LHϕ(x) =
[

∂
2
xP(x) + (∂xP(x))

2 + ∂
2
yP(x) + (∂yP(x))

2 + κ
2
ǫ(x)

]

e
P(x) = O (hq)

The unknowns 00000x = (x , y )

◮ ϕ = expP

◮ P(x) =
∑

0≤i+j≤degP

λi ,j(x− xK )
i(y − yK )

j

✓ degP and {λi ,j}0≤i+j≤degP

i axis

j axis

degP

degP

⇒ Nun = (degP+1)(degP+2)
2



Building a GPW : The system

−LHϕ(x) =
[

∂
2
xP(x) + (∂xP(x))

2 + ∂
2
yP(x) + (∂yP(x))

2 + κ
2
ǫ(x)

]

e
P(x) = O (hq)

The unknowns 00000x = (x , y )

◮ ϕ = expP

◮ P(x) =
∑

0≤i+j≤degP

λi ,j(x− xK )
i(y − yK )

j

✓ degP and {λi ,j}0≤i+j≤degP

i axis

j axis

degP

degP

⇒ Nun = (degP+1)(degP+2)
2

The equations

◮ LHϕ(x) = O (hq)

✓ ∀(i , j) such that 0 ≤ i + j < q

∂i
x∂

j
y [LH(expP)/ expP ] (xK ) = 0

i axis

j axis

q − 1 q + 1

q − 1

q + 1

⇒ Neq = q(q+1)
2



Building a GPW : The system

−LHϕ(x) =
[

∂
2
xP(x) + (∂xP(x))

2 + ∂
2
yP(x) + (∂yP(x))

2 + κ
2
ǫ(x)

]

e
P(x) = O (hq)

The unknowns 00000x = (x , y )

◮ ϕ = expP

◮ P(x) =
∑

0≤i+j≤degP

λi ,j(x− xK )
i(y − yK )

j

✓ degP and {λi ,j}0≤i+j≤degP

i axis

j axis

degP

degP

⇒ Nun = (degP+1)(degP+2)
2

The equations

◮ LHϕ(x) = O (hq)

✓ ∀(i , j) such that 0 ≤ i + j < q

∂i
x∂

j
y [LH(expP)/ expP ] (xK ) = 0

i axis

j axis

q − 1 q + 1

q − 1

q + 1

⇒ Neq = q(q+1)
2

Choice degP = q + 1



Building a GPW : Structure of the non-linearity
[
∂i
x∂

j
y

(
∂2
xP + (∂xP)

2 + ∂2
yP + (∂yP)

2
)]

(xK ) = RHSi ,j

Identify linear and non-linear terms

LOL

LOL

LOL

i axis

j axis

q − 1 q + 1

q − 1

q + 1

j

i

∂2
xP

∂2
yP

(∂xP )2

(∂yP )2

∀(i , j) ∈ N
2 such that 0 ≤ i + j ≤ q − 1

−κ2∂
i
x∂

j
y ǫ(xK )

i !j!
= (i + 2)(i + 1)λi+2,j + (j + 2)(j + 1)λi ,j+2

+
i∑

k=0

j∑

l=0

(i − k + 1)(k + 1)λi−k+1,j−lλk+1,l

+

j∑

k=0

i∑

l=0

(j − k + 1)(k + 1)λi−l ,j−k+1λl ,k+1

LOL

⇒ Hierarchy of linear sub-systems
of increasing size

lol
lol



Building a GPW : Hierarchy of linear sub-systems

i axis

j axis

q − 1

q − 1

(q − 1) + 2

◮ For all (i , j) such that i + j = ℓ
Layer structure

◮ Xℓ := [λ0,ℓ+2, . . . , λℓ+2,0]
T

◮ A possible option
Fix λ0,ℓ+2 and λ1,ℓ+1

◮ Πk := (k + 2)(k + 1)

lol




1
1

Π0 Πℓ

. . .
. . .

Πℓ Π0




︸ ︷︷ ︸
Lℓ




λ0,ℓ+2

λ1,ℓ+1

λ2,ℓ
...

λℓ+2,0




︸ ︷︷ ︸
Xℓ

=




∗
∗

RHS

0




︸ ︷︷ ︸
Rℓ

⇒ Solve by
forward

substitution

LℓXℓ = Rℓ



Building a GPW : Algorithm *

Algorithm 1 Induction on the global degree ℓ = i + j

1: Fix λ0,0 = 0, (λ0,1, λ1,0) = ıκ
√

ǫ(xK )d
2: for ℓ← 0, q − 1 do ⊲ q

3: Fix λ0,ℓ+2 and λ1,ℓ+1

4: Rℓ ← f

(
{λi ,j}i+j≤ℓ+1, κ,

{
∂i
x∂

j
y ǫ(xK )

}
i+j≤ℓ

)
⊲ L, xK

5: for k ← 0, ℓ do

6: λk+2,ℓ−k :=
1

Πℓ−k

(
Rℓ[k + 2]− Πkλk,ℓ−k+2

)
⊲ L

7: P(x , y)←
∑

0≤i+j≤q+1

λi ,j(x − xK )
i (y − yK )

j ⊲ xK , q

8: ϕ(x)← expP(x)

Summary
◮ Analytic formula for λi ,j ⊘ h

◮ LHϕ = [−∆− κ2ǫ(x)]ϕ = O(hq) ⊘ {λi ,j}i∈{0,1}



Towards approximation properties

Normalization : Choice of {λi ,j}i∈{0,1}
◮ (λ0,1, λ1,0) = ıκ

√
ǫ(xK )d with d = (cos θ, sin θ)

◮ λi ,j = 0 if i + j 6= 1 ∀ θ

Local set of approximated solutions

∀ℓ such that 1 ≤ ℓ ≤ p, θℓ = 2πℓ/p

⇒ VK = Span{ϕℓ}1≤ℓ≤p

⊲ xK , p, q

◮ ϕℓ(x , y) =

exp
(
ıκ
√

ǫ(xK )(cos θℓ(x − xK ) + sin θℓ(y − yK )) + H.O.T
)

◮ ∆ϕℓ =
(
∂2
xPℓ + (∂xPℓ)

2 + ∂2
yPℓ + (∂yPℓ)

2
)

︸ ︷︷ ︸
=−κ2ǫ+O(hq)

ϕ



Best approximation

.
properties

‖u − ua‖ ≤ Chn



Theorem (2D 2nd order) [IG & Sylvand, arxiv]

◮ ∀n ∈ N, n > 0

◮ u ∈ Cn+1 such that Lu = 0, and Cn coefficients at xK
◮ p = 2n + 1 basis functions

◮ q ≥ max(n − 1, 1) such that Lϕ = O(hq) ∀ϕ ∈ VxK

◮ ∃ ua ∈ VxK such that

{
|u (x)− ua (x)| ≤ C (n) |x− xK |n+1 ‖u‖Cn+1

|∇u (x)−∇ua (x)| ≤ C (n) |x− xK |n ‖u‖Cn+1

Proof



Numerical Results

‖u − ua‖
L∞

(
{x∈R2,|x−xK |<h}

) = O
(
hn+1

)

⊲ u, L
⊲ n, p, q

⊲ 50 random points xK



L = −∆+ (x − 1) and u(x , y) = Ai(x) cos y

10010−210−410−610−8
10−16

10−13

10−10

10−7

10−4

10−1

n = 1

n = 2

n = 3

n = 4

n = 5

order 2

order 6

xK ∈ [−2, 2] × [−2, 2] with p = 2n + 1 basis functions
at the order q = max(n − 1, 1)



L = ∇ · (x2∇) + cos y∂y − x∂x + (2x2 + sin y − ν2)

u(x , y) = Jν(x) cos y

10010−210−410−6
10−17

10−13

10−9

10−5

10−1
n = 1

n = 2

n = 3

n = 4

n = 5

order 2

order 6

xK ∈ [1, 4] × [0, 2π] with p = 2n + 1 basis functions
ν = 1 at the order q = max(n − 1, 1)



L = x2∂2
x + y 2∂2

y + x∂x + y∂y + (x2 + y 2 − 1)

u(x , y) = J0(x)J1(y)

10010−210−410−6
10−17

10−13

10−9

10−5

10−1
n = 1

n = 2

n = 3

n = 4

n = 5

order 2

order 6

xK ∈ [1, 3] × [0, 3] with p = 2n + 1 basis functions
at the order q = max(n − 1, 1)



L = (∂2
x + 2 cos x sin y∂x∂y − 2∂2

y + cos x(y 5 + cos y)∂x +

sin y(x3 − sin x)∂y + (4 sin x cos y − 1− x3 cos y + y 5 sin x
u(x , y) = cos(x) sin(y)

10010−210−410−6
10−17

10−13

10−9

10−5

10−1
n = 1

n = 2

n = 3

n = 4

n = 5

order 2

order 6

xK ∈ [−1, 1] × [−1, 1] with p = 2n + 1 basis functions
at the order q = max(n − 1, 1)



Convergence of the

.
numerical method



Convergence of the GPW+T method

GPW space Vh [IG & Després ’14]

Vh 6⊂ H = {v ∈ L2(Ω) : v smooth
oooooooooooooooooooo and −∆hv − κ2ǫv = 0,∀K ∈ Th}
Stabilized formulation

Bh(u, v) = Ah(u, v) + ıκ

∫

Ω
γ(∆hu + κ2ǫu)(∆hv + κ2ǫv)dS

Coercivity and continuity

|||u|||2 ≤ |Bh(u, u))|
|Bh(u, v))| ≤ C |||u|||+|||v |||

Theorem (smooth solution) [IG & Monk ’16]

‖u − uh‖L2(Ω) ≤ Chn

provided that α = β = δ = 1/2, γ = h3 , p = 2n + 1, n ≥ 2 and q = n + 1



GPW + T

2D test case : L2(Ω) norm convergence

uex(x) = Ai(κ2/3y), κ = 15

C/h
101 102

L
 e

rr
or

10 -7

10 -6

10 -5

10 -4

10 -3

10 -2

10 -1

100

n=1=q
n=2=q
n=3=q
n=4=q
n=1=q-1
n=2=q-1
n=3=q-1
n=4=q-1
n=2=q+1
n=3=q+1
n=4=q+1
order 3
order 4
order 5

√

NDoF /p





Construction of GPWs

Maxwell’s equation

◮ x ∈ R
3

◮ Vector valued PDE



The cold plasma model

◮ Equation for E(x)

∇×∇× E− ω2

c2
E+

ω

c2
e2n0

meǫ0
SE = 0

Define ω2
p :=

e2n0

meǫ0

◮ Dielectric tensor K := I−
ω2
p

ω2
S with ωc :=

eB0

me

S = 1−
ω2
p

ω

(
ω

ω2 − ω2
c

)
, D = −

ω2
p

ω

(
ωc

ω2 − ω2
c

)
, P = 1−

ω2
p

ω2

⇒ K =




S −ıD 0
ıD S 0
0 0 P




∇×∇× E−
(ω
c

)2
KE = 0



Local definition of a vector valued GPW

Constant coefficient

L = ∇×∇×−κ2ǫK

φ(x) = A exp (ıκ
√
ǫKd · x)

d× d× A− κ2ǫKA = 0

⇒ Lφ = 0

Variable coefficient

L = ∇×∇×−κ2ǫ(x)

φα(x) = Aα(x) exp (ıκSα(x))

Compatibility condition

⇒ Lφ ≈ 0

Towards Generalized Plane Waves

◮ 6 scalar polynomials {Aα,Sα}α∈{x ,y ,z}
◮ 3 scalar constraints {(Lφ)α}α∈{x ,y ,z}
◮ Compatibility condition A, S

✓

{
Taylor expansion at xK
Lφ(x) = O (hq)



Phase function assumption Lǫφ = ∇×∇× φ− κ2ǫφ

φα = Aα(x) exp ıκS(x), ∇S = constant

Lǫφ = κ2
[
−∇S ×∇S × A− ǫA

]
e iκS

+ iκ
[
∇S ×∇× A+∇×∇S × A

]
e iκS

+
[
∇×∇× A

]
e iκS

I. Local Eikonal equation ⇒ Phase



Phase function assumption Lǫφ = ∇×∇× φ− κ2ǫφ

φα = Aα(x) exp ıκS(x), ∇S = constant

Lǫφ = κ2
[
−∇S ×∇S × A− ǫA

]
e iκS

+ iκ
[
∇S ×∇× A+∇×∇S × A

]
e iκS

+
[
∇×∇× A

]
e iκS

I. Local Eikonal equation ⇒ Phase

II. Layer structure ⇒ Amplitude

∇×∇× A

= κ2
[
∇S ×∇S × A+ ǫA

]
− iκ

[
∇S ×∇× A+∇×∇S × A

]



Phase function assumption Lǫφ = ∇×∇× φ− κ2ǫφ

φα = Aα(x) exp ıκS(x), ∇S = constant

Lǫφ = κ2
[
−∇S ×∇S × A− ǫA

]
e iκS

+ iκ
[
∇S ×∇× A+∇×∇S × A

]
e iκS

+
[
∇×∇× A

]
e iκS

I. Local Eikonal equation ⇒ Phase

II. Layer structure ⇒ Amplitude

∇×∇× A

= κ2
[
∇S ×∇S × A+ ǫA

]
− iκ

[
∇S ×∇× A+∇×∇S × A

]

⇒ Towards a hierarchy of linear sub-systems



Building a GPW : The system 0000000000∇×∇× A

The unknowns 00000x = (x , y , z)

◮ Aα(x) =
∑

0≤i+j+k≤degα

λα
i ,j ,k(x − xK )

i (y − yK )
j (z − zK )

k

✓ degα and {λα
i ,j ,k}0≤i+j+k≤degα

⇒ Nun =
∑

α

1

6
(degα + 1)(degα + 2)(degα + 3)



Building a GPW : The system 0000000000∇×∇× A

The unknowns 00000x = (x , y , z)

◮ Aα(x) =
∑

0≤i+j+k≤degα

λα
i ,j ,k(x − xK )

i (y − yK )
j (z − zK )

k

✓ degα and {λα
i ,j ,k}0≤i+j+k≤degα

⇒ Nun =
∑

α

1

6
(degα + 1)(degα + 2)(degα + 3)

The equations

◮ Lφ(x) = O (hq)

✓ ∀(i , j , k) such that 0 ≤ i + j + k ≤ q − 1

∂i
x∂

j
y∂

k
z [∇×∇× A] (xK ) = Fijk

⇒ Neq = 3
q(q + 1)(q + 2)

6



Building a GPW : The system 0000000000∇×∇× A

The unknowns 00000x = (x , y , z)

◮ Aα(x) =
∑

0≤i+j+k≤degα

λα
i ,j ,k(x − xK )

i (y − yK )
j (z − zK )

k

✓ degα and {λα
i ,j ,k}0≤i+j+k≤degα

⇒ Nun =
∑

α

1

6
(degα + 1)(degα + 2)(degα + 3)

The equations

◮ Lφ(x) = O (hq)

✓ ∀(i , j , k) such that 0 ≤ i + j + k ≤ q − 1

∂i
x∂

j
y∂

k
z [∇×∇× A] (xK ) = Fijk

⇒ Neq = 3
q(q + 1)(q + 2)

6

Choice ∀α degα = q + 1



Building a GPW : The unknowns, Hierarchy

◮ Splitting by level ℓ
{λx

i ,j ,ℓ+2−i−j , 0 ≤ i ≤ ℓ+ 2, 0 ≤ j ≤ ℓ+ 2− i},
{λy

ℓ+2−j−k,j ,k , 0 ≤ j ≤ ℓ+ 2, 0 ≤ k ≤ ℓ+ 2− j},
{λz

i ,ℓ+2−k−i ,k , 0 ≤ k ≤ ℓ+ 2, 0 ≤ i ≤ ℓ+ 2− k}

j̃ĩ
λx-indices

ĩ

k̃

λz-indices

k̃

j̃

λy-indices

Symmetric
representation

lol
ĩ + j̃ + k̃ = 4

ℓ = 2



Building a GPW : The equations

◮ Coupling i + j + k = ℓ
−(j + 2)(j + 1)λx

i ,j+2,k − (k + 2)(k + 1)λx
i ,j ,k+2

+(i + 1)(j + 1)λy
i+1,j+1,k + (i + 1)(k + 1)λz

i+1,j ,k+1 = Fx
ijk

j̃

ĩ

k̃

ĩ

k̃

j̃

λx-indices

λz-indices λy-indices

ℓ = 2

Equations

x component, (i, j, k) = (0, 0, 2)

y component, (i, j, k) = (2, 0, 0)

z component, (i, j, k) = (0, 2, 0)



Building a vector valued GPW : an ill-posed formulation

✓ The Laplacian operator

∆ : Cq+1[X ,Y ]→ Cq−1[X ,Y ]

✗ The curl-curl operator

∇×∇× : (Cq+1[X ,Y ,Z ])3 → (Cq−1[X ,Y ,Z ])3

1. −(j + 1)jλx
i ,j+1,k+1 − (k + 3)(k + 2)λx

i ,j−1,k+3

+(i + 1)jλy
i+1,j ,k+1 + (i + 1)(k + 2)λz

i+1,j−1,k+2

2. −(k + 3)(k + 2)λy
i−1,j ,k+3 − (i + 1)iλy

i+1,j ,k+1

+(j + 1)(k + 2)λz
i−1,j+1,k+2 + (j + 1)iλx

i ,j+1,k+1

3. −(i + 1)iλz
i+1,j−1,k+2 − (j + 1)jλz

i ,j+2,k

+(k + 3)iλx
i ,j−1,k+3 + (k + 3)jλy

i−1,j ,k+3

1.

j(k + 2)
+

2.

i(k + 2)
+

3.

ij
= 0



What’s next then ?

✗ ∇×∇× φ = −∆φ+∇(∇ · φ)

Different ansatz

◮ φα = Aα(x) exp ıκS(x), with ∇S = constant

◮ φα = Aα(x) exp (ıκSα(x)), with A = constant

◮ φα = Aα(x) exp (ıκSα(x))

Different equation

◮ L = ∇×∇×−κ2ǫ
◮ L = ∇× µ−1∇×−κ2ǫ, with µ−1 scalar-valued

◮ L = ∇× (M∇×)− κ2ǫ, with M matrix-valued



Future work
GPWs

◮ Approximation properties in 3D
◮ With G. Sylvand (Airbus)

◮ Vector valued equations
◮ With J.-F. Fritsch (ENSTA)

◮ Conditioning & Adaptive discretization

◮ High frequency regime and numerical integration

◮ Time domain
◮ With A. Moiola (U. Pavia), P. Stocker (U. Vienna)

Trefftz + GPWs

◮ h-convergence and p-convergence
◮ With P. Monk (U. Delaware), R. Hiptmair (ETH Zurich)

◮ Parallel implementation, Preconditioning
◮ With G. Stadler (NYU)



Thank you.


