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» Linear wave propagation in inhomogeneous media, BVP

» Continuous transition from propagating to evanescent medium

» Accurate numerical simulation of this transition




Time-harmonic waves through homogeneous media
Frequency domain
Low-order Galerkin methods

X Large number of points per wavelength

High-order Galerkin methods

» Finite Element Methods 1BF = O(n?)
» h and p convergence
» Wave-based methods $BF = O(n)

IDEA incorporate oscillations in the Basis Functions

» Partition of Unity Method, Discontinuous Enrichment method
v Focus Trefftz methods

Integral equation based methods

» Dense linear algebra

A comparison of high-order polynomial and wave-based methods
for Helmholtz problems. Lieu A., Gabard G., Bériot H. JCP 2016



INTRODUCTION TO
TREFFTZ METHODS



Some weak formulations
Galerkin method

Find u e Hs.t. A(u,v)=1{(v),Yv € H

Discontinuous Galerkin method
Mesh dependent formulation : Mesh 7, = {K}

Find v e H := HHK s.t. Ap(u,v) = lp(v),Vv € H
K

Trefftz method
Mesh dependent formulation : Mesh 7, = {K}
Equation-based space : Lu =10

Hy = {v € L*(K) : v smooth, Lv = 0}

Find v e H := HHK s.t. Ap(u,v) = lp(v),Vv € H
K



Trefftz framework
Computational domain Mesh T, = {K}
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Trefftz methods

» Local basis functions » Lower dimensional integration
» Mesh dependent formulation » Exact solutions of the equation
Novelty Challenges

» Design basis functions

» Variable coefficients
» Convergence of the method



The PDE model

2D Helmholtz equation for the total field
o —Au-— “;—;e(x)u =0
e smooth variable coefficient : Cutoff < ¢(x) =0

Airy function in 1D : —v" +xu =0

s | | | |

-15 10 5 0 5 10

v/ e<O0 »e=0 Xe>0
= Propagating waves = Cutoff = Evanescent waves



The boundary value problem
2D Helmholtz equation for the total field
o —Au-— "CJ—zze(x)u =0
e smooth variable coefficient

sign = £1, Cutoff < €(x) =0

Bounded domain and boundary conditions

Q C R? bounded domain
—Au(x) — K2e(x)u(x) =0, x€Q
Boundary conditions : metallic, absorbing, incoming

Opu +159u =g, x € 00F
u=0, x € 0QP




Trefftz weak formulation for Helmholtz BVP

Weak formu|ati0n Notation : Local operators Ay, V)
/ u(Ath{Zev)+/ OVpv-n— Vpu-nv=0
JK oK oK

TG space H = {v € L?(Q) : v smooth
and — Apv — K?ev = 0,VK € Tp,}



Trefftz weak formulation for Helmholtz BVP

Weak formu|ati0n Notation : Local operators Ay, V)
/ u(Ath{Zev)Jr/ OVpv-n— Vpu-nv=0
JK oK oK

TG space H = {v € L?(Q) : v smooth
and — Apv — K?ev = 0,VK € Tp,}
Numerical fluxes

{Vhu}} — arsfu] on &'

156 = ¢ Vpu—(1—68)(Vpu+sdun —gn) on ER
Vhu — arkun on &P

{{ul} = B(s) M [Vau] on £’
=1 u—038((k9)IVhu-n+u— (d)"1g) on &R
0 on &P

«, B, 6 piece-wise positive constants



Bilinear and antilinear forms on H
Antu) = [ (HoBIV471 = 8r) [ 7]
— {Vhul} - [7] + a()[] - [7]) dS
+ LR ((1 ) uVhT - 0 — 8(k0) "L (V- n) (V47 - n)
SVpu-nv 4 (1 (5)mz9u7) dS

—l—/gD (th . nV—i—amuV)dS

G(v) = /g (- 0 (V) + (1 D)gv) dS

Find ue H = HHK s.t. Ap(u,v) =lp(v),Vv € H
K
Next step : Discretization

Sequence of finite dimensional space V, =[], Vi
with Vi C Hg ?



Generalized Plane Waves (GPWs) at a glance

» Smooth functions

> Associated with partial differential equation Lu =0
» Introduced for variable coefficient operators
» Local approximation

» Generalization of classical PW

Goal

» High order approximation u =~ uj,

XK

KeT,

Challenges to find u,

> Design
Lu;~0

» Best approximation properties

YV us.t. Lu=0,3 u, satisfying ||u — uy|| < Ch"



CONSTRUCTION OF GPWs
THE HELMHOLTZ EXAMPLE

,CHUQ ~0



Local definition of a GPW

Constant coefficient Variable coefficient
L1 =—A— K%ex Ly=-A— /£2€(X)
©(x) = exp (151/exd - x) ©(x) = exp (2m/e(xK)d - X+ H.O.T.)
= Lip=0 = Lyp~0



Local definition of a GPW

Constant coefficient Variable coefficient
L) =—A— ek Ly =—A —r%€(x)
©(x) = exp (11/exd - x) ©(x) = exp (zm/e(xK)d - x+ H.O.T.)
=Lip=0 =Ly ~0

Definition of a GPW

» For a given point xk
o . XK
» For a partial differential operator Ly

» For a parameter g KeT,

v p(x) = exp P(x)
{ Taylor expansion at xx
Lrp(x) = 0 (h9)



Building a GPW : The system

—Lup(x) = [aip(x) + (OP(x))* + 0L P(x) + (8 P(x))* + n2e(x)] e = 0(h7)



Building a GPW : The system

—Lup(x) = [aip(x) + (OP(x))* + 0L P(x) + (8 P(x))* + n2e(x)] e = 0(h7)

j axis
The unknowns x = (x,y) degP
> o =expP
PO = D A=) (y kY -
0SI+JSdegP (l(tgP1 o

v degP and {\j}o<itj<degP = N, = (degP+1)2(degP+2)



Building a GPW : The system

—Lup(x) = [aip(x) + (OP(x))* + 0L P(x) + (8 P(x))* + n2e(x)] e = 0(h7)

The unknowns x = (x,y) o
> o =expP
> PO = Y Al x) (v —yk) .
0<i+j<degP NP
v degP and {Ai }o<isj<degp = N, = (deePi1)(degP12)

j axis
q+1

The equations

> Lyp(x) = O (h9)
/ W(i,j) such that 0 < i +j < g

g—1

i axis

qg—1 q+1

8}3}’, [Lr(exp P)/ exp P] (xk) =0 = Neg = a(g+1)




Building a GPW : The system

—Lup(x) = [aip(x) + (OP(x))* + 0L P(x) + (8 P(x))* + n2e(x)] e = 0(h7)

The unknowns x=(x,y)

> o =expP

» P(x) = Z Aij(x—xi) (y —ykY

0<i+j<degP
v degP and {\; j}o<itj<degp

The equations

> Lyp(x) = O (h9)
/ W(i,j) such that 0 < i +j < g

0.8, [Lr(exp P)/ exp P (xk) =0

j axis

degP;

i axis

degP

degP—+1)(degP+2
= N, = PP i)
j axis
q+1
q-1
q_l l] : 11 axis

_ g(g+1

= Neq — %

Choice degP =g +1



Building a GPW : Structure of the non-linearity
[a'af (02P+(a P)? + 2P + (0, P) )} (xk) = RHS;

Identify linear and non-linear terms
(',j)EN2 suchthat 0 <+, <qg-—1
28 ajE(XK) . )
A N U 2)(’ + D2+ G +2)( +1)Aija2
j axis ek

g+1 +ZZ/—k+1)(k+1),k+1j IAK+1,1

k=0 /=0

J i
+ Z ZU —k+1)(k+ )N jokr1 Mkt

k=0 /=0

= Hierarchy of linear sub-systems
of increasing size

1 axis




Building a GPW : Hierarchy of linear sub-systems

» For all (i,j) such that i+, =1¢

j axis

(4 1)+24 Layer structure
" > Xp = [Aoes2s- -5 Aeg20]”
» A possible option

o Fix Aoe42 and A1 41
o oy » M= (k+2)(k+1)

[ 1 1 [Xoe+2] *
1 A1r41 * = Solve by
Mo My Aoy | = forward
: RHS substitution
i My Mo | |Ars2,0]

—_——— L Xy =Ry
Le Xe Re




Building a GPW : Algorithm *

Algorithm 1 Induction on the global degree £ =i + j

1: Fix )\070 =0, ()\0,1, )\1,0) = 1K/ 6(XK)d

2: for (< 0,qg—1do > q
3: Fix )\o,g_,_z and )\175_,_1
4: Re+ f <{)\,"j};+j§g+1, K, {8;8{,6(XK)}I_+J_<6> > L, Xk
5. for k« 0, ¢ do N
1
6: Ak+2,0—k = Mo e (Re[k +2] - nk>\k,£—k+2) > L
7 POx,y) > Aij(x = xk) (y — ykY > XK, q
0<i+j<g+1
8: ¢(x) + exp P(x)
Summary
» Analytic formula for A; ; © h

> Lyp = [-A — x2e(x)]o = O(h9) @ {ijtiefo1}



Towards approximation properties
Normalization : Choice of {Aj;}icfo1}

> (Xo,1,A1,0) = 1ky/€(xk)d with d = (cos 6, sin 6)
» Nij=0ifi+j#1 Vo

Local set of approximated solutions
V¢ such that 1 < ¢ < p, 0, =27nl/p

= Vi = Span{piti<i<p

> XK, p, q
> QO[(X,}/) =
exp (zm/e(xK)(cos Oo(x — xk) +sinbu(y — yk)) + H.O.T)

> Ay = (aﬁpg + (BxPe)? + 2Py + (6yPg)2> o

=—k2e+0(h9)



BEST APPROXIMATION

PROPERTIES

lu— u,|| < Ch"



Theorem (2D 2nd order) [IG & Sylvand, arxiv]

v

YneN, n>0
u € C"1 such that Lu =0, and C" coefficients at xx

v

v

p = 2n + 1 basis functions
» g > max(n—1,1) such that Lo = O(h9) Yy € Vy,
3 u; € Vi, such that

{ u(x) — s (x)] < C(n) x — x| ™ [0l i
Vu(x) ~ Vs ()] < C(n) Ix — x| [ullos

v

Proof



NUMERICAL RESULTS

lu— u,| =0 (h"1)

Lo ({x€R2,[x—xk|<h})
>u, L

>n, pq
> 50 random points xg



L

= A+ (x—1) and u(x, y)
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108
xK € [-2,2] x [-2,2]

= Ai(x) cosy

—o— n=1
- n=2
—— n=3
—— n=4
—— n=>5
------ order 2
- == order 6

10~

10~4

1072 100

with p = 2n + 1 basis functions

at the order g = max(n —1,1)




L=V -(x*V) + cosyd, — x0x + (2x*> + siny — 1/?)
u(x,y) = Jy(x) cosy

—— n=
1071 | 1]-=- n=2
—— n=
—— n =
10—5 B 1 |—— n=5
------ order 2
--- order 6
1079 | y
10—13 | ]
10_17 I I I
10-° 1074 102 10°
Xk € [1,4] x [0,27] with p = 2n+ 1 basis functions

v=1 at the order ¢ = max(n—1,1)



L= x*0+ y?0; +x0x + yd, + (x> + y* — 1)
u(x,y) = Jo(x)Ah(y)

—o— n=1
1071} A= n=2
—e— n=3
—— n=4
10—5 B 1 |—— n=5
------ order 2
- == order 6
1079 | y
10—13 B .
10_17 I I I
10-° 10~* 102 10°
xk € [1,3] x [0, 3] with p = 2n+ 1 basis functions

at the order g = max(n—1,1)



L = (95 + 2cos xsin y0xdy, — 205 + cos x(y> + cos y) Oy +
siny(x® —sinx)9, + (4sinxcosy — 1 — x3cosy + y°>sinx
u(x,y) = cos(x)sin(y)

w

—o— n=1
107t | - n=2
—-— n=3
—— n=4
10°° | —— n=>5
------ order 2
=== order 6
1079 |
10—13 |
10_17 I I I
107° 10~* 102 10°
xk € [-1,1] x [-1,1] with p = 2n + 1 basis functions

at the order ¢ = max(n—1,1)



CONVERGENCE OF THE

NUMERICAL METHOD



Convergence of the GPW+T method

GPW space V), [IG & Després '14]
Vip ¢ H={v e %) : v smooth

and — Apv — k2ev = 0,VK € Ty}
Stabilized formulation

Bp(u,v) = Ap(u, v) + m/ Y(Apu + K2eu)(Apv + K2ev)dS
Q

Coercivity and continuity
Il < [Ba(u, u))]
[Br(u, v))l < Cllull+[Iv]]
Theorem (smooth solution) [IG & Monk '16]
|u— unlli2@) < CA"

providedthata:B:5:1/2,-y:h3,p:2n+1,n22andq:n+1



GPW + T

2D test case : L?(Q2) norm convergence
Uex(x) = Ai(k?3y), k = 15

10°

105 F
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sl q+1

10 =wuun order3
wawwa orderd
order 5
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10t 102
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CONSTRUCTION OF GPWSs
MAXWELL’S EQUATION

» x e R3
» Vector valued PDE



The cold plasma model

» Equation for E(x)

2 2
VxVxE—w—2E+wenO
c

— SE=0
C< Me€g
2
Define wg = o
Mme€Q
2
w B
» Dielectric tensor K :=1 — —SS with we == b0
w Me
2 2 2
5:1_ﬁ<2w 2>’D:_&<2wc 2>’P_1_WI2)
w \w? —w? w \w?—wz w
S —D 0
=K=1[:D S 0
0 P




Local definition of a vector

Constant coefficient
L=V xV X —r2ek

¢(x) = Aexp (16+/exd - x)
dxdxA—k’exA=0
= Ldp=0

valued GPW

Variable coefficient
L=V xV x —r%(x)

da(x) = Ay(x) exp (1S4 (X))

= Lp=0

Towards Generalized Plane Waves

» 6 scalar polynomials {A.,Sa}acx

Y2}

> 3 scalar constraints {(L®)a}tac(x,y,z}

» Compatibility condition A, S

v Taylor expansion at xk
Lp(x) = O (h7)



Phase function assumption L.¢p =V x V X ¢p — k%c¢p

b0 = Aa(x) expicS(x), VS = constant
L’,ecl):nz[—VS X VS A—eA}e"”‘S
+/R[VSXVXA+va5xA}e"HS

+ [VxVxA]emS

|. Local Eikonal equation = Phase



Phase function assumption L.¢p =V x V X ¢p — k%c¢p

b0 = Aa(x) expicS(x), VS = constant
L’,ecl):nz[—VS X VS A—eA}e"”‘S
+/R[VSXVXA+va5xA}e"HS

+ [VxVxA]emS

|. Local Eikonal equation = Phase
Il. Layer structure = Amplitude
VXxVxA

:/12[V5><V5><A+6A} —im[VSxVxA—l—VxVSxA]



Phase function assumption L.¢p =V x V x ¢ — k’c¢

b0 = Aa(x) expicS(x), VS = constant
Eeq,'):nz[—VS X VS A—eA}e’RS
+/R[VSXVXA+va5xA}e"HS

+ [VxVxA]e’”S

|. Local Eikonal equation = Phase
Il. Layer structure = Amplitude
VXxVxA

:/12[V5><V5><A+6A} —im[VSxVxA—l—VxVSxA]

= Towards a hierarchy of linear sub-systems



Building a GPW : The system VXxVxA

The unknowns x=(x,y,2)
> As(x) = Z Afj(x — xk)'(y — ykY (z — zx)*
0<i+j+k<deg,
v deg, and {A;  Jo<itjrk<deg,

1
= Nun = Z g(dega + 1)(dega + 2)(dega + 3)

[e%



Building a GPW : The system VXxVxA

The unknowns x=(x,y,2)
> As(x) = Z Afj(x — xk)'(y — ykY (z — zx)*
0<i+j+k<deg,
v deg, and {A;  Jo<itjrk<deg,

1
= Nun = Z g(dega + 1)(dega + 2)(dega + 3)

[e%

The equations

> Lo(x) = O (h)
v V(i,j,k)suchthat0<i+j+k<g-1

6;81,5? [V X V X A] (XK) = Fijk

(g +1)(g+2)
6

:>Neq:3q



Building a GPW : The system VXxVxA

The unknowns x=(x,y,2)
> As(x) = Z Afj(x — xk)'(y — ykY (z — zx)*
0<i+j+k<deg,
v deg, and {A;  Jo<itjrk<deg,

1
= Nun = Z g(dega + 1)(dega + 2)(dega + 3)

[e%

The equations

> Lo(x) = O (h)
v V(i,j,k)suchthat0<i+j+k<g-1

6;81,5? [V X V X A] (XK) = Fijk

(g +1)(g+2)
6

:>Neq:3q

Choice Vo deg,, = g+ 1



Building a GPW : The unknowns, Hierarchy

» Splitting by level £
N i p0< i< L+20<<0+2— 1},
Mo jhjo0<j<l+2,0<k<E+2—j},
N ki 0 k< l4+20<i<l+2—k}

~ A’-indices -~
7 J

Symmetric
representation

! J i+j+k=4

=2
A*-indices { / \ E AN-indices
k k



Building a GPW : The equations

» Couplingi+j+k=1¢
—U+2)U + DA ok — (k+2)(k+ 1A o
+( + 1) + 1))‘,¥+1J+1,k + (T +1)(k+ DAk = Fiy
AP-indices
Equations
(=2 @z component, (¢,7, k) = (0,0,2)
@y component, (i,7,k) = (2,0,0)
® z component, (i, 7, k) = (0,2,0)

~
S

J

7 .

M-indices / / \@ A-indices
k

k




Building a vector valued GPW : an ill-posed formulation

v The Laplacian operator
A : Cgi1[X, Y] = Cq_1[X, Y]
X The curl-curl operator
V x Vx : (Cq1lX, Y, Z])® = (CquiX, Y, Z])°

Lo =G+ 1A g h1 — (K 3)(k+2)A 1 413

F( + DN gy T O+ DK +2)M 50 k0
2. —(k+3)(k+2)X 13—+ 1IN 1

U+ D+ 2N k2 0+ 1IN g e
30 =(T+ )X jr ke — U 1A ok

(k4 3)iNS g pqs + (K + 3N ks

1. n 2. n 3_ — 0
Jkr2) " iktr2) 7




What's next then?

XVXxVx¢=—Ad+V(V-p)

Different ansatz
> o = Aa(x)expikS(x), with VS = constant
> o = An(x)exp (1kS4(x)), with A = constant
> ¢a = Aa(x) exp (15Sa(x))

Different equation

» L=V xV x —K%
» L=V x u 1V x —r%¢, with u~! scalar-valued
» L=V x (MVx) — k%, with M matrix-valued



FUTURE WORK
GPWs

» Approximation properties in 3D
» With G. Sylvand (Airbus)
Vector valued equations
» With J.-F. Fritsch (ENSTA)

Conditioning & Adaptive discretization

v

v

v

High frequency regime and numerical integration
Time domain
» With A. Moiola (U. Pavia), P. Stocker (U. Vienna)

v

Trefftz - GPWs
» h-convergence and p-convergence
» With P. Monk (U. Delaware), R. Hiptmair (ETH Zurich)

» Parallel implementation, Preconditioning
» With G. Stadler (NYU)



Thank you.




