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Abstract. I give in this paper a very personal view on the active re-
search field of Domain Decomposition methods. I explain why it was dif-
ficult for me to start working in the field, and how I managed, applying
the technique of decomposition itself to handle the difficulty of studying
domain decomposition methods, to develop nevertheless an understand-
ing of the field, and loving it. Even though I have not yet converged to
the limit of fully understanding the most powerful domain decomposition
techniques combining all the pieces, I show for example how to modify
two level Schwarz methods so that they are as effective to solve Poisson
problems as multigrid in wallclock time, and this without Krylov accel-
eration. I hope sharing my experience will help to transmit the passion I
developed for this field of computational and applied mathematics, and
motivate readers to develop these techniques further.
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Introduction

“My name is Bond, James Bond”, 007.

When I talked for the first time about the subject in the title in January 2018
at the Ecole Polytechnique in Paris, I was asked if I had explicitly tried to get
to the number 7. Seven is a special number, that appears quite often in various
contexts, like the 7 dwarfs, the 7 deadly sins, the 7 days of creation, we have 7
days in the week, there are 7 world wonders, there are 7 notes in the musical
scale, and so on (see also the quote above for the more popular culture). In the
present case however, it just happened to me that there were 7 things', when
I thought about what I would like to tell the next generation of researchers
and scientists that were interested in Domain Decomposition (DD) methods, or
that were simply obliged to consider them because they are the only option for
performing their simulation, in order to obtain a solution.

Starting to do research in an already mature field of research like DD meth-
ods is not easy, and the learning curve is very steep. This is because if one

! And now it took seven years to finalize this manuscript!
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wants to understand the most complete and seminal results in DD methods, one
needs deep knowledge in functional analysis, partial differential equations, their
discretization, numerical linear algebra and iterative methods, computer science
including hardware and software, programming, and furthermore also applica-
tions. For me it was not possible to start right away with these most complete
and seminal results, I had to approach them with small steps which I was able to
understand, disconnect the various difficulties by decomposing them, like in DD
itself, and still I have not yet fully converged to the fundamental and complete
understanding contained in these complete and seminal results.

I therefore start in the next section by introducing the four main seminal
results in DD, for which the book [74] is the reference. I then decompose the
difficulties I had for understanding them, and explain piece by piece how I man-
aged to improve my understanding, getting closer and closer to currently active
research questions of interest to me. In Section 2, I explain the classical four DD
solvers as iterations at the continuous level for a simple model problem, with-
out Krylov acceleration, and show why and how they converge. In Section 3, 1
show how such methods can be discretized and implemented on a computer. In
Section 4, I introduce better transmission conditions than the classical Dirichlet
and Neumann conditions used by the main four classical domain decomposition
methods from Sections 1 and 2, and explain research directions these transmis-
sion conditions opened up. In Section 5, I explain the so important term ’optimal’
used in DD, and propose as alternative ’scalable’, which makes it easier to keep
developing DD and also more general iterative methods, and encourages further
research to enhance them. In Section 6, I illustrate how this helped me to inves-
tigate local and global convergence mechanisms separately and in combination,
which leads to a new understanding of coarse spaces for such methods. And it
is only at the end that I introduce Krylov acceleration of all these methods in
Section 7, since Krylov methods can be considered as accelerators of the un-
derlying DD iteration, and are difficult to integrate into the theory, except for
the very special case of symmetric positive definite problems and the conjugate
gradient method (CG), where one can argue with condition numbers. I make a
few concluding remarks in the last section. Again, I would like to emphasize that
this is a very personal and thus highly biased vision of the field, but I hope it is
helpful, and also instructive and fun to read.

1 Seminal contributions to DD not easy to start with

“I worked hard. Anyone who works as hard as I did can achieve the
same results.”

Johann Sebastian Bach.

Modern DD methods are highly sophisticated parallel solvers for partial dif-
ferential equations (PDEs), which combine many different techniques in the
realm of iterative methods for solving large scale sparse linear systems. It can
be daunting for young scientists that are new in the field to try to understand
directly methods at this level of sophistication. I show in this section the main
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The projection Fy.n = F; is defined, for all of V*, by the unique element
» h [ .
of V', which satisfies

a( Pivy,¢n) = alva, 0n), Yo € V", (2)

Lions [10] has shown that the error propagation operator of the standard
multiplicative variant of the Schwarz method can be written as

(- P)I-P),

for the case of two subregions. We can view that algorithm as an iterative
method for solving

Pi+ Py = PPy, = g

with an appropriate right hand side g, . We note that the operator is a poly
nomial of degree two, and thus is not ideal for paraliel computing. since two
]

sequential steps are involved

I'he additive form of the Schwarz algoriths

can similarly be regarded as an iterative method for solving the equation

Pu, =(Fo+ P + + Pxuy = 0 (3)

We salve "*’;I.‘.xf:vlf 3 1-_'. the standard conjugate gradient method

Fig. 1. Seminal invention of the Additive Schwarz Method.

four DD methods at their full level of sophistication, illustrated by their inven-
tion, and recall the main convergence results known about them. The first three
Olof Widlund prizes in DD methods were won for three of these inventions.

1.1 The Additive Schwarz Method

In 1987, Max Dryja and Olof Widlund introduced in the technical report [28]
what was to become one of the most used and analyzed DD methods in the field,
namely the Additive Schwarz (AS) method. The method is defined for a given
bilinear form in a Hilbert space with given subspaces of the Hilbert space, and
only uses projections in its definition, no PDEs, see Fig. 1. As we can see from the
quote, it was motivated by the analysis of Lions of Schwarz methods in the first
of three seminal contributions [63], where Lions wrote the alternating Schwarz
method as an alternating projection method in a Hilbert space. The main idea of
Dryja and Widlund was to obtain a parallel version of this alternating projection
method by executing the projections in parallel. In addition, the method is not
considered as an iteration, but as a new system which is to be solved by CG, see
the last sentence in Fig. 1.

In order to understand the properties of this new, so called preconditioned
system given by the sum of the projections, the abstract Schwarz framework
was developed, which led to the condition number estimate for AS shown in Fig.
2. The estimate states in very general terms that if the domain decomposition
has subdomains with generic diameter H, and these subdomains overlap with
an overlap size §, and if the ratio of % is constant, then the condition number
remains bounded by a constant, and hence CG will converge in a number of
iterations that is independent of the number of subdomains and the overlap ¢
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Theorem 3.13 In case exact solvers are employed on all subspaces, the con-
dition number of the additive Schwarz operator satisfies

K(Poq) < C (1 + %) R

where C' depends on N€, but is otherwise independent of h, H, and §.

Fig. 2. Fundamental condition number estimate for 2-level AS, taken from [74].

We shall show that the corresponding equation

(10) B(W,x)=(8,x), Yx€S;
can be solved by solving related Galerkin equations on &, and Q,. This is done as
follows: Consider x € S2(,). Then (10) reduces to

A,(Wp, x) = (8,x), Yx € S2(Q,).
Since W, € SP(L,) this is just the solution of a discrete Dirichlet problem on Q,.
With W, now known, we write (10) as
(11) A (W, x) = (gx) - A~2(WP’ xp)=(8x) - A~2(WP’ x)-
The last equality follows since 4,(Wp, x ;) = 0. The equations (11) uniquely de-
termine W € §,(Q,). In fact, W is the discrete solution of a mixed Neumann-
Dirichlet problem on £,.

Fig. 3. The appearence of the Dirichlet-Neumann method from [7].

often proportional to the mesh size h used to discretize the problem. Note that
here the additive Schwarz operator also contains a coarse space.

The convergence analysis techniques developed for AS have reached such a
level of generality that the so called abstract Schwarz framework has also been
used to analyze DD methods which are quite different from the original Schwarz
method, as we will see in the following subsections.

1.2 The Dirichlet-Neumann Method

Around the same time as AS, the Dirichlet-Neumann method was introduced
by Bramble, Pasciak and Schatz [7], see Figure 3, and also by Bjorstad and
Widlund [4]; see also their earlier work [3] where they cite already a preprint of
Bramble, Pasciak and Schatz. Like AS, the method was directly introduced as
a preconditioner for CG at the discrete level, and a condition number estimate
was proved for the case of two subdomains, see Figure 4, which shows that the
method converges independently of the mesh size h.

1.3 The FETI Method

Four years after the seminal invention of AS, Farhat and Roux introduced in
1991 the Finite Element Tearing and Interconnect (FETT) DD method [31]. The
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THEOREM. Let A(+, ), S? and B(-, -) be defined as above. Then there are positive
constants X, and \, independent of h such that

NB(V,V)<A(V,V)<\B(V,V), VVeSL

Fig. 4. Condition number estimate for the Dirichlet-Neumann method from [7].

transforms the hybrid variational principle (4) in the following algebraic system:

K,u, =f, + B]A

K,u, =f, — BIA (6)

B,u; =B,u,

If both K, and K, are non-singular, equations (6) can be written as
(B,K; 'B] + B,K; 'B])A = B,K; 'f, — B,K; 'f,

u, =K '(f; + Bf3) ™
u, =K;'(f, - BJ})

Here we focus on the solution of the non-singular system of equations
F, -Ry|[A]_[B.Kif, - B,K{'f, )
—RY 0 ||a — R,

F, = B,K; 'B! + B,K; B!

is indefinite so that a straightforward conjugate gradient algorithm cannot be directly applied to
the solution of (14). However, the conjugate gradient iteration with the projected gradient (see, for
example, Gill and Murray'?) can be used to obtain the sought-after solution.

where

Fig. 5. Seminal invention of the FETI method from [31].

method was invented using a minimization formulation of the partial differential
equation to solve, and led to a linear system of equations containing so called
Lagrange multipliers, see Fig. 5. Again there is no iteration, and the system is
solved by CG, this time however with a projected gradients. The FETIT method
has become one of the most researched and thoroughly numerically tested DD
method, also on very large scale industrial problems. Like for AS, there is a very
general condition number estimate, as shown in Fig. 6. We see that the estimate
is written a bit differently, but if one divides on both sides by the inner product
< MpA, A > one gets a condition number estimate of the same form as for AS.
Here however, one needs to keep the subdomain width H divided by the small
mesh size h constant in order to get a method that converges with projected CG
independently of the mesh size and number of subdomains. Note that also here
there is a coarse space, indicated by the abbreviation DP (Dual-Primal), and
there is also an additional preconditioner.
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Theorem 6.35 (Algorithm B) The preconditioner Mp satisfies
(MpM,A) < (FpA, A) < C(1 +1log(H/A)?(MpA,\), A€V (6.77)

Here C is independent of h, H,~, and the values of the p;.

Fig. 6. Fundamental condition number estimate for FETI-DP, taken from [74].

ALGORITHM 2 (BDD PRECONDITIONER, [19]). Given r € V, compute M~ 'r
as follows. Balance the original residual by solving the auxiliary problem for unknown
vectors A\; € R™,

k
(9) ZIDINT(r = SN D 2,0 ) =0, i=1. .k
7=1
and set
k — G — 7
(10) s=r—=SY N;D;7Z; ), si=DINTs, i=1,... k.
J=1

Find any solution w; for each of the local problems
(11) Siu; = 84, t=1,....k,

balance the residual by solving the auxiliary problem for u, € R™,
. k -
(12) ZiTD;rNiT<T - ‘QZAT]DJ(U.? + ZJ#J)) =0, i=1.. .k

J=1

and average the result on the interfaces according to

3
(13) 2= NDi(u; + Zip).

Fig. 7. Seminal invention of the BDD method from [65].

1.4 The Balancing DD Method

Two years after the invention of FETI, Mandel and Brezina introduced in 1993
the Balancing DD method (BDD) in the technical report [65], see Fig. 7. The
method is described at the algebraic level, by giving precisely the steps that have
to be executed to apply the preconditioner to a residual. BDD methods are the
fourth and last class of DD methods that have been thoroughly analyzed and
tested, and there is also a condition number estimate, given in Fig. 8. There
are two surprising things to note in this condition number estimate for BDD:
the first one is that the theorem talks about a hybrid Schwarz method, and not
about BDD, and the second is that the condition number estimate is essentially
identical to the FETI-DP condition number estimate in Fig. 6!

When I started to work on DD methods about 30 years ago, I was going
to conferences and studied the corresponding literature, and it was extremely
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Theorem 6.4 The hybrid Schwarz method defined by the operator (6.10) and
the spaces and bilinear forms of this section satisfies

s(u,u) < s(Pppu,u) < C(1+log(H/R))?s(u,u),

where C' is independent not only of the mesh size and the number of substruc-
tures, but also of the values p; of the coefficient of (4.3).

Fig. 8. Fundamental condition number estimate for BDD (yes, not Schwarz!), taken
from [74].

difficult for me to develop an understanding of what these methods really were,
why they were all used as preconditioners, and how I should try to use these
techniques to develop new DD methods, and maybe also apply them to differ-
ent, for example time dependent or time harmonic PDEs, especially since those
PDEs were often not explicitly mentioned, all was encoded in bilinear forms.
The learning curve was incredibly steep and seemed almost insurmountable. I
therefore started to look into the earlier literature on DD methods to try to
understand where these so highly successful DD preconditioners with incredi-
bly sophisticated mathematical condition number estimates were coming from.
What are the pieces, is it possible to separate them and thus get to a simpler un-
derstanding of why and how they converge, preferably written at the continous
level with a domain decomposition directly for the PDE?

2 Seminal contributions to DD which use only one
technique and are thus ideal to start with

“In this chapter the reader is encouraged to discover the
mathematical foundation of domain decomposition methods, which are
based on partitions of the computational domain into subdomains with
or without overlap.”

Quarteroni and Valli [69], 1999.

There were indeed also manuscripts which did not introduce domain de-
composition methods as preconditioners, but as iterative methods that solved
subdomain problems and then combined these subdomain solutions iteratively
to get better and better approximations of the solution to the underlying PDE
to be solved. These methods were written at the continuous level for a concrete
PDE written in strong form, like I had learned in my graduate courses at Stan-
ford. There are also four main classes of such domain decomposition methods
which I now briefly introduce with a detailed convergence analysis for a simple
model problem.

2.1 The Alternating Schwarz Method (Schwarz 1869)

The first class are the Schwarz methods, going back to Hermann Amandus
Schwarz [70], who invented the method to close a gap in Riemann’s original
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Durch- wiederholte Anwendung und geeignele
Modifikalion des erwiihnten Grenziiberganges durch
alternirendes Verfahren kann die Existenz einer Funk-
tion « fir ein gegebenes Gebiet auch dann, wenn
ausser den Grenzbedingungen noch Unstetighkeitshe-
dingungen, oder wie bei den Abel’schen Inlegralen
Unstetigkeitshedingungen allein vorgeschrieben sind,
in den Fillen dargethan werden, fir welche Rie-
mann in seinen Abhandlungen die Existenz behauptet
und mitlelst des Dirichlet’schen Princips zu bewei-
sen gesuchl hal.

Fig. 9. Original domain decomposition figure from 1870 for the alternating method of
Hermann Amandus Schwarz and his comment: “By repeated application and suitable
modification of the mentioned limiting process by the alternating procedure, the ex-
istence of a function u for a given domain can be proved even if, in addition to the
boundary conditions, discontinuity conditions, or, as in the case of Abel’s integrals,
discontinuity conditions alone are prescribed, in the cases for which Riemann has as-
serted the existence in his treatises, and sought to prove it by means of the Dirichlet
principle”.

proof of the famous Riemann Mapping Theorem, see Figure 9, and [52, 53] for
more information on the history of this important invention. In order to intro-
duce the alternating Schwarz method, we consider a Poisson problem in 1D,

Opgu=f in 2:=(0,1),
u(0) = g1, (1)
u(1) = gr.

Schwarz methods are based on an overlapping decomposition of the domain {2
into subdomains {2;, which for Schwarz were a disk and a rectagle as in Figure 9
on the left. For our 1D example (1) we consider the two subdomains 24 := (0, 5)
and (2 := (a, 1), @ < 3, and solve (1) by iteration: given an initial guess u3(f3),
the alternating Schwarz method computes for iteration index n = 1,2,... the
sequence of subdomain solutions

8@:9:“’? = f in Qla aa:wug = f in 927
ut(0) = g1, ug (@) = uf(a), (2)
uf (8) = uz™"(B), ug(1) = g,

We show in Fig. 10 a graphical illustration of the convergence of the alternating
Schwarz method starting with a zero initial guess. We see that the iterates u’
seem to converge to the solution u. In order to better understand the conver-
gence, we introduce the error €} :=u—uj, j =1,2, n=1,2,..., which satisfies
within the subdomains the equation
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y !
0

Fig. 10. Example of the alternating Schwarz method in 1D.

i.e. the error satisfies a homogeneous equation, independently of the right hand
side function f. Similarly, on the outer boundaries of the domain {2, we obtain

e1(0) = uw(0) —ui(0) = g1 — 1 = 0,
u(1) —uz(1) = gr — g, =0,

so the error also does not depend on the boundary values g; and g,. On the
interfaces at * = a and = = 3, we get

er(B) = u(B) —ui (B)

ez (a) = u(a) — uz(a)

Therefore, the error satisfies the homogeneous alternating Schwarz algorithm

87-16711 =0 in Qla 3m63 = in 027
et(0) =0, e5(a) = ef(a), (3)
e1(B) = ey (B), e3(1) =0.

The solutions are simply linear functions, namely

T 1-—2z

ef(z) = 363 HB), en(a) = —cil@),
which implies when evaluating the first relation at x
second relation evaluated at x = 3 that

«a and inserting the
a o, al—pg _
et (@) = 363 HB) = e
and similarly we also obtain

1—
ey =127

1—
) = 1 e
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n
GJ‘

0 « B8 1

Fig. 11. Error of the alternating Schwarz method in 1D.

We see that the Schwarz method converges if and only if the convergence factor
p satisfies 1_p
al-—

p.—ﬁl_a<1. (4)
This is equivalent to o < f3, i.e. the method needs overlap to work. We show
in Fig. 11 how the error in this alternating Schwarz method decreases, which
illustrates very well the linear convergence with the same factor p after each
alternating iteration, and one can also picture how small overlap will make the
method slow, and large overlap will make the method fast.

In 1988, Lions introduced a parallel variant of the alternating Schwarz method
[63], now called the parallel Schwarz method (of Lions), by replacing the trans-
mission condition for the second subdomain in (2), which is u% () = u} (@) in
the alternating Schwarz method, by

uj (o) = ui' ™ (a). (5)

Now the method needs two initial guesses to start, u{(a) and u9(3), but the
two subdomain solves can be performed in parallel. This is not so interesting
for two subdomains, since in this case the parallel method just computes as
a subsequence the alternating iterates, and another subsequence of alternating
iterates starting on the other subdomain. For many subdomains however, the
parallel Schwarz method is a very interesting way to use many processors, one
per subdomain, simultaneously to solve a large scale problem.

2.2 The Dirichlet-Neumann Method

The Schwarz methods we have seen in the previous subsection need overlap
for convergence. In order to obtain a DD method that works without overlap,
one can not only use Dirichlet transmission conditions. More than a century
after Schwarz, we find in [32] the so called Dirichlet-Neumann method, which is
based on a non-overlapping decomposition, see Figure 12, and also [76], where
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A"+ up™=f inQ,,
v™=0 ondQ\T,

o™=, onT,

AW+ uw™=f inQ,,

w™ =0 on dQL\T,
aw™ g™
= onT,
ox ax

A1 =W +(1-0)A, onI forn=1,

Fig. 12. The formulation of the Dirichlet-Neumann method from [32].

it is presented as an alternative to the alternating Schwarz methods without
overlap. For our 1D Poisson model problem (1), if we consider the two non-
overlapping subdomains (2; := (0,«) and {25 := (a, 1), the Dirichlet-Neumann
method would start with an initial guess uJ(«), and then compute for iteration
index n =1,2,... in an alternating fashion like the alternating Schwarz method
a Dirichlet but then a Neumann problem,

Ogzu} = f in {2y, Oz = f in (29,
oSy ~0,u (o) = 0,7 (a), ()
ui(a) =uy (), uy (1) = gr.

We wrote here —0,, instead of 0, which would have been the same algorithm,
in order to emphasize that in more general situations, it is the unit outward
normal derivative which is used on the Neumann interface, and for the second
subdomain at « the unit outward normal derivative at the left border x = « is
—0,. As for the alternating Schwarz method, we can write the error equations
for the Dirichlet-Neumann method,

Ozzel =0 in (29, Ozge =0 in (2,
e (0) =0, X —0ze5(a) = —0zet (), (7)
e?(a) = egi (O‘)v eg(l) =0,

and we obtain for the errors the solutions
er(z) = ae’fl(a)a ey (z) = —(1 — 2) €7 (o),

as one can easily check by inspection. This implies that at x = «

en() = 2 1(a) = —(1 - )2t (a) = —~—Len2(a) = 2 Len—1(a),
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<

o
Q +
—_
o
o+

Fig. 13. Error of the Dirichlet-Neumann method in 1D. Left with o > % where it
converges, and right with a < % where it does not.

where we explicitly computed the derivative in the second last step, and used in
the last step that e} '(a) = e ?(a). Similarly we also obtain

a—1 n—1

e3(a) = (1 - a)dze(a) = ey (@)

We see that the Dirichlet-Neumann method converges if and only if the conver-
gence factor p satisfies

= <1l forae2=(0,1).

pi=

a—1 1—«
-
Soif a > %, the Dirichlet-Neumann method converges, whereas for a < % it does
not, as illustrated in Fig. 13. The Dirichlet-Neumann method therefore can not
just be used as is, and one adds a relaxation parameter 6, as it was already shown
in Figure 12: one replaces the transmission condition of the Dirichlet subdomain
in (6) by

ui(a) = g"",
and thus needs to start the algorithm with an initial guess ¢°, and then computes
the new ¢” by a linear combination of the old one and the newly computed value
on the second subdomain,

g" =0g""" + (1 —0)uj(e).

The convergence factor of the Dirichlet-Neumann method with relaxation be-

comes 1
a —
(6

just a weighed average of 1 and the old convergence factor, and now one can
choose 6 to make the method converge for all a. The best choice #* makes the

—_
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computation of the solution: for any i, solve the Dirichlet
problem:

u; =X on S,

- &y, = f on 9,
u, = 0 on 9Q N 39Q; ;

computation of the gradient: for any i, solve the Neumann
problem (preconditioner)

—Atl;i =Oon9i,

awi 1 9y, ou,

— == |=— + —] on S,

on; 2 |9n on,
wi=OonaQnani;

updating: set A = X - o( ¥, + ¥,) and reiterate .

Fig. 14. The invention of the Neumann-Neumann method from [6].

convergence factor as small as possible, and a small miracle happens in 1D, since
we can make the convergence factor vanish identically: p = 0 is obtained for
a—1
F+(1-0)——=0 = 0=1—oq.
@

With this optimal choice 6* of the relaxation parameter, the Dirichlet-Neumann
method converges in two iterations, it becomes a direct solver, something which
is not possible with the classical alternating Schwarz method?.

2.3 The Neumann-Neumann Method

The third class of DD methods are the Neumann-Neumann methods invented by
Bourgat, Glowinski, Le Tallec and Vidrascu [6], see Figure 14. These methods
also use non-overlapping subdomains, but solve two problems on each subdo-
main, first Dirichlet problems starting with an initial guess ¢g° on the interface,
for our 1D model problem

&mu{l = f in Ql, &mu’; = f n .QQ,
uy (0) = gi, ug (o) = g" (3)
u?(a) = gnilv ’U,g(l) =9r

followed by Neumann correction problems,

Opz¥] =0 in {27, Oy =0 in {2,
MZ(O) =0, - x%L(Oé) = ax“?<a) - azug(a)a (9)
9.7 () = Oput () — pui(a),  ¥5(1) =0,

2 Tt is this miracle which in higher spatial dimensions still happens for high frequencies
and 0 = % and makes this into a very powerful solver that converges independently of
the mesh size, see [22, Section 4.7]. Also when using Krylov acceleration, optimizing
6 does not contribute anything, see [22, end of Section 4.7].
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and then also a relaxation step is needed, since otherwise convergence can not
be ensured,

9" =g""" =0T (a) + 5 ().
The error equations for the Neumann-Neumann methods, denoting with d" :=
g — g" for g := u(«) the error at the interface, are

Ozael =0 in {2, Oz =0 in {2,
el (0) =0, ef(a) = d* 1, (10)
eff(a) = d", e5(1) =0,
followed by the Neumann correction problems
8&6361/}? =0 in (2, am%l =0 in (2,
¢1(0) =0, —0:¥5 (a) = Oyef () — Oreg(a), (11)

A1 (a) = Opet(a) — Oreg (@), ¥3(1) =0,
and the relaxation step for the error,
d = 4" — 0 (0) + v ().

As for the Dirichlet-Neumann method, we can easily compute the linear solutions
for the error,

T 11—z
n _ 7dn—1 n _ n—1
er(z) o ;o ex(x) 1-—a )
which gives for the Neumann conditions in the correction problems
n n 1 mn— 1 m— 1 mn—
3;,;61 (Oé) - 89062 (O[) = ad ! + md 1 - md 1.
The corrections therefore become
T 11—z
n _ dnfl n _ n—1
1/J1 (IE) a(l _a) ) 7/}2 (;L') a(l —Oé) ’
which leads to the relaxation step
« 1—-« 1
d"=d""t -9 d"t=(1-0—"—)d" .
(a(l—a)Jra(l—a)) ( a(l—a))

Hence, the convergence factor p of the Neumann-Neumann method is

1
=1-0———, 12
p ol —a) (12)
and like for the Dirichlet-Neumann method, we can obtain convergence in 2
steps® if we choose # such that p = 0, i.e.

0=0"=a(l-a).
Note that BDD from Subsection 1.4 is in fact a Neumann-Neumann method,
with a simple piecewise coarse space added.

3 1t is again this property that makes the Neumann-Neumann method into such a
powerful solver that converges independently of the mesh size, like the Dirichlet-
Neumann method, see [22, Section 4.8].
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2.4 The FETI Method

The last class of DD methods are the FETT (Finite Element Tearing and Inter-
connect) methods [31], which have been invented in the context of writing the
PDE as a minimization problem. FETI methods turn out however to correspond
to simply inverting the Dirichlet and Neumann solves in the Neumann-Neumann
method. In our two subdomain example, they would start with Neumann solves
on the subdomains (while the Neumann-Neumann method starts with Dirichlet
solves, which does not seem natural but historically the method was named that
way), using as initial guess g° on the interface,

axmu? = f in Qla 311”3 = f in 927
ut (0) = g1, Oauf (o) = g™ 1, (13)
dput(a) = g" 1, uz (1) = gr,

followed by two Dirichlet correction problems,

Opat? =0 i 02, Dpf =0 in s,
1(0) =0, ¥ () = ui(a) — uy(a), (14)
¥1(@) = ui(a) —uz(a), ¢3(1) =0,

and then again a relaxation step is needed,
g" = gnil = 0097 (@) — 0293 (av)).

The error equations for FETI, again denoting with d" := g — ¢” for g := J,u(«)
the error at the interface, are

Ozzel =0 in {29, Ozzey =0 in (2,
er(0) =0, Opes(a) =d" 1, (15)
dpet (o) = d" 1, ez(1) =0,

followed by the Dirichlet correction problems

Ouat? =0 in 2y, O =0  in 2,
¥1(0) =0, ¥5(a) = et (a) —ez(a), (16)
¥1(a) = ef(a) —ez(a), ¥3(1) =0,

and the relaxation step for the error,
d" = d"! = 0(0,7 () — et (@)).

As for the Neumann-Neumann method, we can easily compute the linear solu-
tions for the error,

et(z) =xd" ™, eh(x)=—(1 —x)d" !,
which gives for the Dirichlet conditions in the correction problems

el(a) —ef(a) = (a+ (1 —a))d"t=d" .
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The corrections therefore become

T 1—=x
n — 7dn71 n — dnfl
1/’1 (l’) a ) 7/)2 (l’) 1—a 9
which leads to the relaxation step
1 1 1
d=d" ' —9(=4+ — " '=(1-——)d" .
(a+1—a) ( a(l—a))

We see that FETT has the same convergence factor p as the Neumann-Neumann
method,

1

= 1-0—
P Ha(l—a)’

(17)

and like for the Neumann-Neumann method, FETI converges in 2 steps* if we
choose

0=0"=a(l —a).

3 DD solvers are obtained by discretizing these

“In numerical computation one will, of course, always be working with
some finite dimensional discretization of the PDE.”

Smith, Bjgrstad, Gropp [71], 1996.

To use Schwarz, Dirichlet-Neumann, Neumann-Neumann and FETT methods
on the computer, one has to discretize them. For example for the 1D model
Poisson problem of the Schwarz method we have seen in (2), if we discretize the
problem with a finite difference method and 6 interior grid points, i.e. mesh size

h = %, we obtain the linear system
-2 1 uy fi = =0
1 -21 Uug f2
1 1 21 ug | f3
72 121 ' (18)
1 -21 Uus f5
1 -2 \ug fo — 729

If we choose for the two subdomains in the alternating Schwarz method (2) as
subdomain boundaries a := 2h and § = 5h, as indicated in Fig. 15, we obtain

4 Again it is this property that makes FETI into such a powerful solver, and its relation
with Neumann-Neumann explains why the condition number estimate in Fig. 6 for
FETI and in Fig. 8 for BDD are the same.
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Fig. 15. Discretization of the alternating Schwarz method with the two subdomains
21 =(0,8) and 22 = (o, 1).

from (2) the discretized alternating Schwarz method

[—2 1 1 [uia fi— 7=
1|1 -21 uty | f2
h2 1 21 ufs | I3 ’
L L =21 \uiy fa— %“g,gl
) Ay ) ur fﬁh%ug.}l‘% (19)
-2 1 uy 3 fs— zuly
1|1 -21 uby | _ fa
h2 1 -2 1 uf s
L L =21 \uzs fo — #gr
——
Az uz .f2+h%2“?,261

This method can now be interpreted at the linear algebra level, and to do so,
it is useful to write the discretized linear system (18) in augmented form, by
writing the equations in the overlap twice,

[—2 1 1 [uia i+ 7291
1 -21 () fa
1 -2 1 U3 I3
1 1 -2 1 urg | fa
h2 1 -2 1 uz3 | f3 (20)
1 -21 U4 fa
1 =21 U2,5 f5
i 1 =2 \ugge fo + 729
—_—— — ——
A u f

If we apply a stationary iteration to this augmented system with matrix splitting
A=M— N,
Mu™ = Nu""' + f, (21)

and use as splitting the block Gauss-Seidel splitting,

40 _ [0—4y
M._[A21A2], N._[O ! ] (22)
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where the matrix blocks A; and Ay correspond to the Schwarz subdomain ma-
trices in (19), and Aj2 and Ag; are the remaining off diagonal blocks in the
augmented system (20), the resulting block Gauss-Seidel method coincides with
the discretized alternating Schwarz method (19). Similarly, the discretized par-
allel Schwarz method is obtained when using a block Jacobi method for solving
the augmented system, i.e. one uses the matrix splitting iteration (21) with the
block Jacobi splitting,

A1 O o 0 —Ais
w40, w0 -], -

we obtain a discretization of the parallel Schwarz method with the second trans-
mission condition changed into (5).

Remark 1. Note that the overlap of these methods is § — a = 3h, as one can see
in Fig. 15. This overlap corresponds at the algebraic level to 2 nodes overlap.
With minimal overlap, i.e. zero nodes and o = 3h and 8 = 4h this gives still as
overlap f — a = h. Note that with minimal overlap, the augmented system (20)
is identical to the original system (18).

As we did at the continuous level, we can also introduce the error e” := u — u"
at the discrete level, and since the solution w satisfies the same equation (21) as
the iterates u", we obtain by taking the difference the discrete error equations

e" =M 'Ne" !, (24)

which do not depend on the source terms f, like at the continuous level. Con-
vergence is therefore fast if the spectral radius (largest eigenvalue in modulus)
of the iteration matrix, p(M~1N) is small. Using that A = M — N, we get

MIIN=M'YM-A)=1-M"A,
and thus for fast convergence we need
p(I —M™1A) <« 1. (25)

Getting back to the DD methods, not only the alternating and parallel Schwarz
methods, as we have seen, can be written at the linear algebra level as a matrix
splitting A = M — N, also the Dirichlet-Neumann, Neumann-Neumann and
FETI methods can be written like this, always using an appropriate augmented
system formulation like in (20) for the alternating Schwarz method.

It is however also possible to write the discretized alternating Schwarz method
without introducing an augmented system. If we introduce for our discretized
1D Poisson example the rectangular restriction matrices

Rl = and R2 =
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and consider the original, not augmented system (18), i.e.

-2 1 Uy fi— %gz
1 -2 1 (5 f2
1 1 -2 1 us o f3
ﬁ 1 -2 1 Uyg - f4 ’ (26)
1 21 us Is
1 =2 \ug fo — 7=29r
—_—— — —
A u f
then the discrete iteration
wF =+ RTATIR, (f — Aun™) @

u” = u""2 + RYAS'Ry(f — Au—2),

where the matrices 4; := R{ART and A, := RyARL are algebraically defined,
is called the Multiplicative Schwarz method, and it can be used with any linear
system Au = f. This name comes from looking at the error e” := u — u” which
satisfies

e"—% =en 1 — R{A;lR]_Aen_l = (I — Pl)e”_l, (28)
e" =e" 2 — RTA;'RyAe™ 2 =: (I — Py)e" 2,
and inserting the first equation into the second on the right we get
e" = (I—P)(I—P)e" ", (29)

i.e. the complementary projection operations (I — P;) are applied in multiplied
form, hence 'Multiplicative’ in the Multiplicative Schwarz method. But why is
there the name ’Schwarz’ in the method? This is because the iteration (27) leads
to the same iterates as the discretization of the alternating Schwarz method (19),
as one can see as follows for our 1D example: for the residual in the n — % step,
we get

n—1-7

fi— ;legl Uy ) 0

uy 0

1 2 = U%_l N 0
— Au"! = - 3 _

f u f4 ’U,Zil | h%u'g 11 )

f5 #U271 7] un—

B 5
Jo — %gr 0 ] + u271

where B is the remaining part of the matrix A and of no importance, since the
following restriction step removes it,

fi1— 7= U?f
Ri(f—Aw = | A
31 3
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Next the subdomain solve Al_1 is applied which cancels with the matrix A; in
the second term,

—1 —1

f1—%gl uy ) uf uf )

_ _ uy uf T
A lR _Aun—l —A 1 f2 _ 27 _ 1,2 | _ 27 30
1 1<f ) 1 f3 ug 1 qu73 ug 1> ( )

N I e

uy

where we see that precisely the subdomain solve u}" of the discretized alternating
Schwarz method (19) appeared with transmission condition ug%! Continuing
with the Multiplicative Schwarz algorithm, we extend (30) with RT by patching
zeros and add it to u™ ! to get another interesting cancellation of the old iterate,

up ™! uy'y up =t uyq
up ™! ulg | uy ! uy o
Uy Ui 1 Uy Ut
ugfl u'g—l
ug_l 0 ugfl

This shows that the residual computation in the multiplicative Schwarz formu-
lation does two things: first it extracts the Dirichlet transmission condition so
the subdomain solve appears, and second it produces a copy of the old iterate so
it cancels with the old iterate on the first subdomain which is in the first vector
to the right of the equal sign, and can be replaced by the new iterate. Hence in
the new global iterate 4"~ 2, no matter what the content of the entries 1...4
was, we find the solution of a subdomain solve with boundary condition u?~*

For the second part of the algorithm, we find similarly

1. n n n n
fz— 7z U712 Uy,3 Ug 3 Uy,3

n n n
-1 n—iy _ 4—1 fa Urg | _ | U2 Utq

Ay Ro(f—Au™"2) = A J; T T e B N

51 5 L 2,5 5 L

fo — 7241 Ug ug g ug

uz

where we see now the second subdomain solve u§ appear with boundary condi-
tion uf 5 from the discretized alternating Schwarz method (19). Extending this
result with RI by patching zeros and adding it to w2 cancels again the old
entries and replaces them with the new subdomain solve on subdomain two,

n n
Uy 1 0 Uyl
s 0 ws
n n
n—1_ | Y13 Uz 3 Uy.3 _ | Y23
U1,41 24| 2,41 Ug 4
n— n n— n
Us U 5 Usg Ug 5

n n
Ug Uz 6 Ug U 6
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Hence the Multiplicative Schwarz method described algebraically in (27) is equiv-
alent to the discretized alternating Schwarz method (19) if the matrix A is a
discretization of the partial differential equation and the restriction matrices R;
correspond to the subdomains. This result holds not just for our simple example,
but in full generality, see [34, Theorem 3.3].

The Multiplicative Schwarz formulation (27) is very convenient for implemen-
tation, but one has to perform more computations than in the mathematically
equivalent discretized alternating Schwarz implementation (19): in addition to
the subdomain solves, one also needs to compute the residual f — Au”~!. Fur-
thermore, in a parallel environment, in Multiplicative Schwarz (27), one has to
communicate all variables in the overlap, whereas in the discretized alternat-
ing Schwarz implementation (19), one has to communicate only the interface
variables. In a production code, one should therefore never use the Multiplica-
tive Schwarz formulation (27), but always implement the discretized alternating
Schwarz method (19). The Multiplicative Schwarz formulation (27) is just to be
used for theoretical purposes.

We can now also understand the first step in the seminal invention of the
Additive Schwarz method (AS) in Fig. 1, since in (29) we have now seen what
the product (I — P;)(I — Py) means, for a discretized partial differential equation
and two subdomains. So how would AS then look like that corresponds to the
mysterious equation (3) in Fig. 17 In contrast to the Multiplicative Schwarz
method (27), we would have to add the corrections for AS,

u" =u""' 4 (RT AT Ry + Ry Ay ' Ry) (f — Au™ 1), (31)

and the natural question arises if this is then a discretization of the parallel
Schwarz method of Lions, which for our example is

[—2 1 1 [uts fi— &=
111 -21 uls | _ f2
n2 1 -2 1 up g f3 '
i 1 —2] \uf, fa— fuss?
] Aq i uy f1+,%21“3316f (32)
-2 1 (R f3— gzuly
111 -21 uzy | _ fa
h2 1 -21 u’is f5
L 1 _2_ ug,G f6 - %gr
Az uy f2+;%2“?,261

Note that the only difference compared to the discretized alternating Schwarz
method (19) is the transmitted data to subdomain 25 which is now uﬁgl instead
of uf 5 in order for the subdomain solves to be done in parallel. Tracing each
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step of AS (31) as we did for the Multiplicative Schwarz method, we find

n—1 1 n—1
v J1— 5201 u 0
n— n—
U A1 fa Uy 0 X )
n— 1 - n—1 n— n—
U= Ug + fd Usg + f3 72 Uo Ug
- n—1 1 ,n-1 n—1 n—1 3
Uy Ji—gzus Uy Al fa _| Ya )
up~! 0 2 fs ug
1 1 n—1
ug 0 fo — 329r ug
(33)

or with the subdomain solutions u} and 5 from the parallel Schwarz method
of Lions (32)

uﬁl 0 0
U?Q 0 0
n n n—1
e SRR b e I (34)
1,4 2,4 4
0 uy 5 0
0 (0 0

So now the magic cancellation we have seen in Multiplicative Schwarz does not
work any more in the overlap, the values of the old iterate remain, and the two
new subdomain approximations are added, except if the overlap is minimal, i.e.
there are no unknowns in the overlap. Then the cancellation still works, and
AS is equivalent to the discretization of the parallel Schwarz method of Lions.
Again the result of non-equivalence holds in general, see [34, Theorem 3.5]. This
is a particularity of AS, it is not equivalent to the discretization of the parallel
Schwarz method of Lions, a visual example is given in [34, Figure 3.2].

From our example, we see however also a very easy way to fix this problem: if
we modify the restriction matrices used in the extension RJT to slightly modified
R]T matrices which correspond to a non-overlapping decomposition, for example
for our simple model problem?®

1 0
Ri= | 1) e ol
0 1
and then we use instead of (31) the iteration formula
w = u"Tt o (RUA R+ B A R) (F — Aut), (35)

5 One could also use the original R, and put two zeros into Rz, or vice versa, or use
any partition of unity such that Rf R1 + RY Ry = I, the identity.
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then the magic cancellation works again like in Multiplicative Schwarz (27), and
the updating formula (34) becomes

u’ll,l 0
u’f_yQ 0
S . (36)
0 Uy 4
0 ug 5
0 ugﬁ

This is called the Restricted Additive Schwarz method (RAS), which was in-
vented in [9] because the authors observed that the method converged better
than AS when used as a preconditioner (for preconditioning, see Section 7). We
see that RAS is equivalent to the discretization of the parallel Schwarz method
of Lions, and it took almost a decade to understand that this result not only
holds just for simple examples, but in full generality, see [34, Theorem 3.7]°.

Like for Multiplicative Schwarz however, the RAS implementation (35) is
more expensive than implementing directly the discretized parallel Schwarz method
of Lions (32), since again one has to compute the residual, in addition to the
subdomain solves. Also in a parallel computing environment, one has to commu-
nicate in RAS half of the overlap, which is better than in AS and Multiplicative
Schwarz, but still much more costly than just the interface variables like in the
discretized parallel Schwarz method of Lions. Nevertheless, RAS is still often im-
plemented in practice, for convenience of coding, for example in PETSc, whose
performance could thus be improved for production runs if this implementation
was changed to an implementation of the discretized parallel Schwarz method of
Lions. RAS is now the default preconditioner in PETSc, since it converges faster
than AS also when used as a preconditioner. Its only drawback is that it is not
symmetric, even when A is.

4 There are better transmission conditions than Dirichlet
and Neumann

Owur study here concerns a new variant of the Schwarz method, adapted
to the situation of an arbitrary number of nonoverlapping subdomains.

Pierre Louis Lions [64], 1989.

We have seen in Section 2 that Schwarz methods use Dirichlet transmis-
sion conditions and overlap to converge, while all the other DD methods, the
Dirichlet-Neumann, the Neumann-Neumann and the FETI method use both

5 A further variant, Additive Schwarz with harmonic extension, where the Rj are
on the right instead of the left, can also be shown under certain conditions to be
equivalent to the discretization of the parallel Schwarz method of Lions [61, 62].
Putting the Rj operators both on the left and on the right is called RASH. RASH
has no relation to discretized Schwarz methods, since no interface data is extracted
and transmitted, and even as preconditioner has no good convergence properties.
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Dirichlet and Neumann conditions, and converge without overlap. Naturally the
question arises for Schwarz methods if one could not also use Neumann con-
ditions, or even better combinations of Dirichlet and Neumann conditions. In
order to get more insight, we consider again our simple 1D model Poisson prob-
lem (1), and an alternating Schwarz method that uses now instead of Dirichlet
transmission conditions a combination of Dirichlet and Neumann,

830:6“711 = f in 917 amzu;l = f in 927
i (0) = g ot (o) = (0 + (o),
(02 + p1)ut (B) = (02 + p1)uy ™ (B), uz (1) = gr.

(37)
This new Schwarz methods thus uses so called Robin transmission conditions,
and p; and ps are two parameters that can be chosen for fast convergence.
Such Schwarz methods are called optimized Schwarz methods”, because one
determines the parameters by an optimization process. The error equations for
the optimized alternating Schwarz method (37) are

Ozzel =0 in {2y, Ogzey =0 in (2o,
er(0) =0, ) (=0 + p2)ey(a) = (—0; + p2)ef (),
(0z +p1)et(B) = (0x +p1)es (B), ey(1) =0.

(38)
As for the classical Schwarz method, the solutions are simply linear functions,

ef(z) = Ct'w, e3(z) = Cy(1 - x).
Inserting these functions into the transmission conditions in (38), we obtain
CT1+pB)=C3 (=1 +pi(1=5)), C3(l+p(l—a)) =07 (-1+pa)).

Solving the first relation for C7 and inserting the result into the second relation
yields
1—pi(1— 1-
cr = n(l-7) P2 n-
l+ppB  14+p(l—a)

and therefore the convergence factor p of this optimized Schwarz method is

_1-m(A-p) 1-ma
L+pB  14+p(l—a)

)

We see that for p; and p, large we recover the convergence factor of the classical
alternating Schwarz method in (4), which is natural, since p; and po large means
using approximately Dirichlet transmission conditions. If we use p; = py = 0,
which corresponds to using Neumann transmission conditions, then the conver-
gence factor is 1 and the method does not work, so using Neumann conditions
in a Schwarz method is not a good idea. Using however a good combination

of Neumann and Dirichlet is extremely powerful: if we choose p; = pj := ﬁ

" A name introduced in [39], see also the review [33] for a more complete introduction.
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and py = p5 = é, then the convergence factor becomes identically zero, and the
optimized Schwarz method becomes a direct solver. This reminds us of the best
choice of the relaxation parameter in Dirichlet-Neumann, Neumann-Neumann
and FETI, but is possible here without relaxation. It turns out that this is a
much more powerful approach than the relaxation parameter in the other meth-
ods, since optimized Schwarz methods can also become direct solvers for more
than two subdomains using such transmission conditions, which is not possi-
ble for the other DD methods [13]. The optimal choice for the parameters is
in general a Dirichlet to Neumann operator, see [33] for a simple introduction,
and this led to the Schwarz methods by domain truncation [56]. Approximat-
ing such Dirichlet to Neumann operators for best convergence is a very active
field of research and leads to Schwarz methods that are tuned to perform best
for the given physical problem and PDE they are solving. The resulting opti-
mized Schwarz methods are the best current solvers for the hard class of time
harmonic wave propagation problems, like Helmholtz (see the seminal work by
Després [24]), time harmonic Maxwell and elasticity, see [55] for more complete
references. The concept of using Dirichlet to Neumann operators in transmission
conditions is so fundamental that it has been independently reinvented by sev-
eral research groups around the world, under different names, like the Sweeping
Preconditioner [29,30], the source transfer domain decomposition method [17,
18], the single layer potential method [73], and the method of polarized traces
[77], and all these methods are mathematically optimized Schwarz methods, see
[55]. Also the early approximate LU factorization methods AILU [47,1,48] are
in this class. Historically, the idea of such transmission conditions goes back to
[66] and even Lions [63] whose goal was to obtain a convergent non-overlapping
Schwarz method, see the quote at the beginning of this section and [34] for a
more comprehensive historical review.

Using such transmission conditions which take the physical properties into
account is also extremely important for heterogeneous domain decomposition
problems, where the model in different subdomains is different. It is only with
such transmission conditions that one can obtain the most advantageous conver-
gence for a given problem, see e.g. [51], and convergence can even benefit form
the fact that the physics are different in different subdomains, see e.g. [35].

5 On the meaning of ’optimal’ in DD

“We establish the existence of interface conditions which are optimal
in terms of iteration counts”.

Dolean, Jolivet, Nataf [27], 2015.

We use the word ’optimal’ quite naturally in common daily conversations
across many languages. Its meaning according to standard dictionaries is

best or most favorable (Oxford Dictionaries),
best or most effective in a particular situation (Cambridge Dictionary),
most desirable or satisfactory (Merriam-Webster) .
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Definition 1.2 (Optimality). An iterative method for the solution of a
Linear system is said to be optimal, if its rate of convergence to the exact
solution is independent of the size of the system.

Fig. 16. Mathematical definition of 'optimal’ in Domain Decomposition, taken from
[74].

In the DD literature, with some important exceptions, see e.g. the quote above
referring to what we have seen in Section 4 just before, there is however a dif-
ferent, precise mathematical definition of ’optimal’, as shown in Figure 16. The
word ’optimal’ in the DD literature does therefore not mean ’best or most fa-
vorable’ like in our common use of language. This led to many quite funny
discussions among researchers in the more general field of iterative methods. For
example a researcher in DD would say 'I have an optimal method’, while another
researcher from the multigrid community would say 'l have a faster method’, to
which the first would reply ’but mine is optimal’ and the second would say 'mine
is the fastest’. When I was a young professor at McGill University in Montreal, a
German scientist once asked me with all the expertise in DD that I was supposed
to have gained in the meantime, which DD methods were better, the ones with
overlap or the ones without, and which one I would recommend for him to use
for his application. And I was not able to answer: if we look at the seminal and
fundamental condition number estimates in Section 1, they are all optimal’ and
one can not say which method is better really.

From the mathematical definition in Fig. 16, we can see that ’optimal’ in
reality means ’scalable’, which has a clear meaning as a word and is a very
important concept for iterative methods for solving partial differential equations.
I would therefore like to propose to change this definition and replace ’optimal’
by ’scalable’. Then we can have many scalable methods, some are faster and
some are slower, and we can still try to search for the fastest scalable method,
which T would then call ’optimal’, since then the word would be used in the
original sense ’best or most favorable’ which we are used to.

Now scalability is a very important concept, and the size of the system that
appears in the definition in Fig. 16 can be increased in two natural ways:

1. One keeps the domain fixed and refines the mesh; this typically happens if
one wants to get more accuracy for a given simulation and is willing to pay
for a larger computer.

2. One increases the domain by adding subdomains. This typically happens in
applications where the domain is not fixed, for example molecular simula-
tions where one wants to simulate larger and larger molecules.

In scalability one also distinguishes strong scalability, in which one keeps the
problem (matrix) size fixed and wants to solve the problem faster and faster using
more and more processors, and weak scalability, in which one wants to solve a
larger and larger problem in the same time using more and more processors.
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Gauss-
Seidel

number of iterations

Fig. 17. Left: Scalability of the classical (one level) Schwarz method for a molecular
simulation. Middle and right: configurations for which such scalability holds.

The desire for scalability in DD is thus the desire to have methods whose
convergence rate does not deteriorate when one uses more and more processors,
i.e. more and more subdomains, as in the definition in Fig. 16. In general, all
domain decomposition methods we have seen in Section 2 are not scalable, as
one can find in the DD literature, e.g.:

“... we have shown that if we only have next neighbors communication, the
minimum number of iterations required grows at least as fast as N %, where N
is the number of substructures.” Dryja and Widlund (1987)

“It is well known that the absence of a coarse problem results in deterioration of
convergence of the iteration with increasing number of subdomains.” Mandel

and Brezina (1993)

There are however important exceptions, and I would like to mention three of
them. The first one was discovered in [10] in a specific molecular dynamics sim-
ulation for a solvation model. If one added more and more atoms to a molecule,
and each atom represented a subdomain, the classical one level Schwarz method
converged with a number of iterations that did not increase, see Fig. 17 on the
left. Jacobi in the figure refers here to the parallel Schwarz method of Lions,
and Gauss-Seidel to the alternating Schwarz method, and M to the number
of atoms (subdomains) in the molecule®. This surprising scalability of the one
level Schwarz method was observed when solving a Poisson problem on domains
composed of discs (or spheres) like the ones shown in the middle and on the
right in Fig. 17 with Dirichlet boundary conditions at the outer boundary. The
scalability is due to the Dirichlet boundary condition, with Neumann boundary

8 In the literature one sometimes finds the name ’Jacobi Schwarz’ method or *Gauss-
Seidel’ Schwarz method, even I used this terminology early on, because at the discrete
level we have seen the relation with block Jacobi and block Gauss-Seidel. But it is
not appropriate, since neither Jacobi nor Gauss nor Seidel studied Schwarz methods
or contributed to them. It is more appropriate just to talk about the parallel and
alternating Schwarz method.
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Fig. 18. One level Schwarz method for the n— A problem in 1D with increasing number
of subdomains by adding subdomains of fixed size. Left: n = 5. Right: n = 0, the Laplace
problem.

conditions it would not hold, and this was later proved using the three classi-
cal convergence analysis techniques for Schwarz methods: Fourier analysis [19]
for convergence in L?, the maximum principle [20] for convergence in L, and
the projection technique of Lions [21] for convergence in H'. Note that on the
right in Figure 17, the key ingredient are the holes with Dirichlet conditions in
the domain for scalability. It was later also shown that all other one level DD
methods we have seen in Section 2 are scalable in this situation [12].

Next, there are also one level DD methods which are scalable because of the
method, a very interesting example is the method presented in [73], where the
author says:

“Generally, an increase in the number of subdomains leads to an increase in
the number of iterations required for convergence. Here we propose and study
a method where the number of iterations is essentially independent of the
number of subdomains.”

Here, the method is an optimal® alternating Schwarz method, equivalent to a
block LU decomposition, and thus a direct solver, using Dirichlet to Neumann
operators in the transmission conditions for a strip decomposition. It executes
one forward sweep and one backward sweep, corresponding to the forward and
backward solve in the block LU decomposition, and thus does not depend on
the number of blocks, see [55] for more information.

Scalability can also be achieved because of the partial differential equation
which is solved. For example problems of the form (n—A)u = f with n > 0 can be
solved in a scalable fashion with one level DD methods when the domain grows
with the number of subdomains, as is illustrated for a parallel Schwarz method in
Fig. 18 on the left in 1D. We used here a decomposition of the domain (2 := (0, 1)
decomposed into J overlapping subdomains £2; := (¢, 8;), j =1,2,...,J, with

9 Not in the sense of scalability, but really better is not possible, like in the quote at
the beginning of this Section!
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Fig. 19. Error of the parallel Schwarz method with J = 6 subdomains for the n — A
problem with n = 5. The solid lines are the errors at the first iteration ejl-, the dashed
lines e?, and the dotted lines are e}q-’.

0= < <B1 <a3 < fa<...<aj<fBj_1<pBs:=1 We see that
when adding subdomains of the same size, i.e. increasing J but keeping 8; — «;
constant, convergence does not deteriorate when going from J = 4 to J = 8,
and then to J = 16 subdomains. The reason for this can be easily understood by
looking at the drawing in Fig. 19. We see that with an initial error equal to 1 (for
other errors the situation would be similar), on each subdomain {2;, no matter
if it is close or far away from the external boundaries of the overall domain
2 :=(aq = 0,86 = 1) the solution of the error equations in the interior of each
subdomain is decaying as we move away from the interfaces at «; and j3;, and
thus the error is decaying uniformly in the classical one level parallel Schwarz
method as the iteration progresses, independently of how many subdomains
one has, provided the subdomains remain of the same size, like in the molecular
simulation above. Hence the operator can provide the same decay as the Dirichlet
boundary conditions in the molecular simulation and provide scalability, and this
in any spatial dimension. Another example where this happens is when Schwarz
waveform relaxation is applied to the second order time dependent wave equation
on bounded time intervals ¢ € (0,T), see for example [38, Theorem 3.5].

This is however very different if we consider the Laplace problem, i.e. the case
with 7 = 0. Then, when one uses more and more subdomains in this example, DD
methods converge more and more slowly, as shown in Fig. 18 on the right. This
can again best be understood looking at how the error now decays in this case as
the iterations progress. Assuming that we start again with an initial error equal
to one on each interface, we obtain the sequence of error iterates shown in Fig. 20.
We see that at the first iteration, only the errors on the subdomains that touch
the outer boundary diminish. In the next iteration, the errors in the subdomains
which touch a boundary domain diminish, and in the third iteration finally the
subdomains in the middle also start to have smaller error. This indicates that
if one has for example J = 1000 subdomains, at least J/2 = 500 iterations
are needed before the subdomains in the middle are experiencing decay in the
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Fig. 20. Error of the parallel Schwarz method with J = 6 subdomains for the Laplace

problem. The solid lines are the errors at the first iteration e;, the dashed lines e? (only

visible for j = 2,5, the others are on top of the black lines), and the dotted lines are
3 3

e3 and ej.

error, the method needs a number of iterations proportional to the number of
subdomains.

What can one do in this case? To show this concretely, consider the discretized
parallel Schwarz method with J equal subdomains for the 1D Poisson equation
using centered finite differences, which gives a linear system of the form (26) but
with more unknowns. The discretized parallel Schwarz method becomes a block
Jacobi method, as we have seen in (23) for the special case of two subdomains,
and if we use minimal overlap, such that the augmented system and the original
system coincide, see Remark 1, the splitting A = M — N in the iteration (21)
would for example with three unknowns per subdomain be of the form
o1 -
1 -2 1

1 -2

—2 1
M= —— 1 -21 N=A-M.

We show in Fig. 21 first again how such a Schwarz method takes more and more
iterations if one uses more and more subdomains, for the case of J =4, J =8
and J = 16 subdomains. This is a very undesirable property that all domain de-
composition methods have in such cases, because they only communicate infor-
mation between neighboring subdomains, and not globally, and the error within
the subdomains does not have any natural decay coming either from the opera-
tor or the boundary conditions. As a remedy, one can add a coarse propagation
mechanism, which can be done as follows: one adds to the basic matrix iteration
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Fig. 21. Discretized parallel Schwarz with more and more subdomains, without and
with coarse space correction.

(21) a second step to obtain a two step process,

u"tz = u + MY — Aun),

39
wtl = gt +P(RAP)_1R(f _Aun-s-%)7 (39)

where the restriction matrix R and the prolongation matrix P for our exam-
ple with three unknowns could be chosen for example as it was proposed by
Nicolaides [68],

1
R:== 111 , P:=R". (40)

We see that in the second step in (39), in the coarse correction, the restriction
matrix R computes an average residual per subdomain, which is then corrected
by a coarse matrix solve with the smaller matrix RAP which corrects the residual
average simultaneously over all subdomains, and this correction is prolongated
by P to the fine degrees of freedom and added to the current iterate w2 from
the parallel Schwarz step. Using such a coarse space correction tremendously
improves the convergence of the parallel Schwarz method, as one can see in Fig.
21, and makes it scalable, i.e. now the number of iterations does not depend on
the number of subdomains any more.

All DD methods we have seen, Schwarz methods, Dirichlet-Neumann meth-
ods, Neumann-Neumann methods, and FETI methods become scalable when
using such a coarse correction, i.e. the number of iterations does not grow any
more when one increases the number of subdomains and thus the number of
processors one can use. In the classical terminology of DD, one would thus call
all these methods ’optimal’, even though one can not say if one is better than
the other, and naturally the question arises if one can not make these methods
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Fig. 22. Classical (red) and new location (blue) of the coarse space nodes within the
overlap using piecewise linear coarse functions of the parallel Schwarz method.

even faster, i.e. are there no better coarse spaces than just using the constant
average per subdomain? Often one uses piecewise linear coarse spaces which
already work much better, but much more is possible, as we will see next.

6 Better than ’optimal’ in the classical DD sense

“We approzimate the optimal operators”.
Dolean, Jolivet, Nataf [27], 2015.

To see how the coarse correction acts concretely in such a parallel Schwarz
method, it is best to look at a simulation. We use again the Laplace problem in
1D and J = 4 subdomains. We show in Fig. 23 how the iterations of the two level
Schwarz method converge when using a piecewise linear coarse space with one
degree of freedom in the center of each subdomain, as indicated in red in Fig. 22.
We see that the piecewise coarse correction is very effective in the first iteration
to transport the solution instantly from the outer boundary to subdomains that
do not touch the boundary. We see however also that with the coarse nodes in
the middle of the subdomains, the coarse correction destroys the good property
that the subdomain approximations were solutions of the subdomain problems,
a fact that was first pointed out in [40]. This leads in the second parallel sub-
domain solve to important corrections that the subdomains must bring to the
iterate, which are then again spread by the coarse solve which breaks again the
subdomain solution property and so on. The method is 'optimal’ in the sense of
scalable, but there is clear potential to do a better coarse correction.

A first simple idea is to use a coarse space which is not destroying the sub-
domain solution property, i.e a coarse space which only uses functions that are
themselves solutions of the homogeneous problem in the subdomain, in our ex-
ample piecewise linear throughout the subdomains, i.e. harmonic, solutions of
the homogeneous problem to be solved. This implies that the coarse mesh points
should lie within the overlap only, as indicated in Fig. 22 with the blue coarse
mesh points. If we use precisely the same code as before, but just the new place-
ment of the coarse nodes, then we obtain the parallel Schwarz iterates shown
in Fig. 24. We see that this coarse space is as effective to transport information
from the outer boundaries to the interior subdomains as the one using the red
points in the center of the subdomains, but even more, it does not destroy the
solution properties of the subdomain solutions, i.e. after the first coarse cor-
rection the solution is obtained in all subdomains, only a small error remains
in the overlap, which is easily corrected with one more subdomain solve, and
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Fig. 23. Two level parallel Schwarz method iterates with piecewise linear coarse cor-
rection and a coarse degree of freedom in the center of each subdomain. Top: after the
first parallel subdomain solve and after the first course correction. Bottom: after the
second parallel subdomain solve and after the second course correction.

the following second coarse correction is identically zero. This two level Schwarz
method is thus becoming a direct solver, like if one had factored the problem in
a direct solver.

In higher spatial dimensions, such a coarse space which makes the paral-
lel Schwarz method into a direct solver would need for the Poisson problem to
contain all harmonic functions in each subdomain, and would thus be infinite
dimensional, see [44], and one thus has to use approximations, and decide which
harmonic functions to use for the coarse space. To do so, with the computing
power we have currently available, one can just look at which functions would
be important, i.e. which functions remain in the error when running the parallel
Schwarz method, or in other words the eigenfunctions of the Schwarz iteration
operator with largest eigenvalue in modulus. We show these eigenfunctions in
Figure 25, for a decomposition of the unit square domain into 8 x 8 equal square
subdomains. We see that the eigenfunctions of the Schwarz operator appear
in pairs, always a continuous and a discontinuous one, and they look like the
eigenfunctions of the Laplace operator, except that they are piecewise harmonic
within subdomains. This shows that also in 2D the coarse space should con-
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Fig. 24. Two level parallel Schwarz method iterates with piecewise linear coarse cor-
rection and the coarse degrees of freedom in the overlap. Top: after the first parallel
subdomain solve and after the first course correction. Bottom: after the second parallel
subdomain solve.
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Fig. 25. Eigenfunctions of the parallel Schwarz method with 8 x 8 subdomains on the
unit square.

tain harmonic functions within subdomains, in this example Q1 finite element
functions aligned with the square subdomain decomposition would be ideal to
span these functions, and if one wants to remove both the continuous and dis-
continuous coarse functions the coarse space would need to be discontinuous.
Looking however also at the corresponding eigenvalues indicated above each
eigenfunction, we see that the discontinuous Schwarz eigenfunctions always have
the eigenvalue with a negative sign corresponding to the continuous one with
the positive sign. This is precisely what happens in the point Jacobi smoother
when using multigrid [58]: there is always a smooth and a corresponding highly
oscillatory eigenfunction with the same eigenvalue in magnitude, but different
sign. One therefore should use, like in multigrid, the Schwarz iteration with a
damping parameter %, or even better %, see for example [22, Section 4.10], and
then the oscillatory eigenfunctions are damped very quickly, and the coarse cor-
rection only needs to correct the smooth ones. All these properties are not visible
when one uses the Schwarz method directly as a preconditioner with conjugate
gradients (CG), and they do also not appear in condition number estimates, even
though the important link with multigrid is well known in the DD literature, see
e.g. [75].

Using such a coarse space and also optimized transmission conditions we
have seen in Section 4, Schwarz methods just used as iterative solvers, and not
as preconditioners for CG, can become competitive with multigrid solvers for
Poisson problems, which are known to be the best iterative solvers for such
problems not needing any CG or Krylov acceleration, see Figure 26, taken from
[50]. Such Schwarz methods are now much closer to ‘optimal’ in the sense we
use the word optimal in common language use, as explained in Section 5. But
can one make them even faster? The question is if one could put more coarse
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Fig. 26. Comparison in PETSc of the parallel Schwarz method with Q1 coarse correc-
tion and classical Dirichlet transmission conditions (RAS) and optimized transmission
conditions (ORAS) and different (algebraic) overlap with HYPER for a growing num-
ber of subdomains J in 2D taken from [50].

functions in addition to the @1 functions, especially if the coarse problem is
still much much smaller than the subdomain problems, which can be arbitrarily
expensive when the mesh is refined for more accuracy.

The answer is yes, it suffices to look at the eigenfunctions of the Schwarz
operator that come after all the Q1 functions per subdomain that look like the
eigenfunctions of the Laplacian. To do so, we show in Fig. 27 for a simple 2 x 2
decomposition the corresponding eigenfunctions that also come later. Due to
the symmetry of the decomposition, we only show the eigenfunctions that con-
centrate on the interface (0,1) x {1}, the eigenfunctions on the other interface
{%} x (0,1) are the same, just rotated by 90 degrees. We also show only the con-
tinuous eigenfunctions, since the discontinuous ones are just obtained by flipping
the sign, for example in two diagonal subdomains. We see that after the @1 hat
function in the top left of Figure 27, the eigenfunctions concentrate on the inter-
face and become more and more oscillatory as their corresponding eigenvalue is
decreasing. We also see that there are two groups. The first one is in plots 2, 4,
6 and 8 from top left to bottom right. These are simply the sine functions along
the interface (0,1) x %, extended harmonically to the subdomains, as used in the
SHEM coarse space [44, 43, 2], and which are very much related to the Dirichlet
to Neumann map coarse spaces [67] and the GenEO coarse space [72], see [36].
The second group is in the plots 1 (yes already!), 3, 5, 7 and 9, and has at the
cross point the characteristic peak already visible in the first Q1 coarse function
at the top left. This class of coarse functions has so far been missing in all mod-
ern spectral coarse spaces, and was only discovered very recently, see [23], with
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Fig. 27. Continuous eigenfunctions of the Schwarz operator for the Laplacian for a
2 x 2 decomposition.

closed form expressions for all these coarse functions at the continuous level.
A systematic construction for assembling coarse spaces based on these coarse
functions that works extremely well, also for general decompositions using Metis
for example, and also with optimized transmission conditions, can also be found
in [23]. These coarse space functions, which are naturally indicating that the
cross points in DD methods are special, can neither be detected nor computed
using other spectral coarse space techniques, and are also very interesting for
non-overlapping DD methods like the Neumann-Neumann method [14], which
is not well posed at the continuous level in the presence of cross-points, an issue
that has only been understood very recently [15], and the same holds for the
Dirichlet-Neumann method [16]. Cross-points need in general special treatment
if one wants to obtain best performance, not just scalability, both in theoreti-
cal convergence proofs [42] as well as when discretizing Domain Decomposition
methods [49, 37] and optimizing transmission conditions [41].

Note that modern spectral coarse spaces like GenEO [67], SHEM [44], the
ACMS coarse space [60], and also new versions of the GDSW coarse space [59]
were not developed in order to obtain a better DD method for solving Laplace
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problems, but to handle the difficult case of high contrast problems. As we
have seen here however, such coarse spaces would also be obtained applying the
presented spectral computation for the high contrast problem, and we would
then not just thrive for scalability, but truly best performance, or ’optimality’
in the sense the word is used in common language.

7 Preconditioning

“In the past, Krylov space solvers were referred to also by other names
such as semi-iterative methods and polynomial acceleration methods”.

Gutknecht [57], 2007.

We have so far considered all DD methods like classical stationary iterative
solvers, which solve problems only on subdomains, and then exchange informa-
tion with their neighbors, or further via a coarse space, and converge to the
solution of the underlying problem, except in Section 1, where we saw that the
most sophisticated historical DD Solvers were all preconditioners, not iterative
solvers. It is now time to explain why this is important in practice when using
DD methods, while for their understanding it is easier to first studying them in
their stationary iterative form, as we have seen in Sections 2 to 6.

As we have seen in Section 3, continuous DD methods when discretized can
all be written as stationary iterations of the form (21) with A = M — N. Such
stationary iterations can be rewritten in residual correction form,

u” = M_l(N’LLn_l—f—f) — M—l((M_A)un—l +.f) — u”_l—l—M_l(f—Au"_l),

(41)
where now the preconditioned residual " := M ~!(f — Au™) appears. At con-
vergence, when 4" converges to u, we get from (41)

u=u+Mf-Au) <<= M 'Au=M"'f,

the so called preconditioned system, where M is the preconditioner. Such sys-
tems one often solves with a Krylov method, instead of using the stationary
iteration (41), because convergence is much faster. For example GMRES (Gen-
eralized Minimum RESidual) would find at iteration n an approximate solution
up, € uo + span{rg, M1 Arg, (M ~1A)%rq,...,(M~TA)" "1y}, the so called
affine Krylov space, such that [[r{’[|o := [[M ™' f — M~ Aug, [|2 is minimized.
As the following theorem shows, using GMRES is an accelerator for such sta-
tionary iterations.

Theorem 1. Consider a linear system Au = f and the matrix splitting A =
M — N with M invertible and the corresponding approximate solutions u™ of the
stationary method (21) and the approzimate solutions uy,, obtained by GMRES
and the corresponding two preconditioned residuals

r’ = Mﬁl(f - Au’n)v r}rclry = Mﬁl(.f - AuZTy)

Then [[ri.ll2 < |[lr"|[2 forn=1,2,....
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Proof. First, notice that r* = rﬂry since we use the same initial guess u". Then,
the stationary iterative method based on the splitting A = M — N computes at
the iteration n, as we have seen in (41), the approximation u” = u"~1 4 r"~1
where the preconditioned residual ™ satisfies

r"=M"1f - M 1Au"
_ M—lf _ M—lA(un—l +,,,,n—1)
="t - M AP = (T - M AP

By induction, we thus get
"= (I - M 'A)"r°.

Therefore, we have with the residual polynomial p™(x) := (1 — x)", p"(0) =1
that

" =p" (Mt A)r°.
GMRES on the other hand finds at iteration n an approximation wy,, in the
affine Krylov space

u’ + span{ro, M~1Ar°, .., (M_IA)"_lro},

which means

n
uy,, = uo + Zvj(M_lA)j_lro,
j=1
with coefficients v; such that [[r{, [|> is minimized. The preconditioned residual
i,y of GMRES can be written as

Py =M f = M7 Aug, = M7 — M7 Aug — MTTAY Dy (M AY O
j=1

and hence
Ty = pﬁry(M_lA)’rO, with pﬁry(()) =1,

where py, . is also a residual polynomial of degree lower than or equal to n. Now
GMRES minimizing the residual will find the polynomial p, such that [|r{ |2
is as small as possible, and thus at least as small as ||r"||2 of the stationary
iterative method which used the simple polynomial p™(z) = (1 — z)™.

In general, GMRES gives |7}, [l2 < [[7" (|2, so in practice one should always use
Krylov acceleration for stationary methods of the form (21).

If the matrix A is symmetric and positive definite, and M as well, for example
for Schwarz methods applied to the Poisson problem with minimal overlap'®, a

10 With more than minimal overlap, the Schwarz method is not symmetric any more,
even if the problem is symmetric. One can use Additive Schwarz instead then, which
is symmetric, but commits an error in the overlap as we have seen in Section 3, and
convergence is slower due to this [9].
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Fig. 28. Left: Preconditioner M in a stationary iteration, with spectral radius p(I —
M™'A) = 0.4 < 1. Right: corresponding use of the preconditioner M for a Krylov
method with a real spectrum from Amin(M 1 A) to Amax (M~ A).

similar optimality result like for GMRES above is also known for CG. For solving
a linear system Au = f, CG finds at iteration n an approximate solution ugq
such that the error is minimized in the energy norm,

lle¢glla — min,

and there is a convergence estimate of the form

K/Q(A)_]. " 0
el <2 Y— e .
|| CGHA = ( n2(A)+1> H CG||A

Here ka(A) := ||A]]2]]A7 |2 = Amax(A4)/Amin(A) denotes the two norm condi-
tion number of the matrix A, and Apnax(A) is the largest eigenvalue of A and
Amin (A4) is the smallest eigenvalue of A. It is therefore interesting in this symmet-
ric positive definite case to try to find preconditioners M such that the condition
number of the preconditioned system ko(M~1A) is not too large'!.

This brings us to a very important point between solving a preconditioned
system using a Krylov method and using the preconditioner in a stationary
iteration. We have seen in (25) that for a stationary iteration to converge fast, the
spectral radius of the iteration matrix must be small, p(I — M~1A) < 1. When
using CG, we want that the condition number of the preconditioned system
ka(M~1A) is not too large. These two requirements are related, as is illustrated
in Fig. 28. On the left we see that if the spectral radius p(I — M~1A) of the
iteration matrix is smaller than one, all eigenvalues must lie in the small circle,
and if they are real, they must lie between 1 —Apax (M ~1A) and 1—Apin (M1 A)
on the real line. On the right, we see that when this same matrix M from the
matrix splitting A = M — N is used as a preconditioner, and the spectrum

11 Note that the preconditioned system M ~'A is not symmetric any more, but this
can be handled elegantly in CG, see e.g. [22, Theorem 4.2].
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is real, it must lie in the interval (Amin (M ~*A), Anax(M ~LA)). So if we made
the spectral radius p(I — M~1A) on the left small to get fast convergence of
the stationary iterative method, then the same preconditioner on the right is
good for CG, since the condition number which is the ratio of the largest to
the smallest eigenvalue, can not be large. More generally, if the spectral radius
p(I — M~1A) on the left is small, all eigenvalues lie in the small circle, which
means on the right all eigenvalues still lie in the small circle, close to one, and
the Krylov method can easily find a residual polynomial p™(z) with p™(0) =1 at
the origin, which is small on the small circle. So optimizing the method defined
by M by making the spectral radius small leads in general also to M with good
preconditioning properties for Krylov methods.

It is also important here to make a further more profound comment about
Krylov methods, in context with preconditioning, and it is best to quote from
the very recent reference [11]:

“The nonlinear adaptivity of CG to the location of the individual eigen-
values indicates that a smaller condition number does not necessarily
lead to faster convergence (contrary to widespread misinterpretations of
the condition number bound in the literature). Therefore it is not rec-
ommended to use the minimization of the condition number as the only
criterion for the choice of preconditioners. Alternatives to the condition
number exist, but they require deep knowledge of CG and of the problem
to be solved.”

While classical research in DD focused almost exclusively on condition number
estimates, see Section 1, it could be very fruitful to shift the focus like we did
in Section 6 to get a better understanding of the entire spectrum of the DD
iteration operator, and possibly even more, in order to harvest all the knowledge
in Krylov methods for obtaining truly best performing parallel methods based
on DD, getting closer and closer to the word ’optimal’ in the common sense of
spoken language.

Conclusions

Make things as simple as possible, but no simpler. Albert Einstein.

We gave a very personal view about DD, which is a very active field of
research. Naturally, very important topics had to be left out, like for example
heterogeneous DD methods (for a recent overview, see [46], and [51] for general
elliptic problems), or DD methods for systems of partial differential equations
like Maxwell’s equations [25, 5, 26] or elasticity [8], or time dependent problems
(see the recent book [45] and review [54]). It is the hope of the author that his
personal experience in this exciting and rapidly developing field of research will
help young scientists to find their way more easily, and to be able to contribute
rapidly with new and interesting results.
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