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1 Introduction

The Parareal algorithm [16] is a non-intrusive method for the parallel-in-time solution
of evolution problems, a topic with a long history [6]. Its convergence is generally
superlinear on bounded time intervals and can be linear on unbounded ones, see [11]
for parabolic and hyperbolic PDEs, and [7] for nonlinear ODEs. Parareal performs
well for parabolic problems and can even converge without a coarse solver in certain
settings [10]. For hyperbolic problems, convergence is hampered by the absence of
damping [11, 5]. A closely related method is MGRIT [4], whose two-level variant
can be interpreted as Parareal with temporal overlap [8]. Considerable effort has
been devoted to adapting MGRIT to discretized hyperbolic problems with numerical
damping, starting with linear advection [1] (dissipative fine and numerically matched
coarse operators), [2, 3] (dissipative semi Lagrangian coarse operators), and [14, 15]
using these as componants for more complex problems. The recent review [12]
shows that there are other effective time parallel methods for solving hyperbolic
problems at the continuous level, many of which are also effective for parabolic
problems, whereas multilevel type methods like Parareal use the parabolic nature of
the problem or numerical damping in an essential way for convergence. We explain
here in detail why this is, and show that there are specific configurations of hyperbolic
problems which can effectively be solved by Parareal techniques.

2 Solution behavior of parabolic and hyperbolic problems

In order to well illustrate the idea, we use as our parabolic model problem the heat
equation in 1D on the domain Q := (0, 1),
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Fig. 1 Two left plots: solution of the heat equation and homogeneous Dirichlet and Neumann
boundary conditions using the same source term. Three right plots: solution of the wave equation
and homogeneous Dirichlet and transparent boundary conditions, using the same source term, and
approximate solution using the SDIRK-1 time integrator (Backward Euler).

Opu(x,t) = Oxxu(x,t) + f(x,t) in Qx (0,T],
u(x,0) = up(x) in Q, (1)
Bou(0,t) = Bu(0,1) =0,

where the right hand side function f and the initial value ug are given, and the
boundary operators B; can be for example Dirichlet, 8; = I the identity, or B; = 9y
for Neumann conditions. For simplicity, we chose zero boundary conditions, but
all what we say also holds for non-zero boundary conditions. We show in Figure 1
example solutions for these two cases in the left two plots. We see that the boundary
conditions influence the solution of the parabolic problem in an essential way: using
the right hand side function f to heat in the center of the spatial interval at four
different points in time, the one dimensional structure becomes indeed warm in the
center, but cools down rather rapidly with the zero Dirichlet boundary conditions, as
we see in the left plot in Figure 1. Such problems can be solved very easily parallel in
time, since for example the temperature distribution just before time ¢ = 2 does not
really depend on if the 1D structure was heated long before or not, and in such cases
the Parareal algorithm does not even need a coarse propagator [10]. Using separation
of variables, one sees that solutions are of the form u(x, t) = 2111 Are kmt sin(k7nx),
and thus all Fourier modes sin(knx) decay rapidly, and even more so if the frequency
k is large. In the second plot in Figure 1, we only replaced the zero Dirichlet
conditions with zero Neumann conditions, and now the situation is different, since
zero Neumann conditions represent a perfectly insulated structure and the heat
remains within forming an equilibrium state, and to predict the temperature just
before + = 2, we must know if the heater was on even long before and for how
much. In such situations, the Parareal algorithm needs a coarse propagator to be
effective. It can however be very coarse in space, since only the constant mode in
space propagates far in time, the heat that is put into the 1D structure by the right hand
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side f very quickly becomes equidistributed and this equilibrium state is the only
information that propagates far in time. Solutions with zero Neumann conditions are
of the form u(x,1) = ¥, fre ¥7 cos(knx), and we see that the constant mode
k = 0 indeed does not decay at all, in contrast to all the other modes which still decay
rapidly, and even more so if k is large.

As a hyperbolic model problem, we use the second order wave equation in 1D on
the same domain Q := (0, 1),

Opru(x,1) = Oxxu(x,t) + f(x,1) in Q x (0,77,
u(x,0) = up(x), us(x,0) =iip(x) in Q, 2)
Bou(0,1) = Biu(0, t) =0.

We show in Figure 1 in panels 3 and 4 two example solutions, first with zero
Dirichlet boundary conditions, and then with transparent boundary conditions, i.e.
By = 0x — 0y and B; = I, + 0;. We see that with Dirichlet boundary conditions,
the early source terms produce complicated high frequency patterns later in time
due to reflections on the boundary (the Neumann case would be similar). Using
separation of variables, solutions are of the form u(x,7) = 3, e k7 sin(knx),
and thus none of the Fourier modes sin(knx) are decaying, energy is conserved, like
in many hyperbolic problems which are thus often called hyperbolic conservation
laws. With transparent boundary conditions, the solution in the fourth panel looks
like the heat equation solution in the second panel of Figure 1: only the constant
equilibrium mode remains from earlier source terms f. But modes are not damped
like in the heat equation, they leave the domain at the boundaries. In the last panel
of Figure 1, we show a numerical solution using an SDIRK-1 time integrator for the
Dirichlet boundary condition case. Comparing with the solution in the third panel,
we see that the solution is not a good approximation except for very short time,
since SDIRK methods are numerically strongly damping, especially high frequency
modes, k large, which can be important parts of the solution in hyperbolic problems.
The approximate solution then looks more like a heat equation solution.

3 Performance of Parareal on such problems

The Parareal algorithm is using two propagators for the approximate solution of
the evolution problem, a fine expensive one called F (7,41, T;;, U,,) which solves the
evolution problem (either the heat equation (1) or the wave equation (2)) on the
time interval (7}, T,+1) very accurately using as initial condition U, at r = T,,, and
a coarse, cheap one G(7},+1, Ty, U,) doing the same but much less accurately. The
Parareal algorithm starts with an initial guess at the coarse time points 7y < 7} <
T, < ...T, < ... for example obtained using the coarse propagator sequentially,
U0, = G(Ty41, Ty, Uy), with UJ = u(x, 0) the initial condition, and then performs
for iteration index k = 0, 1, . . . the correction iteration

USt = F(Te1. T, U8) + G(T0a1, T, USHY) = G(T,01, T, US). 3)

n+l
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Fig. 2 Convergence of the Parareal algorithm for the 1D heat equation with Dirichlet boundary
conditions on the left, and Neumann boundary conditions on the right, with and without coarse
solver.

We show in Figure 2 a numerical experiment for the 1D heat equation (1) discretized
with centered finite differences in space and Backward Euler in time, for a solution
as shown in Figure 1 on the two left plots using twelve time subintervals and
one Backward Euler step for each coarse solver. We see on the left in Figure 2 that
Parareal for this configuration with Dirichlet boundary conditions converges linearly,
but using Parareal without coarse correction, i.e.

Uptt = F(T, T, Up), “)
converges even faster. On the right, we see that when the Dirichlet boundary condi-
tions are replaced by Neumann boundary conditions, Parareal only converges with
the coarse solver now, without coarse solver it stagnates. This we can easily under-
stand from the solution picture we have seen in Figure 1: with Dirichlet boundary
conditions, the solution is completely local in time, one does not have to propagate
any information over long time using a coarse propagator, whereas on the right the
constant needs to be propagated using a coarse mechanism in the algorithm over
long time. To illustrate these components and how they propagate in time, we study
the singular value decomposition of the evolution map given by the fine propagator,
F(T,0,e j), where the e; are the canonical basis vectors with entry 1 at location j
and zero everywhere else for our in space discretized solver. Applying the coarse
propagator with right hand side zero gives us a matrix', whose singular values are
shown in Figure 3 in the top row, on the left again for Dirichlet boundary conditions
and on the right for Neumann boundary conditions. We see that the singular values
decay, and the decay is faster the longer the time interval T in F(7, 0, e;) is. For long
T = 1/2, one mode suffices to approximate the fine evolution map to an accuracy of
10e — 3, and with two modes the accuracy is 10e —7, and with three modes 10e — 13!
The corresponding singular vectors (modes) are shown in the plot in the bottom
row in Figure 3, and we recognize the sine modes from the separation of variables

11t is only the fine map with zero right hand side and boundary data that must be approximated
by the coarse propagator, since only the difference of the coarse propagator appears in the Parareal
algorithm (3).



Parareal for hyperbolic problems just does not work, or does it? 5

10° oT=1/2 10° oT=1/2
*T=1/4 *T=1/4
T=1/8 T=1/8
AT=1/16 AT=1/16
o o
10710} % 10100
o* N o* A
Hobrtomey
RLLLEETIT D
1020 | 1020
0 10 20 30 40 50 0 10 20 30 40 50
singular value index singular value index
0.15
0.1
0.05
0
-0.05 [y 1)
—U(:2)
-0.1 u(,3)
—U(:4
-0.15 L4
0.5 1 0 0.5 1
X X

Fig. 3 First singular values (top) and singular vectors (bottom) of the fine propagator with Dirichlet
boundary conditions (left) and Neumann boundary conditions (right).

representation of the solution u(x,1) = X7, fix e k7t sin(knx). This is the main
motivation for using a reduced basis approximation of F for the coarse propagator
G, see [9], it would be hardly possible to design a better such low dimensional G
propagator! On the right in Figure 3 we show the corresponding results for the case
of Neumann boundary conditions. We see that the singular values decay as fast as in
the Dirichlet case, but now there is an extra singular value equal to 1, and the corre-
sponding singular vector is the constant mode, as we see in the bottom right panel,
and the modes are now the cosine modes for the Neumann boundary condition, as
in the separation of variables solution u(x,7) = X7, Are k7t cos(kmx).
Performing a similar numerical experiment for the case of the wave equation,
discretized with the standard wave equation scheme, i.e. centered finite differences
in space and time?2, we get the Parareal convergence shown in Figure 4. We see on the
left that Parareal for this configuration with Dirichlet boundary conditions converges
only once the algorithm has propagated the fine solution sequentially through, i.e.
after 6 iterations for 6 time subintervals, AT = T,,,1 — T,, = 1 on the time interval
(0,T = 6], and 12 iterations for AT = 1/2. As expected, with Dirichlet boundary
conditions, the coarse propagator, which we run here on a coarser mesh in space and
time for stability, has no effect. On the right in Figure 4, we see that with transparent
boundary conditions, Parareal converges already at the second iteration for AT =1,
whereas no convergence is observed with AT = 1/2 until iteration 12 again as before.
This can be easily understood by looking at the fourth panel in Figure 1: we see that

2 This is the Yee scheme for Maxwell’s equations, with all good properties for approximating the
hyperbolic problem, like energy conservation, conservation of the Gauss laws etc.
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Fig. 4 Convergence of the Parareal algorithm for the 1D wave equation with Dirichlet boundary
conditions on the left, and transparent boundary conditions on the right, with two different length of
the time subintervals AT . The dashed line on the right indicates using a highly oscillatory source,
see later in the text.

the time interval must be AT = 1 or larger for all information to leave the boundary?3,
otherwise the transparent boundary condition does not eliminate all information,
and some must propagate to the next time interval in Parareal which then completely
hampers convergence again.

We show the corresponding singular values and singular vectors for the wave
equation fine evolution map F(7', 0, ¢;) in Figure 5. We see that the singular values
for the wave equation with Dirichlet conditions on the left do not decay for this
classical energy conserving wave equation discretization, and on the right they decay
rapidly for time T = 1,2, and not at all for smaller 7. The corresponding singular
vectors are shown in the bottom row, corresponding to the non decaying (all) modes
in the separation of variables solution u(x,t) = X7, fix e~ k7t sin(knx), and they
all would need to be propagated by the coarse solver G, which is very difficult to
do on a coarser mesh, and explains why in the MGRIT efforts coarsening in space
was recognized to not be able to succeed. On the right we see the constant mode,
but also a highly oscillatory one, since the discretization of the transparent boundary
condition is not exact any more*. We see indeed two large singular values in the plot
above, not just one. Starting with a random initial guess, or using a highly oscillatory
source term, convergence is then also only obtained after 6 iterations, as we indicate
with the dashed line in Figure 4 on the right.

We show in Figure 6 the singular value decay and corresponding modes when the
wave equation is discretized with SDIRK-1 in time instead, as in Figure 1 (right).
Now the singular values decay, as for the heat equation, and the dominant sine modes
are again like for the heat equation. With enough numerical damping, Parareal and
MGRIT could work [14, 15], but with important loss in high frequency accuracy of
the computed solution over time, as we saw comparing panels 3 and 5 in Figure 1.

3 See e.g. the front in the fourth panel of Figure 1 that starts in the center at x = 0.5 and # = 0 and
travels to the left and right and leaves the domain at # = 1/2, so to travel across the entire domain
(0,1) it would need 7 = 1.

4 We used a centered discretization for the transparent boundary condition like for the interior wave
equation, and run the scheme at the CFL limit.
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Fig. 5 First singular values (top) and singular vectors (bottom) of the fine propagator of the wave
equation with Dirichlet boundary conditions (left) and transparent boundary conditions (right).
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Fig. 6 First singular values and singular vectors of the fine propagator of the wave equation with
Dirichlet boundary conditions discretized with SDIRK-1.

In conclusion, separation of variables shows that Fourier modes of the 1D heat
equation decay rapidly, which enables highly effective coarse propagators based on
reduced-order models, and in some cases eliminates the need for a coarse propagator
altogether. In contrast, for the 1D second-order wave equation, no frequency com-
ponent decays, which is characteristic of hyperbolic problems such as pure inviscid
conservation laws. On an unbounded domain with transparent boundary conditions,
as in scattering problems, energy leaves the computational domain and Parareal may
converge even at the continuous level for such problems. Otherwise, long-time am-
plitude accuracy requires nearly unitary discretizations, whose singular values are
close to one, inherently limiting rapid convergence of time-parallel methods such as
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Parareal. My answer to the question posed in the title is therefore: it does not work.
For rapid convergence of any Parareal-type algorithm applied to such problems,
each mode either requires the coarse propagator to approximate it with essentially
the same fidelity as the fine propagator [1, 2, 3], or its error becomes large over
time due to the numerical damping required for fast convergence, see e.g. Figure
1 comparing panel 3 with 5 and [14, Fig. 2] for the wave equation, or [15, Fig.
2] for inviscid Burger’s and the Buckley-Leverett equations, and [12]. Fortunately,
alternative time-parallel methods exist and can be highly effective for hyperbolic
problems; see, for example, the Maxwell solver in [13] and the overview in [12].
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