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Abstract

In this paper, we show how to reduce the dispersion error associated to Yee's
�nite di�erence scheme applied to time-harmonic Maxwell's equations in one,
two and three spatial dimensions. Our method, called asymptotic dispersion
correction, is based on the introduction of a shifted angular frequency de-
pending on a free parameter in the Yee stencil. The optimal parameter,
called the asymptotically optimal shift, is next explicitly determined by min-
imizing the dispersion error for small enough meshsize or, equivalently, for
large enough number of grid points per wavelength. Numerical experiments
are provided and show that the relative error is reduced when using the op-
timal shifted angular frequency as soon as the number of grid points per
wavelength is large enough.
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1. Introduction

Maxwell's equations are used to describe the propagation of time-harmonic
electromagnetic waves. For its simplicity, the �nite di�erence method intro-
duced by K. Yee in [54] is widely used for its numerical simulation. Like most



numerical approximations of time-harmonic wave propagation problems, the
Yee's scheme is subject to dispersion error. The latter is the fact that plane
waves at the discrete level propagate at a speed di�erent from the contin-
uous one. This phase di�erence produces the so-called pollution e�ect (see
[2, 20, 32, 36, 42, 57] for references related to the Helmholtz equation and
[7, 6, 26, 25] for the time-harmonic Maxwell's equations) which indicates that
the relative error grows with the wavenumber k when a �xed number of grid
points per wavelength G = 2π/(kh) is used while the wavenumber increases.
Because of the pollution e�ect, considering meshes for which the number of
grid points per wavelength is large enough, hence kh ≪ 1, does not ensure
the numerical solution to be a good approximation of the continuous one un-
less the meshsize complies with additional restrictions (e.g. k3h2 ≪ 1 for P1
FEM [4, 57, 25]) resulting in having very large linear systems to be solved.

The pollution e�ect is currently well-understood for the Helmholtz equa-
tion which is a model problem for scalar time-harmonic wave propagation.
For instance, if one consider polynomials with degree q such that q ≥ C log(k)
for some C > 0 and meshsizes so that kh/q is small enough, then the pollu-
tion e�ect can be overcome (see [36, 42, 57]). In addition, for 1d Helmholtz
equation, it is possible to suppress the dispersion error which also removes
the pollution e�ect (see [4, 49, 31, 14]) by suitably modifying the numerical
schemes.

We emphasize that, in dimension greater than 1, the dispersion error (and
thus the pollution e�ect as well) can not be suppressed. Nevertheless, there
still exist some methods aiming at reducing the dispersion error which will
be referred to as dispersion correction. It is worth noting that one of the
main advantages of performing dispersion correction for a given numerical
scheme is that the resulting scheme has smaller relative error compared to
their un-corrected version (see e.g. all the subsequent references).
Dispersion correction for the Helmholtz equation is currently widely stud-
ied. In [56], the authors show that the dispersion error for hp-CIP-FEM on
tensor meshes can be reduced by suitably choosing a penalty parameter. A
similar technique has been used in [5] for a second-order IPDG method on
structured meshes with equilateral triangles. Second and sixth-order �nite-
di�erence stencils have been derived in [43] where some free parameters are
then obtained by minimizing phase and amplitude errors. Here the coe�-
cients are sought to be polynomials of kh. A slightly similar technique has
been used in [9] where a second order 27-point �nite di�erence stencil with
free parameters is considered and where the coe�cients are then obtained by
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minimizing the dispersion error over some intervals of number of grid points
per wavelength. The same approach has been derived in [8, 10] for a second
order 9-point stencil, in [19] for a 4th-order 17- and a 27-point stencil, in
[50] for a 4th-order 9-point stencil and in [52] for a 4th-order 27-point �nite
di�erence method. Reducing the dispersion has also been done for a �xed
number of grid points per wavelength by considering �nite di�erence stencils
with free-parameters that are next obtained by minimizing the phase error
in [51, 34, 44] for a second-order 9-point stencil and in [53] for a 6th-order
9-point stencil. In [24, 31, 37], the dispersion error has also been reduced by
considering a 9-point stencil with free parameters that are de�ned as poly-
nomials of kh whose coe�cients are determined by minimizing the average
truncation error of plane waves. We emphasize here that the truncation order
of the stencil applied to plane waves is directly linked to the dispersion error
as indicated by [14, Theorem 3.2, Theorem A.1]. We also would like to men-
tion [35] where the dispersion correction is done by factoring the Helmholtz
operator with 2 pseudo-di�erential operators that are then approximated us-
ing di�erent approaches (e.g. Padé approximants) to reduce the dispersion
error. Finally, in [21], the authors present a correction of the eigenvalues of
the �nite di�erence matrices associated to the 5-point (in 2d) and 7-point (in
3d) stencils. Their results indicate that the pollution e�ect can be greatly
reduced using this approach.

Regarding dispersion correction for time-harmonic Maxwell's equation, to
the best of our knowledge, we only found 2 references. In [41], the centered
�nite-di�erence formula for the �rst-order derivative is modi�ed though the
introduction of some constant that is next slightly perturbed thanks to some
numerical optimization (see e.g. [41, Table II]) with the objective of reducing
the dispersion error. In [33], the authors considered a least-squares �nite ele-
ment method for the Maxwell's equations where the additional least-squares
term depends on some constant. For the lowest order hexahedral Nédélec
elements, this constant is next explicitly computed to reduce the dispersion
error for small enough meshsize. One drawback of this approach is that the
dispersion analysis can not be readily extended to higher order Nédélec ele-
ments since, in that case, the additional least-squares term can no longer be
seen as a constant times the mass matrix.

According to the above literature review on dispersion correction (or dis-
persion minimizing) schemes for time harmonic wave propagation problems,
it is worth noting that most approaches consider numerical schemes with
free parameters that are next determined though numerical optimization by
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minimizing the dispersion error. In addition, to the best of our knowledge,
the case of time-harmonic Maxwell's equation does not seem to have been
considered yet.
In this paper, we would like to address dispersion correction for the Yee �nite
di�erence scheme. Since the Yee's stencil does not have any free parameter
in it, we are going to rely on the technique we developed in [17, 14, 16, 15]
for �nite di�erence methods applied to the Helmhotz equation. Our method,
called asymptotic dispersion correction is based �rst on the introduction of
a shifted wavenumber, which depends on some parameter, in the �nite dif-
ference stencil. Next, we compute explicitly the shift that minimizes the
dispersion error either for small enough meshsize or for large enough number
of grid points per wavelength. The resulting scheme is thus very similar to
the original one but with reduced dispersion error. The major advantage of
this approach is that it can be used for numerical schemes for which we do
not have access to parameters to optimize with.
In the present paper, we extend our method to Maxwell problems in the
following ways : �rst we are going to apply the asymptotic dispersion correc-
tion to full 1d, 2d and 3d Maxwell's equations, we also de�ne asymptotically
optimal shifts for media with complex permittivity and permeability that
can also depend on the angular frequency. Until now (see e.g. [14]), the
asymptotically optimal shift was de�ned by minimizing the L∞ dispersion
error and we now de�ned it also for Lp-dispersion error, for p ∈ [1,+∞],
although only the cases p = 2, +∞ permit for closed form formulas. We also
show, with numerical experiments, that our explicit formula can be used for
piecewise-constant parameters.

This paper is organized as follows: In the next section, we present the
Yee �nite di�erences scheme, we then recall some of its standard properties
and compute its dispersion relation. Next, we show how to perform the
asymptotic dispersion correction using a shifted angular frequency in the
Yee scheme. We then give some numerical results to show the in�uence of
the asymptotic dispersion correction on the relative error. We �nally end
with some conclusions and outlook.

2. Maxwell's systems and their dispersion relations

The 3d time-harmonic Maxwell equations in dielectric media are given by{
iωεE−∇×H = −J,
iωµH+∇× E = 0,

(1)
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where E is the electric �eld, H the magnetic �eld, ε the permittivity, µ the
permeability and J is the electric current. Let ej ∈ R3 be the vectors of the
cartesian basis that are de�ned component-wise as

ej,i = δj,i,

where δ is the Kronecker symbol. We can write

∇× E =
3∑

j=1

[ej×]∂jE,

where [ej×] are 3× 3 matrices related to the cross product × of some vector
X ∈ C3 as [ej×]X = ej ×X.

Since this paper deals with dispersion correction for the Maxwell's equa-
tion which is a system of �rst order partial di�erential equations, we recall
below how the dispersion relation and the scalar wavenumber are de�ned.
Consider the �rst-order di�erential operator with constant coe�cients

L (ω;∇) := iωA0 +
d∑

j=1

Aj∂j,

where A0, Aj are square matrices. For any k ∈ Cd, its symbol is de�ned as

L (ω, ik) = iωA0 +
d∑

j=1

ikjAj,

and the dispersion relation is then

Dc :=
{
k ∈ Cd| det (L (ω, ik)) = 0

}
.

In addition, for any wave-vector k ∈ Dc there is some θ ∈ Sd−1 so that
k = ∥k∥θ and the scalar wavenumber ks(ω,θ) is then given as

ks (ω,θ) = ∥k∥ .

Below, we give the Maxwell's equations for one, two and three dimensions
and also compute their dispersion relation.
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Remark 2.1. When working on a bounded domain Ω ⊂ R3 with outward
unit normal n, the Maxwell's equation (1) is supplemented with boundary
conditions like e.g.

Perfect Electric Conductor : E × n = 0 on ∂Ω,

Impedance : n×E − n× Λ(x) (n×H) = 0 on ∂Ω,

for some symmetric positive de�nite matrix Λ(x). For all ω > 0 and any
J ∈ L2 (Ω), the existence and uniqueness of a solution, (E,H) ∈ L2 (Ω)6

with (∇×E,∇×H) ∈ L2 (Ω)6, to the Maxwell's equation with one of the
above boundary conditions has been proved for example in [38] (see also [18]).
These results hold for coercive dielectric parameters ε, µ ∈ L∞ (Ω,C3×3) and
for dispersive media, hence having frequency dependent parameters, as well.
These results also hold for 1d and 2d Maxwell's equations.

2.1. 1d Maxwell system

The one-dimensional Maxwell's equations can be obtained (see e.g. [28])
from (1) by considering electric and magnetic �elds given by

E = (0, E2, 0)
T , H = (H1, 0, 0)

T ,

where E2 and H1 only depend on the z variable. Using these simpli�cations
in (1) yields {

iωεE2 − ∂zH1 = −J2,
iωµH1 − ∂zE2 = 0,

(2)

which will be referred to as the 1d Maxwell's equation.
Its continuous symbol is

L1d (k3) = iω

(
ε 0
0 µ

)
+ ik3

(
0 −1
−1 0

)
,

so that the dispersion relation is

D1d
c =

{
k3 ∈ C | − ω2εµ+ k23 = 0

}
.

The scalar wavenumber (being also the wave vector for one-dimensional prob-
lems) is thus

k1ds = ω
√
εµ.

We emphasize that there exist other ways to derive the one-dimensional
Maxwell equation. Note nevertheless that their dispersion properties are
exactly the same as those of (2).
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2.2. 2d Maxwell's equations: Transverse Electric (TE) and Transverse Mag-
netic (TM) modes

The transverse electric Maxwell equations can be obtained from (1) by
considering

E = (0, 0, E3)
T , H = (H1, H2, 0)

T ,

where each component depends on (x, y). The resulting system of equations
is thus 

iωεE3 + ∂xH2 − ∂yH1 = J3,
iωµH1 − ∂yE3 = 0,
iωµH2 + ∂xE3 = 0.

(3)

Its continuous symbol is

L2d (k1, k2) = iω

 ε 0 0
0 µ 0
0 0 µ

+ ik1

 0 0 1
0 0 0
1 0 0

+ ik2

 0 −1 0
−1 0 0
0 0 0

 .

The dispersion relation is

D2d
c =

{
(k1, k2) ∈ C2 | iωµ

(
−εµω2 + ∥k∥2

)
= 0
}
,

and the scalar wavenumber is thus

k2ds = ∥k∥ = ω
√
εµ.

Remark 2.2. Some transverse-magnetic (TM) Maxwell's equations can also
be de�ned from (1) by considering

E = (E1, E2, 0)
T , H = (0, 0, H3)

T ,

where each components depend on (x, y). This gives
iωεE1 − ∂yH3 = −J1,
iωεE2 + ∂yH3 = −J2,

iωµH3 + ∂xE2 − ∂yE1 = 0.
(4)

Some computations can then show that the dispersion relation of (4) is the
same as the one of (3).
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2.3. 3d Maxwell's equations

The continuous symbol of the 3d-Maxwell's equations (1) is

L (ω,k) = iω

(
εI 0
0 µI

)
+

3∑
j=1

ikj

(
0 [ej×]

−[ej×] 0

)
.

Since
det (L (ω,k)) = −ω2εµ

(
εµω2 − ∥k∥2

)2
,

the dispersion relation is

D3d
c =

{
(k1, k2) ∈ C2 | εµω2 − ∥k∥2 = 0

}
,

and the scalar wavenumber is thus

ks = ∥k∥ = ω
√
εµ. (5)

We emphasize that ks actually does not depend on θ.

Remark 2.3. For ε, µ ∈ C, the wave-vector k ∈ Dc is also a complex vector.
Nevertheless, the scalar wavenumber can still be de�ned by (5) where we use
the principal square root of a complex number.

3. The Yee scheme and its dispersion properties

The Yee scheme has been introduced in [54] and has then been extensively
studied (see for example the review [45], [11, Chapter 37] and [39] for the
convergence when applied to time-domain Maxwell's equations).

We consider here a uniform grid with meshsize h. Writing the �rst three
equations of (1) as ∇ × H − iωεE − J = 0, the Yee �nite di�erence ap-
proximation at (x, y, z) reads as (see e.g. [46, Eq. (2.8)] for a similar stencil
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involving only integer index)

1

h

(
H3

(
x+

h

2
, y +

h

2
, z

)
−H3

(
x+

h

2
, y − h

2
, z

))
+

1

h

(
H2

(
x+

h

2
, y, z − h

2

)
−H2

(
x+

h

2
, y, z +

h

2

))
− iωεE1

(
x+

h

2
, y, z

)
− J1

(
x+

h

2
, y, z

)
= 0,

1

h

(
H1

(
x, y +

h

2
, z +

h

2

)
−H1

(
x, y +

h

2
, z − h

2

))
+

1

h

(
H3

(
x− h

2
, y +

h

2
, z

)
−H3

(
x+

h

2
, y +

h

2
, z

))
− iωεE2

(
x, y +

h

2
, z

)
− J2

(
x, y +

h

2
, z

)
= 0,

1

h

(
H2

(
x+

h

2
, y, z +

h

2

)
−H2

(
x− h

2
, y, z +

h

2

))
+

1

h

(
H1

(
x, y − h

2
, z +

h

2

)
−H1

(
x, y +

h

2
, z +

h

2

))
− iωεE3

(
x, y, z +

h

2

)
− J3

(
x, y, z +

h

2

)
= 0.

The second part of (1) is ∇ × E + iωµH = 0 and the Yee �nite di�erence
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scheme at (x, y, z) is given as

1

h

(
E2

(
x, y +

h

2
, z

)
− E2

(
x, y +

h

2
, z + h

))
+

1

h

(
E3

(
x, y + h, z +

h

2

)
− E3

(
x, y, z +

h

2

))
+ iωµH1

(
x, y +

h

2
, z +

h

2

)
= 0,

1

h

(
E3

(
x, y, z +

h

2

)
− E3

(
x+ h, y, z +

h

2

))
+

1

h

(
E1

(
x+

h

2
, y, z + h

)
− E1

(
x+

h

2
, y, z

))
+ iωµH2

(
x+

h

2
, y, z +

h

2

)
= 0,

1

h

(
E1

(
x+

h

2
, y, z

)
− E1

(
x+

h

2
, y + h, z

))
+

1

h

(
E2

(
x+ h, y +

h

2
, z

)
− E2

(
x, y +

h

2
, z

))
+ iωµH3

(
x+

h

2
, y +

h

2
, z

)
= 0.

In the following subsections, we review �rst some classical properties of
the Yee scheme for the 3d-Maxwell's equations. It is worth noting that these
properties can also be obtained for the 1d and 2d Maxwell's equations since
the latter are derived from the 3d system by setting speci�c components of
both the electric and magnetic �elds to zero. After this, we will compute the
discrete wavenumbers associated to the Yee scheme for the 1d, 2d and 3d
Maxwell system.

3.1. Classical properties of the Yee scheme

We review here some properties of the Yee scheme. First, we introduce
the forward and backward di�erential operators in the x-direction,

δ
+,(1)
h φ =

1

h
(φi+1,j,k − φi,j,k) , δ

−,(1)
h φ =

1

h
(φi,j,k − φi−1,j,k) .

The discrete derivatives can be de�ned similarly for the y and z directions
and are denoted by δ

±,(2)
h and δ

±,(3)
h . As a result, the forward and backward
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discrete gradients at a grid point (xi, yj, zk) are

∇+
hφ =

1

h

 φi+1,j,k − φi,j,k

φi,j+1,k − φi,j,k

φi,j,k+1 − φi,j,k

=
3∑

j=1

δ
+,(j)
h φej,

∇−
hφ =

1

h

 φi,j,k − φi−1,j,k

φi,j,k − φi,j−1,k

φi,j,k − φi,j,k−1

=
3∑

j=1

δ
−,(j)
h φej.

Note that we do not highlight the dependence of these discrete operators on
the grid point, but these formulas are valid for any φ = (φi,j,k)i,j,k∈Z. We
can then de�ne the discrete divergence and curl operators of a vector �eld
Φ = (Φ1,Φ2,Φ3) as

div±hΦ = ∇±
h ·Φ: =

3∑
j=1

δ
±,(j)
h Φj,

curl±hΦ = ∇±
h ×Φ: =

3∑
j=1

[ej×] δ
±,(j)
h Φ,

where everything is computed at a grid point (xi, yj, zk). Introducing the
shifting-operators

(ShE)i,j,k = E1;i+ 1
2
,j,ke1 + E2;i,j+ 1

2
,ke2 + E3;i,j,k+ 1

2
e3,(

S̃hH
)
i,j,k

= H1;i+ 1
2
,j,k+ 1

2
e1 +H2;i+ 1

2
,j,k+ 1

2
e2 +H3;i+ 1

2
,j+ 1

2
,ke3,

the Yee scheme can then be written at each grid point (xi, yj, zk), in compact
form, as

iωεShE −∇−
h × S̃hH = −ShJ ,

iωµS̃hH +∇+
h × ShE = 0.

(6)

The discrete di�erential operators also have some properties veri�ed by the
continuous operators.
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Theorem 3.1. At each grid point, we have1

div±h
(
∇±

h × Φ
)
= 0,

∇±
h ×

(
∇±

hφ
)
= 0,

∇+
h ×

(
∇−

h × Φ
)
= ∇−

h

(
div+hΦ

)
−∆hΦ,

∇−
h ×

(
∇+

h × Φ
)
= ∇+

h

(
div−hΦ

)
−∆hΦ,

where ∆hΦ =
∑

j ∆hΦj ej is the discrete vector Laplace operator de�ned as

∆h = div+h∇−
h = div−h∇+

h .

The properties given in Theorem 3.1 can be checked by direct computations.
In addition, we can see that

∆hφ =
φi+1,j,k + φi−1,j,k + φi,j,k+1 + φi,j,k−1 + φi,j+1,k + φi,j−1,k − 6φi,j,k

h2
,

which is thus the standard 7-point stencil for the 3d-Laplace operator. Using
Theorem 3.1, we can show that any solution to (6) also satis�es, at each grid
point, the discrete vector Helmholtz equations

−∆hShE − ω2εµShE = −iωµShJ +
1

iωε
∇+

h

(
div−h ShJ

)
,

−∆hS̃hH − ω2εµS̃hH = ∇+
h × (ShJ) , (7)

div+h

(
S̃hH

)
= 0,

iωεdiv−h (ShE) = −div−h

(
S̃hJ

)
,

which is the discrete counterpart of the vector wave equations satis�ed by the
electric and magnetic �elds at the continuous level. We end this section by
noting that, in what follows, we will not use the second order formulation of
the continuous and the discrete Maxwell's equations. Nevertheless, it is worth
noting that (7) shows the link between the Yee scheme and the Helmholtz
equation discretized using the 7-point stencil for the 3d-Laplace operator.
We can therefore expect the Yee scheme has dispersion properties that are
similar to those of this stencil.

Regarding the truncation order of the Yee scheme, although it is de�ned
using only �rst order �nite di�erence operators, the resulting scheme is nev-
ertheless second order accurate as one can prove using Taylor expansion.

Theorem 3.2. The Yee's scheme has second order truncation error.

1These properties are also known as discrete De Rham complex.
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3.2. Dispersion analysis for the Yee scheme applied to the 1d Maxwell equa-
tion

Starting from the 3d-Maxwell's equations (1), its 1d counterpart (2) can
be derived by setting

E = (0, E2, 0)
T , H = (H1, 0, 0)

T ,

which also works for the Yee scheme for the 1d-Maxwell's equations. As a
result, at any grid points xj = jh, the 1d Yee scheme is{

iωεEj − 1
h

(
Hj+1/2 −Hj−1/2

)
= −J(xj),

iωµHj+1/2 − 1
h
(Ej+1 − Ej) = 0.

(8)

We next show how to compute the discrete symbol associated with the 1d
Yee stencil given by(

M(h)

(
E
H

))
i

=

(
iωεEj − 1

h

(
Hj+1/2 −Hj−1/2

)
iωµHj+1/2 − 1

h
(Ej+1 − Ej)

)
.

Inserting a plane wave Xe−ixk into the stencil yields(
M(h)

(
X1

X2

)
e−ixk

)
i

=

(
iωεX1e

−ixjk −X2
1
h

(
e−ixj+1/2k − e−ixj−1/2k

)
iωµX2e

−ixj+1/2k −X1
1
h

(
e−ixj+1k − e−ixjk

) ) .
Multiplying by the diagonal matrix Di = diag

(
eixjk, eixj+1/2k

)
, we can remove

the dependence on the grid point where the approximation is computed. We
obtain

Di

(
M(h)

(
X1

X2

)
e−ixk

)
i

=

(
iωεX1 −X2

2i
h
sin
(
kh
2

)
iωµX2 −X1

2i
h
sin
(
kh
2

) ) = σM(h; k)X,

where

σM (h, k) =

 iωε −2i
sin( kh

2 )
h

−2i
sin( kh

2 )
h

iωµ


is the discrete symbol. Computing the determinant of the discrete symbol
shows that the discrete dispersion relation is(

−ω2εµ+
4

h2
sin

(
kh

2

)2
)

= 0. (9)
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The discrete wavenumber is therefore

kd(ω;h) =
2

h
arcsin

(
ω
√
εµh

2

)
, (10)

where arcsin here is the principal branch of the inverse sine function that is
de�ned for ω

√
εµh/2 ∈ C \ ((−∞,−1) ∪ (1,+∞)). Note that the discrete

wavenumber can therefore be expressed with (10) as soon as
∣∣ω√εµh/2∣∣ ≤ 1,

which amounts to consider h small enough, or equivalently a number of grid
points per wavelength such thatG ≥ π. A Taylor expansion for ω

√
εµh = ksh

small gives

kd(ω;h) = ks +
ks
24

(ksh)
2 +O((ksh)

4), (11)

and we then get that the discrete wavenumber is a second order approxima-
tion of the continuous one.

3.3. Dispersion analysis of the Yee scheme for 2d Maxwell equation

The two-dimensional TE-Maxwell's equation (3) are derived from (1) by
considering

E = (0, 0, E3)
T , H = (H1, H2, 0)

T ,

and the 2d-Yee's scheme is then iωεE3,i,j +
1
h

(
H2,i+1/2,j −H2,i−1/2,j

)
− 1

h

(
H1,i,j+1/2 −H1,i,j−1/2

)
= −Ji,j,

iωµH1,i,j+1/2 − 1
h
(E3,i,j+1 − E3,i,j) = 0,

iωµH2,i+1/2,j +
1
h
(E3,i+1,j − E3,i,j) = 0.

(12)
The discrete symbol is now

σM (h,k) =

 iωε −2i
h
sin
(
k2h
2

)
2i
h
sin
(
k1h
2

)
−2i

h
sin
(
k2h
2

)
iωµ 0,

2i
h
sin
(
k1h
2

)
0 iωµ,

 ,

and the discrete dispersion relation is thus

D2d
d :=

{
k ∈ C2 | − ω2εµ+

4

h2

(
sin

(
k1h

2

)2

+ sin

(
k2h

2

)2
)

= 0

}
. (13)

For any θ = (cos(θ), sin(θ)) ∈ S1, we can write k ∈ D2d
d as k = kd(ω;θ, h)θ

to get the discrete wavenumber kd. Note that it is di�cult to �nd an ex-
plicit expression for kd. Nevertheless, we can still compute an approximate
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expression as ksh goes to 0 assuming it admits the expansion

kd(ω;θ, h) = k0 + (ksh)k1 + (ksh)
2k2 + · · · .

Inserting this ansats into the dispersion relation and identifying terms with
same degree in ksh yields that

kd(ω;θ, h) = ks +
ks
24

(
cos(s)4 + sin(s)4

)
(ksh)

2 +O((ksh)
4), (14)

and, as in the 1d-setting, the discrete wavenumber is again a second order
approximation of the continous one.

3.4. Dispersion analysis of the Yee scheme for 3d Maxwell equation

The discrete symbol associated to the 3d-Yee scheme is given as (see
Appendix B for computations using Maple)

σM (h;k) = diag


iωεeihk1/2

iωεeihk2/2

iωεeihk3/2

iωµeiωhk2/2eihk3/2

iωµeiωhk1/2eihk2/2

iωµeiωhk1/2eihk2/2

+

(
0 Nh

Mh 0

)
,

where

Nh =

 0 2i sin(hk3/2)
h

eihk1/2 −2i sin(hk2/2)
h

eihk1/2

−2i sin(hk3/2)
h

eihk2/2 0 2i sin(hk1/2)
h

eihk2/2

2i sin(hk2/2)
h

eihk3/2 −2i sin(hk1/2)
h

eihk3/2 0

 ,

and

Mh =

 0 −2i sin(ωhk3/2)
h

eiωhk2/2eiωhk3/2 2i sin(ωhk2/2)
h

eiωhk2/2eiωhk3/2

2i sin(ωhk3/2)
h

eiωhk1/2eiωhk3/2 0 −2i sin(ωhk1/2)
h

eiωhk1/2eiωhk3/2

−2i sin(ωhk2/2)
h

eiωhk1/2eiωhk2/2 2i sin(ωhk1/2)
h

eiωhk1/2eiωhk2/2 0

 .

The determinant of σM (h;k) can be computed using Maple (see Appendix
Appendix B) and is

det (σM (h;k)) = −ω
2µεe3ih(k1+k2+k3)/2

h4

×

(
h2w2εµ− 4 sin

(
k3h

2

)2

− 4 sin

(
k2h

2

)2

− 4 sin

(
k1h

2

)2
)2

,
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where k = (k1, k2, k3). The discrete dispersion relation is then de�ned by

D3d
d =

{
k ∈ C3 | h2w2εµ− 4 sin

(
k3h

2

)2

− 4 sin

(
k2h

2

)2

− 4 sin

(
k1h

2

)2

= 0

}
.

Remark 3.3. We emphasize that the discrete dispersion relation D3d
d is ac-

tually the discrete dispersion relation associated to the discretization, using
the 7-point stencil for the Laplace operator, of the (scalar) Helmholtz equation
−∆−k2 with k = ω

√
εµ. This can be explained by noting that the solutions to

the discretized Maxwell's equations also satisfy the vector Helmholtz equation
(7) where each component is discretized using the 7-point stencil.

It is also worth noting that the same holds for the dispersion relation
associated to the 1d and 2d Yee scheme. Indeed, the dispersion relation for
the 1d Yee scheme (9) is the same as the dispersion relation of the 3-point
stencil and, for the 2d Yee scheme, the discrete dispersion relation (13) is
the same as the one of the 5-point stencil.

The discrete wavenumber is de�ned for each θ by k = kd (ω;θ, h)θ where
any θ ∈ S2 is expressed as

θ =

 cos(ϕ) sin(θ)
sin(ϕ) sin(θ)

cos(θ)

 , ϕ ∈ [0, 2π], θ ∈ [0, π].

Since the equation satis�ed by kd seems to hardly have a closed form solution,
we look for kd such that

kd = k0 + (ksh)
2k2 + · · · . (15)

We emphasize that k1 = 0 since det (σM (−h;k)) = det (σM (h;k)). Inserting
(15) into the discrete dispersion relation and identifying each term, we obtain
(see Appendix C for computations using Maple)

k0(ω) = ω
√
εµ, k2 (ω,θ) =

ω
√
εµ

24
F (ϕ, θ),

where F : (ϕ, θ) ∈ [0, 2π]× [0, π] 7→ F (ϕ, θ) ∈ R is de�ned as

F (ϕ, θ) = cos(ϕ)4 sin(θ)4 + sin(ϕ)4 sin(θ)4 + cos(θ)4. (16)
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The discrete wavenumber then admits, for hω
√
εµ = ksh small, the expansion

kd (ω;θ, h) = ω
√
εµ+ (ksh)

2 ks
24
F (ϕ, θ) + · · · (17)

where the dots represent higher order terms. In addition, the dispersion error
satis�es

max
ϕ,θ

∣∣∣∣kd (ω;θ, h)− ks
ks

∣∣∣∣ = O
(
k2sh

2
)
, (18)

and thus the discrete wavenumber is a second order approximation of the
continuous one. We emphasize that (18) can be recast as

max
ϕ,θ

∣∣∣∣kd (ω;θ, h)− ks
ks

∣∣∣∣ = O
(
(ksh)

2
)
= O

(
G−2

)
,

where G = 2π/(ksh) is the number of grid points per wavelength. Finally,
we emphasize that an estimate similar to (18) (see (11), (14)) also holds for
the 1d and 2d Yee scheme.

4. Asymptotic dispersion correction with the shifted angular fre-

quency

We introduce now the dispersion correction for the Yee scheme. The
proposed approach is based on our previous work (see [15, 16, 17, 14]) related
to dispersion correction for �nite di�erence schemes for Helmholtz equation.
The starting point is to introduce, in the scheme, a shifted angular frequency
ω̂ which depends on a free parameter that is next determined by minimizing
the dispersion error for small enough meshsize h (or identically for small
enough ksh or even for a large enough grid points per wavelength given by
G = 2π/|ksh|). Since our method reduces the dispersion error for small
enough meshsize only, we called it asymptotic dispersion correction.

Since the discrete wavenumber is a second order approximation of the
continuous one (see (11),(14),(17)), the shifted angular frequency will be
de�ned as

ω̂ = ω + h2ω2.

The shifted angular frequency being a second order perturbation of ω, it is
worth noting that the Yee scheme with shifted angular frequency will still be
second order accurate owing to Theorem 3.2. With the previously computed
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expansions of the discrete wavenumbers (see (11),(14),(17)), they can all been
written as

kd (ω;θ, h) = ks (ω) + (ks (ω)h)
2 ks (ω)F (θ) + · · · , (19)

for some speci�c functions F . Using this expansion, we can obtain a second
order expansion of the discrete wavenumber with shifted angular frequency

k̂d (ω;θ, h) := kd (ω̂;θ, h)

= ks (ω) + (ks (ω)h)
2

(
ks (ω)F (θ) + ω2

∂ωks (ω)

ks (ω)
2

)
+ · · · .

The asymptotically optimal shift ω2 can then be de�ned as

ω∗,p
2 := argmin

ω2∈C

∥∥∥∥ks (ω)F (θ) + ω2
∂ωks (ω)

ks (ω)
2

∥∥∥∥
Lp(Ω)

, (20)

where ∂ωks (ω) =
√
εµ for material with dielectric parameters that do not

depend on ω, Ω = [0, 2π] in 2d and Ω = [0, 2π]× [0, π] in 3d. We emphasize
that ω∗,p

2 aims at reducing the dispersion error for small enough meshsize (or
equivalently for a large enough number of grid points per wavelength). It is
worth noting that we could have also de�ned the shifted angular frequency

as ω̂ = ω + (ksh)
2ω̃2 or as ω̂ = ω + G−2 ∗

ω2. Since ω̃2 and
∗
ω2 are de�ned

through ω̂, they are related to each other by (ksh)
2ω̃2 = G−2 ∗

ω2, and in these
cases, we can get the asymptotically optimal shift directly from ω∗,p

2 .
This section is dedicated to compute exact formulas for the asymptotically

optimized shifts. We begin with some general formula for the solution to
(20). Next, we show how the case of materials with frequency-dependent
parameters can be reduced to the case of materials with ε, µ that do not
depend on ω. We then compute the exact formula of the asymptotically
optimal shift for the 1d-Yee scheme for which we can actually suppress the
dispersion error. Finally, we compute the shift for the 2d and 3d Yee scheme.

4.1. Main results for the asymptotic dispersion correction

As seen above, the asymptotically optimal shift is the solution to the
optimization problem (20) in any dimensional setting. The latter can be
recast as

ω∗,p := argmin
ω∈C

∥z1F (·) + ωz2∥Lp(Ω) (21)
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for two given complex numbers z1, z2 and a domain Ω ⊂ Rd. This optimiza-
tion problem can actually be solved in closed form for p = {2, +∞} as one
can see in the next result.

Proposition 4.1. Assume that F : x ∈ Ω 7→ F (x) ∈ R is continuous on Ω.
Then, for any p ∈ [1,+∞], the solution to the optimization problem (21) is
unique. In addition, for p ∈ [1,+∞), it satis�es∫

Ω

|z1F (x) + ω∗,pz2|p−2 (z2 (z1F (x) + ω∗,pz2)) dx = 0.

For p = 2, this translates to a linear equation whose solution is

ω∗,2 = −
(F, 1)L2(Ω)

|Ω|
× z1
z2
,

and the minimal value is

min
ω

∥z1F (·) + ωz2∥2L2(Ω) = |z1|2
(
∥F∥2L2(Ω) −

(
1

|Ω|
(F, 1)L2(Ω)

)2
)
.

For p = ∞, the optimal solution to (21) is

ω∗,∞ = −
(
Fmax + Fmin

2

)
z1
z2
,

and

min
ω

∥z1F (·) + ωz2∥L∞ = |z1|2
|Fmax − Fmin|

2
,

where Fmax = maxΩ F and Fmin = minΩ F .

Proof:. First, note that for any p ∈ [1,+∞] the function Gp : ω ∈ C 7→
∥z1F (·) + ωz2∥Lp(Ω) ∈ R is convex and thus has a unique minimum.

For p ∈ [1,+∞), we have ∥z1F (·) + ωz2∥Lp(Ω) ̸= 0 for any ω ∈ C and thus
the function Gp is smooth. As a result, ω∗,p is a critical point of Gp. Setting
ω = ωR + iωI , we can compute the gradient of Gp with respect to the real
and imaginary parts of ω. For simplicity, we rather compute the derivatives
of Gp

p which are

∂ωR
Gp

p(ωR, ωI) = p

∫
Ω

|z1F (x) + ωz2|p−2ℜ (z2 (z1F (x) + ωz2)) dx, (22)

∂ωR
Gp

p(ωR, ωI) = −p
∫
Ω

|z1F (x) + ωz2|p−2ℑ (z2 (z1F (x) + ωz2)) dx.
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The critical point of Gp veri�es

0 = ∂ωR
Gp(ω

∗,p
R , ω∗,p

I ) + i∂ωI
Gp(ω

∗,p
R , ω∗,p

I )

=
1

pGp
p(ω

∗,p
R , ω∗,p

I )

(
∂ωR

Gp
p(ω

∗,p
R , ω∗,p

I ) + i∂ωI
Gp

p(ω
∗,p
R , ω∗,p

I )
)
,

from which we obtain the non-linear equation satis�ed by ω∗,p.
For p = 2, the non-linear system (22) reduces to a linear system from

which we obtain that ω∗,2 satis�es

0 =

∫
Ω

ℜ
(
z2
(
z1F (x) + ω∗,2z2

))
− iℑ

(
z2
(
z1F (x) + ω∗,2z2

))
dx

=

∫
Ω

(z2 (z1F (x) + ω∗,2z2)) dx,

and thus

ω∗,2 = −z1
z2

(F, 1)L2(Ω)

|Ω|
.

For p = ∞, we start by noting that

min
ω

max
x∈Ω

|F (x)z1 + ωz2|2 = |z1|2min
ω

(
ℑ(ωz)2 +max

x∈Ω
{F (x) + ℜ(ωz)}2

)
,

where z = z2/z1. Introducing the real variables X = ℜ(ωz) and Y = ℑ(ωz),
we now have to solve the optimization problem

min
X,Y

(
Y 2 +max

x∈Ω
{F (x) +X}2

)
= min

Y
Y 2 +min

X

(
max
x∈Ω

{F (x) +X}2
)
,

from which we readily infer that Y ∗ = ℑ(ω∗,∞z) = 0. To get the optimal X,
note that F : x ∈ Ω 7→ F (x) ∈ R is continuous over a compact set and thus
reaches its minimal value F (xmin) = Fmin := minx∈Ω F (x), and its maximal
value F (xmax) = Fmax := maxx∈Ω F (x). As a result, for any X ∈ R, the
function x → (F (x) +X)2 reaches its maximal value either at x = xmin or
at x = xmax, and thus

max
x∈Ω

{F (x) +X}2 = max
{
(Fmax +X)2 , (Fmin +X)2

}
,

which reaches its minimum value at X∗ such that Fmax + X∗ = −(Fmin +
X∗) hence X∗ = −(Fmax + Fmin)/2. Using then that X∗ = ℜ(ω∗,∞) =
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ℜ(ω∗,∞)ℜ(z)−ℑ(ω∗,∞)ℑ(z) and Y ∗ = ℜ(ω∗,∞)ℑ(z)+ℑ(ω∗,∞)ℜ(z) and doing
some computations, we obtain the optimal solution to (21) when using the
in�nity-norm. □

In what follows, we are going to use Proposition 4.1 to compute the
asymptotically optimal shift for the 2d and 3d Yee schemes.

4.2. Dispersion correction for dispersive media: Standard vs Frozen approaches

We show here how to perform the asymptotic dispersion correction for me-
dia having frequency-dependent parameters. In this case, the scalar wavenum-
ber also depends on ω and we can introduce the shifted angular frequency in
the following two ways:

1. Standard: We replace ω by ω̂ = ω + h2ω2 everywhere.
Using the standard method, the 1d Yee scheme (8) with shifted angular
frequency then reads as{

iω̂ε (ω̂)Ej − 1
h

(
Hj+1/2 −Hj−1/2

)
= −J(xj),

iω̂µ (ω̂)Hj+1/2 − 1
h
(Ej+1 − Ej) = 0,

and the extension to higher dimensions is straightforward.

2. Frozen: We replace ω by ω̂ = ω + h2ω2 only in the term iω but not in
the dielectric parameters ε(ω) and µ(ω).
Using the frozen method, the 1d Yee scheme (8) is now{

iω̂ε (ω)Ej − 1
h

(
Hj+1/2 −Hj−1/2

)
= −J(xj),

iω̂µ (ω)Hj+1/2 − 1
h
(Ej+1 − Ej) = 0,

whose extension to higher dimensions is also straightforward.

In the standard case, the asymptotically optimal shift satis�es (20), with
ks(ω) = ω

√
ε(ω)µ(ω), whose solution can be computed from Proposition 4.1.

For the frozen case, we set

kfs (ω̂, ω) = ω̂
√
ε(ω)µ(ω),

which satis�es kfs (ω, ω) = ks(ω). Note that the expansion (19) with which
the discrete wavenumber complies can be written as

kd (ω;θ, h) = kfs (ω, ω) +
(
kfs (ω, ω)h

)2
kfs (ω, ω)F (θ) + · · · .
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The frozen dispersion correction now amounts to insert the shifted frequency
only in the �rst argument of kfs . The discrete wavenumber associated to the
frozen dispersion correction then has the next expansion

k̂fd (ω;θ, h) = kfs (ω̂, ω) +
(
kfs (ω̂, ω)h

)2
kfs (ω̂, ω)F (θ) + · · ·

= kfs (ω + h2ω2, ω) +
(
kfs (ω + h2ω2, ω)h

)2
kfs (ω + h2ω2, ω)F (θ) + · · ·

= ks(ω) + (ks(ω)h)
2

(
ks(ω)F (θ) + ω2

∂ω̂ks (ω̂, ω)

ks (ω)
2

)
+ · · · ,

where ∂ω̂ks (ω̂, ω) =
√
ε(ω)µ(ω). The asymptotically optimal shift in the

frozen case can then be de�ned as

ω∗,f,p
2 := argmin

ω2∈C

∥∥∥∥∥ks (ω)F (·) + ω2

√
ε(ω)µ(ω)

ks (ω)
2

∥∥∥∥∥
Lp(Ω)

. (23)

Note that both standard (hence given by (20)) and frozen (hence given
by (23)) asymptotically optimal shifts can be computed from Proposition 4.1
both with

z1 = ks(ω), F = F (θ) .

The value of z2 is however di�erent, since

zstd2 =
∂ωks (ω)

ks (ω)
2 ,

for the standard case and

zf2 =

√
ε(ω)µ(ω)

ks (ω)
2 ,

for the frozen case and the shifts are then going to be di�erent regarding the
approach chosen. Nevertheless, note that the values ofminω ∥z1F (·) + ωz2∥Lp(Ω) =
∥z1F (·) + ω∗,pz2∥Lp(Ω) for p = 2,+∞ do not depend on z2 (see Proposition
4.1). As a result, the reduction of the dispersion error brought by the asymp-
totically optimal shift is going to be the same for both approaches. In what
follows we will only rely on the frozen approach to give explicit formulas for
the asymptotically optimal shift because this does not require to compute
the derivative of the dielectric parameters with respect to the frequency.
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4.3. No dispersion error for the 1d-Yee scheme

The dispersion relation associated to the 1d-Yee scheme is given by

ω2εµ− 4

h2
sin

(
kh

2

)2

= 0,

from which we get that the discrete wavenumber is

kd(ω;h) =
2

h
arcsin

(
ω
√
εµh

2

)
,

where arcsin is the principal branch of the inverse sine function de�ned for
ω
√
εµh/2 ∈ C \ ((−∞,−1) ∪ (1,+∞)). In this one-dimensional setting, we

can �nd a shifted angular frequency ω̂ for which there is no dispersion error.
This amounts to �nd ω̂ such that

kd(ω̂;h) = ks(ω).

Using that sin(arcsin(z)) = z for any z ∈ C with |z| ≤ 1, we obtain that

ω̂ =
2

h
√
ϵµ

sin

(
ω
√
ϵµh

2

)
, (24)

where the derivation of this formula is valid as soon as G ≥ π. A Taylor
expansion gives

ω̂ = ω − h2
ω3εµ

24
+ · · · = ω − (ksh)

2 ω

24
+ · · · ,

from which we see that the shifted angular frequency is a second order pertur-
bation (in ksh) of ω. This ensures that the Yee scheme with shifted angular
frequency, replacing ω by ω̂, is still second order accurate.

4.4. Asymptotic dispersion correction for the 2d Yee scheme

We compute next the asymptotically optimal shift ω∗,p
2 for the 2d Yee

scheme whose expansion of its discrete wavenumber can be found in (14).
We then have to solve the optimization problem (20) with

F (θ) =
1

24

(
cos(s)4 + sin(s)4

)
,

which �ts in the framework of Proposition 4.1 with

z1 = ks(ω) = ω
√
εµ and z2 =

1

ω2
√
εµ
.

We then have the following result.
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Proposition 4.2. The asymptotically optimal shifts for the 2d-Yee's scheme
are

ω∗,∞
2 = ω∗,2

2 = −ω
3εµ

32
.

Proof:. We apply Proposition 4.1 with the above z1 and z2. For ω
∗,2
2 , we only

need to compute the mean value of F over [0, 2π],

1

2π

∫ 2π

0

1

24

(
cos(s)4 + sin(s)4

)
ds =

1

32
.

This gives

ω∗,2
2 = −z1

z2

1

2π

∫ 2π

0

F (θ) ds = −ω
3εµ

32
.

To get ω∗,∞
2 , we have to �nd the extremal values of F over [0, 2π]. Setting

t = sin(s)2 and using that cos(s)2 = 1− sin(s)2, we get

F (θ) = Y (t) =
1

24
((1− t)2 + t2),

and we now have to �nd the extremal values of Y over [0, 1]. Direct compu-
tations give that Fmin = 1/48 and Fmax = 1/24 and thus

ω∗,∞
2 = −

(
Fmin + Fmax

2

)
z1
z2

= −ω
3εµ

32
.

□
In this case, both shifts are equal and are the same as the one obtained

for the 5-point stencil in [14]. In [14, Section 4.1], we compared the relative
dispersion errors for the schemes with and without dispersion correction and
showed how they are reduced with the shift (see [14, Figure 4.1]). Since these
results are going to hold without any changes for the 2d Yee scheme, we do
not reproduce them here.

4.5. Asymptotic dispersion correction for the 3d Yee scheme

We compute now the asymptotically optimal shift ω∗,p
2 for the 3d Yee

scheme whose discrete wavenumber has been expanded for ksh small in (17).
We then have to solve the optimization problem (20) with

F (θ) =
1

24

(
cos(ϕ)4 sin(θ)4 + sin(ϕ)4 sin(θ)4 + cos(θ)4

)
,
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which �ts the framework of Proposition 4.1 with

z1 = ks(ω) = ω
√
εµ and z2 =

1

ω2
√
εµ
.

Proposition 4.3. We have ω∗,∞
2 = −ω3εµ

36
, ω∗,2

2 = −ω3εµ 7
256
.

Proof:. From Proposition 4.1, we have

ω∗,2
2 = −z1

z2

∫ 2π

0

∫ π

0
F (ϕ, θ) dϕ dθ

2π2
.

Computing the above integral (which gives 21π2/(16× 24)), we obtain ω∗,2
2 =

−ω3εµ 7
256
.

For the asymptotically optimal shifts with the L∞-norm, we need the ex-
tremal values of F over Ω = [0, 2π]×[0, π]. Fortunately, we already computed
the extremal values of this function in [14, Theorem 4.3] when doing disper-
sion correction for the 7-point stencil applied to the 3d-Helmholtz equation.
They are given by Fmax =

1
24
, Fmin = 1

72
and we �nally obtain ω∗,∞

2 = −ω3εµ
36
.

□
We emphasize that∣∣ω∗,∞

2 − ω∗,2
2

∣∣
|ω3εµ|

=

∣∣∣∣ 136 − 7

256

∣∣∣∣ ≈ 0.0004340277778, (25)

and thus using one or the other should yields similar results. We can also
compute the (asymptotic) reduction factors which indicate how much the
dispersion error is reduced when using the shifted angular frequency. The
asymptotic reduction factors are the ratio of dispersion errors with and with-
out shifted angular frequency,

Rp
f =

∥kd (ω; ·, h)− ks∥Lp

∥kd (ω̂∗,p; ·, h)− ks∥Lp

,

where ω̂∗,p = ω+ h2ω∗,p
2 is the shifted angular frequency with asymptotically

optimal shift. Using the expansion of the discrete wavenumber as ksh → 0
together with Proposition 4.1, we get

R∞
f =

max{Fmax, Fmin}
|Fmax−Fmin|

2

+ · · · = 3 + · · · ,

R2
f =

∥F∥L2∥∥F − 7×24
256

∥∥
L2

+ · · · =
√

643

55
+ · · · . (26)
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Figure 1: kd(ω; θ, h)/ks(ω) for ε = µ = 1, ω = 100 and h = 0.01. Left: No dispersion
correction. Right: with dispersion correction.
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Figure 2: Log-log plot of maxθ |kd(ω; θ, h)− ks(ω)| /ks(ω) for ε = µ = 1, h = 0.01 and
various ω.

Since
√

643/55 ≈ 3.42, the asymptotic dispersion correction in the L2-norm
reduces the dispersion error a bit more than the asymptotic dispersion in the
L∞-norm.

We show in Figure 1 the ratio of the discrete wavenumber over the con-
tinuous one with and without dispersion correction using ω̂∗,2 = ω + h2ω∗,2

2

for the shifted frequency. In this setting, we have roughly G = 2π
ω
√
εµh

≈ 6.28

points per wavelength. We see that, without dispersion correction, the dis-
crete wavenumber is always above the continuous one while kd oscillates
around ks when using dispersion correction. We show in Figure 2 the dis-
persion error, with and without dispersion correction, for various values of
G. These numerical results show that the dispersion error is reduced when
using the shift and that it behaves like O(G−2) as expected from (18).
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Figure 3: Top row: Discrete wavenumber kd(ω; θ, h). Bottom row: discrete wavenumber
kd
(
ω̂asy,2;θ, h

)
using dispersion correction. Left column: real part. Right column: imag-

inary part.

We now illustrate the e�ect of the L2-dispersion correction (hence using
ω̂ = ω + h2ω̂∗,2) for the complex dielectric parameters

ε = 50− 12i, µ = 1, (27)

which, from [1, Table 1], aim at modeling the dielectric properties of the
human body. Note that the continuous wavenumber is given here as ks =
ω
√
εµ ≈ ω(7.1211 − 0.8426 i). We show in Figure 3 the real and imaginary

parts of the discrete wavenumber for ω = 10 and h = 0.01 which yields
G = 2π

|ks|h ≈ 8.76, grid points per wavelength.
Note that both real and imaginary parts of the discrete wavenumber

are above the continuous one without dispersion correction but both oscil-
late around ks when using the shifted frequency. To further test the e�ect
of the asymptotic dispersion correction, we now use ω = 5, 10, 20, 40,
so that the number of grid points per wavelength is approximately G =
17.5245, 8.7622, 4.3811, 2.1906.
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We show in Figure 4 the dispersion error for varying frequencies which re-
sults in varying the number of grid point per wavelength. These numerical
results shows that the dispersion error behaves like O(G−2) for large enough
G and that the dispersion correction indeed reduces the dispersion error.
Note that the dispersion correction fails if too few grid points per wave-
length are used. This is expected since the dispersion correction has been
done for small enough h hence for large enough G.

We end this section by computing numerically the optimal shift, denoted
by ωopt

2 , which minimizes the L2-relative dispersion error

ωopt
2 = argmin

ω2

∥∥∥∥kd (ω + h2ω2; θ, h)− ks(ω)

ks(ω)

∥∥∥∥
L2

.

These numerical experiments check how far the (explicit) asymptotically op-
timal shift is from the optimal one. The results are given in Table 1, using
the dielectric parameters from Eq. (27) and various frequencies ω. In Table
1, we compute the relative dispersion error

Errd(ω2) =

∥∥∥∥kd (ω + h2ω2; θ, h)− ks(ω)

ks(ω)

∥∥∥∥
L2

,

when no dispersion correction is performed, hence using ω2 = 0, when using
the optimal shift and when using the asymptotically optimal shift. These
results show that the asymptotically optimal shift is actually close to the op-
timal one even if a small number of grid points per wavelength is considered.
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G 17.5245 8.7622 4.3811 2.1906
Errd(0) 0.0038 0.0155 0.0730 0.4142

Errd(ω
opt
2 ) 0.0011 0.0045 0.0204 0.1295

Errd(ω
asy
2 ) 0.0011 0.0045 0.0205 0.1328

|ωopt

2 −ωasy

2 |
|ωopt

2 | 0.0082 0.0135 0.0252 0.0587

Table 1: Comparisons between the asymptotically optimal shift and the optimal one for
the frequencies ω = 5, 10, 20, 40 with the dielectric parameters from (27) and meshsize
h = 0.01.

4.6. Which Lp-norm should be chosen to minimize the asymptotic dispersion
error?

As shown in Proposition 4.2 and 4.3, the L2 and L∞ shifts are either
equal (in 2d) or very close to each other (in 3d). The only di�erence appears
in the value of the asymptotic reduction factors Rp

f but the two norms being
di�erent, such a discrepancy is to be expected. In this subsection, we further
study the in�uence of p on the asymptotically optimal shift.

Assuming that ε, µ are real-valued, we get that z1, z2 ∈ R and we can
then transform the minimization problem de�ning ω∗,p

2 , namely

ω∗,p
2 = argmin

ω2

∥z1F (·) + z2ω2∥pLp(Ω)

into the minimization problem

ω̃2
∗,p = argmin

ω2

∥F (·) + ω̃2∥pLp(Ω) . (28)

The two are then related by ω̃2
∗,p = ω∗,p

2 z2/z1. This change of variables allows
us to eliminate the physical parameters and to work only with ω = 1 and
ε = µ = 1.

In (28), the function F is de�ned in 2d by F (s) = (cos(s)4 + sin(s)4) /24
with Ω = [0, 2π] and in 3d by F (ϕ, θ) = (cos(ϕ)4 sin(θ)4 + sin(ϕ)4 sin(θ)4 +
cos(θ)4)/24 with Ω = [0, 2π]× [0, π]. Proposition 4.1 then ensures that ω̃2

∗,p

is the unique solution to the non-linear equation

C(ω̃2
∗,p) =

∫
Ω

(F (x) + ω̃2
∗,p) |F (x) + ω̃2

∗,p|p−2
dx = 0. (29)

We compute numerically the solution to the minimization problem (28) using
the Nelder-Mead algorithm. We approximate the Lp-norms with Riemann
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Figure 5: Top left: ωp
approx, the asymptotically optimal shifts computed with the Nelder-

Mead algorithm; Top right: C(ωp
approx); Bottom left: Lp reduction factors de�ned by

Rp
f = ∥F∥Lp(Ω) /

∥∥F (·) + ω̃p
approx

∥∥
Lp(Ω)

; Bottom right:
∣∣ω̃p

approx − ω̃2
∗,∞∣∣.

sums using a regular mesh of Ω composed of rectangles with 105 points in 2d
and 103 × 103 points in 3d. We then verify the numerical solution ω̃p

approx is
close to ω̃2

∗,p by computing C(ω̃p
approx).

The results are shown in Figure 5, where we used p = 2j for j =
0, 1, · · · , 8. One can see from the values of C(ω̃p

approx) that the optimality
conditions are well satis�ed by the ω̃p

approx. Also, in the 2d and 3d settings,
both reduction factors reach their maximal value for p = 1. In addition, we
see that the asymptotically optimal shifts in the 2d setting do not depend
on the Lp norm chosen to minimize the asymptotic dispersion error, whereas
they slightly vary in 3d. We can therefore conclude that, in 2d, the choice of
Lp-norm used for the dispersion correction does not matter.

For the 3d case, for every considered p, the values of ω̃p
approx are actually

close (up to 3 digits except for p = 1 where only 2 digits match) to ω̃2
∗,∞. To
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p 1 2 4 8 16 32 64 128

Rp
f =

∥F∥Lp(Ω)

∥F (·)+ω̃p
approx∥Lp(Ω)

3.7742 3.4183 3.2129 3.1259 3.0827 3.0535 3.0333 3.0202

R̃p
f =

∥F∥Lp(Ω)

∥F (·)−1/36∥Lp(Ω)
3.7097 3.4141 3.2079 3.1073 3.0606 3.0343 3.0189 3.0101

Table 2: Reduction factor using either the numerically optimized shift or ω̃2
∗,∞

= −1/36.

justify choosing p = ∞ in 3d, we compare in Table 2 the reduction factors
when using ω̃p

approx with the reduction factors when using ω̃2
∗,∞ = −1/36.

This shows that using ω∗,∞
2 instead of the asymptotically optimal one for

p ̸= ∞ still reduces the asymptotic dispersion error with a reduction factor
that is very close to the optimal one. Hence, the choice of p does not matter
and using p = +∞ is su�cient for an e�cient dispersion correction.

5. Numerical experiments

This section is devoted to numerical results to show the e�ect of the
dispersion correction (using the shifted angular frequency in the Yee scheme)
on the relative error for the one and the three dimensional setting2. For each
case, we will consider manufactured solutions that oscillate proportionally
to 1/ks. In addition, we work with homogeneous media �rst, a material
with piecewise constant parameters next, and �nally with a media having
slowly varying parameters. Finally, for the 3d results, we only consider the
L∞-asymptotically optimized shift since it is very close to the L2-one (see
(25)).

5.1. Numerical results for the 1d Maxwell's equation

This section gives some numerical experiments to show the e�ect of the
shifted angular frequency on the performance of the 1d Yee scheme. We
consider �rst a homogeneous material, next a media with piecewise constant
parameters, and then a media with slowly varying parameters.

5.1.1. Homogeneous media

We consider here the 1d-Maxwell's equation on Ω = [0, 1] with homoge-
neous Dirichlet boundary conditions E|∂Ω = 0. A manufactured solution to

2Since the dispersion properties of the 2d Yee scheme are the same as those of the 5-
point stencil applied to the Helmholtz equation, we do not provide numerical experiments
for this case that has already been investigated in [14].
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(2) can be found as

Eex(x) = x(1− x) cos(ω
√
εµx), Hex(x) = cos(ω

√
εµx) + 3,

with source terms3

J(x) = ∂zH
ex − iωεEex, M(x) = ∂zE

ex − iωµHex.

In these numerical experiments, we set ε = 1, µ = 1, together with the
angular frequencies ω = 25, 50, 100, 200. We consider a uniform mesh with
N+1 interior points so that the meshsize is h = 1/N. Finally, to highlight the
pollution e�ect as ω increases, we work with the numbers of interior points

N = 2j × 10, j = 0, 1, · · · , 7.

As a result, the number of grid points per wavelength, namelyG = 2π/(ω
√
εµh),

decreases as ω increases although the meshsizes are �xed for each ω consid-
ered.

The numerical results are in Figure 6. From these numerical experiments,
we clearly see the pollution e�ect together with its suppression when using the
shifted angular frequency. In this 1d-setting, the shifted angular frequency
completely suppresses the dispersion error and we can thus conclude that the
pollution e�ect is driven by the dispersion error.

5.1.2. Media with piecewise constant parameters

We next show numerical results for media with piecewise constant pa-
rameters. To do this, we consider Ω = [−1,+1] and the parameters

ε(x) = ε11x<0(x) + ε21x>0(x), µ(x) = µ11x<0(x) + µ21x>0(x),

together with the manufactured solution to (A.1)

Eex(x) = (1− x2) cos(Kx), Hex(x) = cos(Kx) + 3,

with K = max
{
ω
√

|εiµi|
}

= max {ki}. The source terms are again given

by

J(x) = ∂zH
ex − iωεEex, M(x) = ∂zE

ex − iωµHex,

3We consider here Maxwell's equation with magnetic current M that are involved in
Maxwell's equations as iωµH +∇×E = −M .
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Figure 6: Relative error with and without shifted angular frequency for the 1d Maxwell's
equation. Top left: ω = 25; Top right: ω = 50; Bottom left: ω = 100; Bottom right:
ω = 200.
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and the permittivity and permeability will be

ε1 = µ1 = 1, ε2 = µ2 = α,

for varying values of the contrast α. Again, we consider a uniform mesh with
N +1 interior points so the meshsize is h = 2/N . Since we work on [−1,+1],
we now chose

N = 2× 2j × 10, j = 0, 1, · · · , 7,

so that the meshsizes are the same as those from the previous numerical
experiments.

The Yee scheme (8) can be applied for piecewise-constant parameters as
well with the only exception at the grid point x = 0 for which the parame-
ters are not de�ned. Since the permeability is computed at intermediate grid
points jh + h/2, there is no problem with the discontinuity but the permit-
tivity needs to be computed at x = 0 for which we simply use its mean value
ε(0) = (ε1 + ε2)/2. The shifted angular frequency is then applied directly on
each sub-interval and, for the grid point corresponding to x = 0 we also use
the mean value of the left and right shifted angular frequencies.

The numerical results can be found in Figure 6 where the number of grid
point per wavelength is computed as G = 2π/(Kh). We see that the disper-
sion correction once again greatly reduces the pollution e�ect. Indeed, when
using dispersion correction, we recover the expected second order accuracy
for a number of grid points per wavelength far smaller than the one required
for the un-corrected scheme to converge. In addition, for large enough G,
the relative error when using the shifted angular frequency is always smaller
than the relative error of the standard Yee's scheme.

We end this subsection with additional numerical experiments using now
4 sub-intervals and higher contrasts. We consider the parameters

ε(x) = ε11x<−0.5(x) + ε21−0.5<x<0(x) + ε310<x<0.5(x) + ε410.5<x(x),

µ(x) = µ11x<−0.5(x) + µ21−0.5<x<0(x) + µ310<x<0.5(x) + µ410.5<x(x),

with values

ε1 = µ1 = ε4 = µ4 = 1, ε2 = µ2 =
3

2
α, ε3 = µ3 = 2α.

At the discontinuities located at x ∈ {−0.5, 0, 0.5} we use the mean value
of the permittivity. As done above, the shifted angular frequency is again
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Figure 7: Relative error with and without shifted angular frequency for the 1d Maxwell's
equation. Top row: Contrast α = 2. Bottom row: Contrast α = 4. Left column: ω = 25.
Right column: ω = 50.
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Figure 8: Relative error with and without shifted angular frequency for the 1d Maxwell's
equation using 4 sub-intervals and α = 4 hence with the largest contrast being 8. Left:
ω = 25. Right: ω = 50.

applied on each sub-interval and the mean value is used at the discontinuities.
Figure 8 shows the numerical results using the same meshsizes as before for
ω = 25, 50. We also set α = 4 and thus have a maximal contrast of 8.
Similar conclusions can be drawn from these results, namely that the 1d Yee
scheme with shifted angular frequency greatly reduces the relative error as
soon as a large enough number of grid points is considered.

5.1.3. Media with slowly varying smooth parameters

We consider the same numerical setting as in Section 5.1.2, but now the
media has slowly varying smooth parameters given by

ε(x) = µ(x) = 1 + δ |cos (ω0x)| . (30)

The manufactured solution is now de�ned with K = ω
∥∥√εµ∥∥

L∞ . We em-
phasize that the shifted angular frequency is de�ned in (24) and involves the
values of ε and µ. In the case of spatially varying ε, µ, we simply used formula
(24) at each grid point to de�ne the Yee stencil with dispersion correction.

The numerical results are shown in Figure 9, where the number of grid
points per wavelength is now computed as G = 2π/

(
ω
∥∥√εµ∥∥

L∞ h
)
. These

numerical results show that the dispersion correction also reduces the relative
error for large enough G even for media with spatially varying parameters.
More precisely, on the �nest grid, the ratios of relative error without to with
dispersion correction are 9.13 for δ = 0.1 and 4.6 for δ = 0.5, indicating that,
as δ increases, the reduction factor decreases.
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Figure 9: Relative error with and without shifted angular frequency for the 1d Maxwell's
equation using the spatially varying parameter (30) with ω = 50 and ω0 = 20π. Left:
δ = 0.1. Right: δ = 0.5.

5.2. Numerical results for the 3d Maxwell's equations

Next we solve the Maxwell's equations (1) on Ω = (0, π)3 with Perfect
Electric Conductor (PEC) boundary conditions on ∂Ω,

n× E = 0 on ∂Ω,

with n being the outward unit normal.
We use a manufactured solution to Maxwell equations on Ω with PEC

boundary conditions. Considering the electric �eld

Eex
1 = sin(z) sin(y) sin(kx), Eex

2 = sin(z) sin(x) sin(ky), Eex
3 = sin(y) sin(x) sin(kz),

we can compute the associated magnetic �eld using Hex = −(iωµ)−1∇×Eex

which is thus

Hex
1 =

1

ωµ
(−i sin(x)(cos(z) sin(ky)− cos(y) sin(kz))) ,

Hex
2 =

1

ωµ
(i sin(y)(sin(kx) cos(z)− cos(x) sin(kz))) , (31)

Hex
3 =

1

ωµ
(i sin(z)(cos(x) sin(ky)− sin(kx) cos(y))) .

The electric current can then be obtained by computing Jex = −iωεEex +
∇×Hex.
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We emphasize that, du to the way it has been computed, the above
manufactured solution can also be used for spatially varying permittivity
but only for constant permeability. In all numerical experiments, we set

k = ω
√

∥ε∥L∞(Ω) |µ|,

so that our explicit solution oscillates with period 1/k. In addition, we are
going to compute the relative error

Err :=
max {∥Eh − Eex∥l∞ , ∥Hh −Hex∥l∞}

max {∥Eex∥l∞ , ∥Hex∥l∞}
,

where the l∞−norm is de�ned as the maximal value over all grid points.
In what follows, we study the two following settings: we consider �rst

the case of media with homogeneous and real permittivity and permeability.
Next, we test the dispersion correction on Maxwell's equations with piece-
wise constant permittivity having constant permeability.
In all our numerical experiments, we use a uniform N×N×N grid with N =
8, 16, 32, 64 point in each direction which results in having 512, 4096, 32768
and 262144 degrees of freedom for each of the six component of the electric
and magnetic �elds. We work with �xed values for the permeability and the
permittivity but with varying angular frequencies ranging from 1 to 10 with
ω = 1, 2.5, 5, 10. All our convergence results are presented using the num-
ber of grid points per wavelength G = 2π/(kh), with h = π/(N − 1), instead
of using the meshsize h, since G is the relevant parameter for time harmonic
wave propagation problems. We actually have the equivalence between the
asymptotic dispersion correction as h → 0 and the one as G → +∞ (see
also [14, Appendix A]). Finally, to see the in�uence of the asymptotic dis-
persion correction, we are going to compute the reduction factor de�ned as
Err (ω) /Err (ω̂) , corresponding to the ratio of relative errors without disper-
sion correction over relative error when using the shifted angular frequency.

5.2.1. Experiments with homogeneous real parameters

We consider the homogeneous and real parameters ε = 1, µ = 1. We
show in Figure 10 the relative errors without dispersion correction and using
the L∞ dispersion correction (see Proposition 4.3 for the formula). We also
give in Table 3 the reduction factors corresponding to the ratio of the relative
error without and with dispersion correction.
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Figure 10: Relative error with and without shifted angular frequency. Top left: ω = 1;
Top right: ω = 2.5; Bottom left: ω = 5; Bottom right: ω = 10.

N 8 16 32 64
ω = 1 1.8093 1.7972 1.7935 1.7922
ω = 2.5 0.4146 1.3256 1.7444 1.8696
ω = 5 0.5656 1.6861 2.0678 2.1842
ω = 10 0.0192 0.0922 2.8673 2.7275

Table 3: Ratio of the errors without to with dispersion correction for varying meshsize and
angular frequency for media with constant real parameters using L∞ dispersion correction.
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N 5 10 20 40
ω = 1 1.8325 1.8189 1.8154 1.8141
ω = 2.5 0.3759 1.2572 1.6657 1.7883
ω = 5 0.5442 1.4380 2.0130 2.2769
ω = 10 0.0126 0.0930 3.3351 5.5244

Table 4: Ratio of the errors without to with dispersion correction for varying meshsize and
angular frequency for media with constant real parameters using L∞ dispersion correction.

We see from the numerical results given in Figures 10 that the dispersion
correction allows to reduce the relative error as soon as a large enough num-
ber of grid point per wavelength is considered. This behavior is expected
since the asymptotically optimal shift is de�ned through the minimization of
the dispersion error for small enough meshsize (or equivalently for G large
enough). Table 3 gives the reduction factor from which wee see that the
error is reduced when using the asymptotically optimal shift and G is large
enough. Note that the relative error can be divided by 2 using this dispersion
correction for no additional cost!

5.2.2. Experiments with piecewise constant parameters

We �nally consider a material with constant permeability and piecewise
constant permittivity de�ned as

ε =

{
1 if x ∈ Ω \ C

0.7− 0.1i if x ∈ C , µ = 1,

with C =]1/3, 2/3[3. We show the relative errors in Figure 11 and the reduc-
tion factors in Table 4.

From these results, we can see that the shift reduces the relative error for
large enough number of grid points per wavelength. In addition, the error
can be roughly divided by 2 up to 5.

6. Conclusions and Outlook

We provided a dispersion correction technique for Yee �nite di�erence
scheme applied to the time-harmonic Maxwell's equations. Our method is
based on a modi�cation of the angular frequency in the Yee stencil and
can thus be easily implemented in numerical codes. We showed, through
numerical experiments that this dispersion correction reduces the relative
error as long as one has a large enough number of grid points per wavelength.
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Figure 11: Relative error with and without shifted angular frequency. (Top left) ω = 1;
(Top right) ω = 2.5; (Bottom left) ω = 5; (Bottom right) ω = 10.
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It would be interesting to get more theoretical insight on the e�ect of the
dispersion correction on the convergence of the scheme. Some ideas might
be borrowed from [29] where Fourier analysis is used to derive precise error
bounds for the 1d Helmholtz equation. Another interesting future work is
related to extending this dispersion correction method to materials modelled
by other constitutive relations like e.g. chiral media [12, 55] or bi-anisotropic
materials [27].

We would also like to extend our dispersion correction method based on
the introduction of a shifted angular frequency to other numerical methods
like the fourth-order non-compact stencil from [23], the fourth-order com-
pact stencil from [47, 48] and also to �nite element discretizations involving
Nédélec edge elements [40, 3, 2].

We �nally emphasize that our dispersion correction method is based on
a modi�cation of the shifted angular frequency, which thus also modifies
the wave speed at the discrete level. As a result, this technique is likely
to be di�cult to generalize to time-dependent wave propagation problems,
and �nding a dispersion correction method for such problems will probably
require a di�erent approach.

Appendix A. Eigenvalues analysis for the 1d Maxwell's equation

with PEC boundary condition

The (continuous and discrete) Maxwell's equations with Perfect Electric
Conductor (PEC) boundary conditions are singular for some values of ω.
In this appendix, we show that, when using the shifted angular frequency
ω̂ given in (24), both continuous and discrete problems are singular for the
same values of ω. Note that the shift has a similar e�ect for the 1d Helmholtz
equation discretized with the centered 3-point stencil (see [14]).

We compute the eigenvalues and eigenfunctions associated to the con-
tinuous 1d-Maxwell's operator with homogeneous PEC boundary conditions
and the eigenvalues and eigenvectors of the discretized 1d Maxwell equation
using the Yee scheme. In addition to the aforementioned result regarding the
invertibility of the discrete Maxwell's equation, the explicit formulas for both
the eigenvalues and the eigenvectors will be useful for future research. They
could indeed be used to get some precise error bounds as those from [29] or
help to understand the convergence behavior of some iterative methods like
multigrid (see e.g. [13, 22, 30]).
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Appendix A.1. Eigenvalues associated to the continuous Maxwell's equations

The continuous problem (2) on Ω = (0, 1) with Perfect Electric Conductor
(PEC) boundary conditions is

iωεE − ∂zH = −J,
iωµH − ∂zE = 0,

E(0) = 0,
E(1) = 0.

(A.1)

Setting E = 1√
ε
Ẽ, H = 1√

µ
H̃, J̃ =

√
µJ , we get

ikẼ − ∂zH̃ = −J̃ ,
ikH̃ − ∂zẼ = 0,

Ẽ(0) = 0,

Ẽ(1) = 0,

(A.2)

with the wavenumber k = ω
√
εµ.

We compute the eigenvalues and eigenfunctions associated to the contin-
uous problem (A.2), looking for λ ∈ C and (φ(z), ψ(z)) such that

ikφ− ∂zψ = λφ,
ikψ − ∂zφ = λψ,

φ(0) = 0,
φ(1) = 0.

(A.3)

Using the �rst equation of (A.3), we note that the homogeneous Dirichlet
boundary condition on φ gives a homogeneous Neumann boundary condition,
hence

∂zψ(0) = ∂zψ(1) = 0.

Therefore, any solution to (A.3) also satis�es{
(ik − λ)2φ− ∂zzφ = 0, φ(0) = φ(1) = 0,
(ik − λ)2ψ − ∂zzψ = 0, ∂zψ(0) = ∂zψ(1) = 0.

(A.4)

Any non-zero solution to (A.4) can be obtained by setting λ = iσ and some
computations give the eigenvalues k−σ = jπ, j ∈ Z, hence λ±j = ik±ijπ, j ∈
N. In addition, the associated eigenfunctions are necessarily eigenfunctions
of the operator −∂zz with homogeneous Dirichlet or Neumann boundary
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conditions given by φ = sin(jπz) and ψ = cos(jπz). The eigenfunctions of
(A.3) are then

∀j ∈ N : v±
j (z) =

(
∓i sin(jπz)
cos(jπz)

)
,

and this is an orthonormal basis of L2((0, 1),C2) as eigenfunctions of the un-

bounded skew-symmetric operator M̃ =

(
ik −∂z
−∂z ik

)
acting onH1

0 ((0, 1),C)×

L2((0, 1),C). Finally, note that (A.2) has a unique solution for any k such
that λ±j ̸= 0 hence k ̸= jπ for j ∈ Z.

Remark Appendix A.1. We can compute as well the eigenvalues and eigen-
functions of the operator

M =

(
iωε −∂z
−∂z iωµ

)
.

Indeed, looking for λ ∈ C and v(y) = (φ(y), ψ(y)) such that φ ∈ H1
0 (0, 1)

and
Mv = λ̃v,

gives that necessarily

(iωε− λ̃)(iωµ− λ̃)φ− ∂zzφ = 0, φ(0) = φ(1) = 0,

(iωε− λ̃)(iωµ− λ̃)ψ − ∂zzψ = 0, ∂zψ(0) = ∂zψ(1) = 0.

As a result, any eigenvalue λj of M satis�es the quadratic equation

(iωε− λ̃j)(iωµ− λ̃j) = −(jπ)2, j ∈ N. (A.5)

Solving (A.5) gives

λ̃±j =
i

2

(
ωε+ ωµ±

√
ω2(ε− µ)2 + 4j2π2

)
, j ∈ N.

In addition, the associated eigenfunctions are φ(y) = α±
j sin(jπy), ψj(y) =

β±
j cos(jπy) for some speci�c constants α±

j , β
±
j ∈ C such that(

α±
j

β±
j

)
∈ ker

(
A±

j

)
with A±

j =

(
(iωε− λ̃±j ) jπ

−jπ (iωµ− λ̃±j )

)
.

Problem (A.1) then has a unique solution for any angular frequency ω such

that λ̃±j ̸= 0, that is ω ̸= ± πj√
εµ
, j ∈ Z.
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Appendix A.2. Eigenvalues associated to the discrete problem

We consider a uniform mesh of [0, 1] with N + 1 points so that

xj = jh, j = 0, 1, · · · , N, h =
1

N
.

Denoting by Ej, Hj+1/2 the unkowns associated to the electric and magnetic
�elds, the 1d Yee scheme is then

ik̂Ej − 1
h

(
Hj+1/2 −Hj−1/2

)
= −J(xj), j = 1, 2, · · · , N − 1,

ik̂Hj+1/2 − 1
h
(Ej+1 − Ej) = 0, j = 0, 1, · · · , N − 1,

E0 = 0,
EN = 0,

(A.6)

where k̂ is either k for the usual Yee scheme or

k̂ = ω̂
√
εµ = ω

√
εµ

(
sin
(
hω

√
εµ/2

)
hω

√
εµ/2

)
= k

(
sin (hk/2)

hk/2

)
when using dispersion correction.

We keep only the interior points and introduce the notation

Eh = (E1, E2, · · · , EN−1)
T ∈ CN−1, Hh =

(
H1/2, H3/2, · · · , HN−1/2

)
∈ CN ,

Jh = (J1, J2, · · · , JN−1)
T ∈ CN−1.

The linear system associated to (A.6) is(
ik̂IN−1 L

−LT ik̂IN

)(
Eh

Hh

)
=

(
−Jh

O

)
, (A.7)

where L ∈ C(N−1)×N is the bi-diagonal rectangular matrix given by

L =
1

h


1 −1 0 0 0 0
0 1 −1 0 0 0

0 0
. . . . . . 0 0

0 0 0
. . . . . . 0

0 0 0 0 1 −1

 .
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We are going to diagonalize the matrix

Mh =

(
ik̂IN−1 L

−LT ik̂IN

)
,

appearing in (A.7). It is worth noting that Mh = ik̂I2N−1 + K, where K
satis�es K∗ = −K which translates to (iK)∗ = iK, and we get that the
matrix iK is Hermitian and thus it admits a family of eigenvectors that is
an orthonormal basis of C2N−1. We compute below both this orthonormal
family of eigenvectors and the associated eigenvalues as well.

Theorem Appendix A.2. The spectrum ofMh is given by σ (Mh) =
{
ik̂, λ±h,j

}
where λ±h,j are

λ±h,j = ik̂ ± i
√
σh,j, σh,j =

4

h2
sin

(
jπh

2

)2

, j = 1, · · · , N − 1.

The eigenvector associated to the eigenvalue ik̂ is

v0 =
√
h

(
0
1N

)
,

and each other eigenvector can be written as

v±
j =

1√
2

(
∓ivE,j

vH,j

)
, j = 1, · · · , N − 1,

where

vE,j =
√
2h [sin (jlπh)]N−1

l=1 , vH,j =
√
2h

[
cos

((
h

2
+ lh

)
πj

)]N−1

l=0

. (A.8)

Proof:. We start by considering the eigenvalue problem Mhv = λv which,
setting v = (vE,vH)

T ∈ C(N−1)+N , can be recast as

ik̂vE + LvH = λvE, ik̂vH − LTvE = λvH .

Inserting
(
ik̂ − λ

)
vE = −LvH into the second equation and

(
ik̂ − λ

)
vH =

LTvE into the �rst one, we obtain

LLTvE = −
(
ik̂ − λ

)2
vE, L

TLvH = −
(
ik̂ − λ

)2
vH .
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This shows that it is necessary for vE to be an eigenvector of LLT and vH

to be an eigenvector of LTL. Since

LLT =
1

h2
tridiag (−1, 2,−1) ∈ R(N−1)×(N−1),

LTL =
1

h2
tridiag (−1,uN ,−1) ∈ RN×N , uN = (1, 2, · · · , 2, 1) ,

we get that vE and vH are given as in (A.8). In addition, any eigenvalue λ
of Mh must satisfy

∀γ ∈ σ
(
LLT

)
∪ σ

(
LTL

)
: −
(
ik̂ − λ

)2
= γ.

Using the following trigonometric identities valid for any integer l,

sin((l + 1)x)− sin(lx)

cos
((
l + 1

2

)
x
) = 2 sin

(x
2

)
,

− cos
((
l + 1

2

)
x
)
+ cos

((
l − 1

2

)
x
)

sin(lx)
= 2 sin

(x
2

)
,

with x = jπh, we obtain the formulas

LvH,j =
√
σjvE,j, L

TvE,j =
√
σjvH,j,

from which we infer that

LLTvE,j = σjvE,j , j = 1, · · · , N−1 and LTLvH,j = σjvH,j, j = 1, · · · , N−1.

Using that LTLv0 = 0N , we obtain that

σ
(
LLT

)
∪ σ

(
LTL

)
= {0} ∪ {σj, j = 1, · · · , N − 1} ,

and thus the spectrum of Mh is

σ (Mh) =
{
ik̂
}
∪
{
λ±h,j := ik̂ ± i

√
σh,j, j = 1, · · · , N − 1

}
.

Since the eigenvector v±
j associated to λ±h,j has to be written as

(
α±
j vE, β

±
j vH

)T
,

it now remains to get the constants α±
j and β±

j . The constant satisfy the fol-
lowing 2× 2 linear system

A

(
α±
j

β±
j

)
=

(
0
0

)
withA± =

 (
ik̂ − λ±j

) √
σj

−√
σj

(
ik̂ − λ±j

)  =
√
σj

(
∓i 1
−1 ∓i

)
.
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Since this linear system is singular, one gets
(
α±
j , β

±
j

)T ∈ ker (A±) hence(
α±
j

β±
j

)
=

(
∓i
1

)
,

which completes the proof. □
We emphasize that the families {vE,j}N−1

j=1 and {v0} ∪ {vH,j}N−1
j=1 are or-

thonormal bases of RN−1 and RN . Therefore the family of eigenvectors of
Mh computed in Theorem Appendix A.2 de�ned as

v±
j =

1√
2

(
∓ivE,j

vH,j

)
, j = 1, · · · , N − 1

is an orthonormal basis of C2N−1.
We end this section by showing the e�ect of the shifted angular frequency

on the invertibility of the linear system (A.7). Without dispersion correction,
this gives

k ̸= ±√
σh,j, j = 1, · · · , N − 1,

whereas with dispersion correction, one has

k̂ ̸= ±√
σh,j =

2

h
sin

(
±jπh

2

)
, j = 1, · · · , N − 1.

Using the expression for k̂, this yields

2

h
sin

(
kh

2

)
̸= 2

h
sin

(
±jπh

2

)
, j = 1, · · · , N − 1,

which translates to
k ̸= ±jπ, j = 1, · · · , N − 1,

and hence the shifted angular frequency ensures that the linear system (A.7)
is invertible whenever the continuous problem (A.1) is.

Remark Appendix A.3. Theorem Appendix A.2 can also be obtained for
the discrete problem associated to (A.1) whose associated matrix is

M̃h =

(
iω̂εIN−1 L
−LT iω̂µIN

)
.
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In this setting, we have that any λ̃ ∈ σ
(
M̃h

)
satis�es −

(
iω̂ε− λ̃

)(
iω̂µ− λ̃

)
=

σj, for all j = 1, · · · , N − 1, which gives 2N − 2 eigenvalues. The last one
can be obtained by using that(

iω̂(ε− µ)IN−1 L
−LT 0

)
v0 = 0,

from which we see that λ̃ = iω̂µ is also an eigenvalue.
Following the proof of Theorem Appendix A.2, any eigenvector ṽ±

j of M̃h

associated to λ̃±j can be expressed as
(
α̃±
j vE, β̃

±
j vH

)T
where

(
α̃±
j , β̃

±
j

)T
∈

ker
(
Ã±
)
with

Ã± =

 (
iŵε− λ̃±j

) √
σj

−√
σj

(
iŵµ− λ̃±j

)  .

Without dispersion correction, the matrix M̃h is invertible whenever ω
satis�es

ω ̸= ± σh,j√
εµ
, j = 1, · · · , N − 1.

When using dispersion correction, the matrix M̃h is invertible as soon as

ω̂ ̸= ± σh,j√
εµ
, j = 1, · · · , N − 1

from which we see that

ω ̸= ± πj
√
εµ
,

which are exactly the frequencies for which the continuous problem (A.1) has
a unique solution.

Appendix B. Computations with Maple: Continuous and discrete

symbols

We give here the Maple code to compute the continuous and discrete
symbols. The continous symbol L(ω,k) is computed as
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restart;

with(LinearAlgebra);

Nx := Matrix([[0, 0, 0], [0, 0, 1], [0, -1, 0]]);

Ny := Matrix([[0, 0, -1], [0, 0, 0], [1, 0, 0]]);

Nz := Matrix([[0, 1, 0], [-1, 0, 0], [0, 0, 0]]);

Z := Matrix([[0, 0, 0], [0, 0, 0], [0, 0, 0]]);

Id := Matrix([[1, 0, 0], [0, 1, 0], [0, 0, 1]]);

Gx := Matrix([[Z, Nx], [-Nx, Z]]);

Gy := Matrix([[Z, Ny], [-Ny, Z]]);

Gz := Matrix([[Z, Nz], [-Nz, Z]]);

Gw := Matrix([[epsilon*Id, Z], [Z, mu*Id]]);

G := w*Gw*I + kx*Gx*I + ky*Gy*I + kz*Gz*I;

The discrete symbol is denoted by L(h, ω,k) and can be computed as

Ex := exp(kx*h*I/2); Ey := exp(ky*h*I/2); Ez := exp(kz*h*I/2);

sx := 2*I*sin(h/2*kx)/h; sy := 2*I*sin(h/2*ky)/h; sz := 2*I*sin(h/2*kz)/h;

Gd := Matrix([[w*epsilon*Ex*I, 0, 0, 0, sz*Ex, -sy*Ex],

[0, w*epsilon*Ey*I, 0, -sz*Ey, 0, sx*Ey],

[0, 0, w*epsilon*Ez*I, sy*Ez, -sx*Ez, 0],

[0, -sz*Ey*Ez, sy*Ey*Ez, w*mu*Ey*Ez*I, 0, 0],

[sz*Ex*Ez, 0, -sx*Ex*Ez, 0, w*mu*Ex*Ez*I, 0],

[-sy*Ex*Ey, sx*Ex*Ey, 0, 0, 0, w*mu*Ex*Ey*I]]);

The continuous (denoted as Sc = det (L(ω,k)) and discrete (Sd = det (L(h, ω,k))
dispersion relations are then obtained with

Sc := simplify(Determinant(G));

Sd := simplify(Determinant(Gd));

Appendix C. Computations with Maple: Discrete wavenumber for

3d Yee scheme

Here are the Maple commands to get the expansion of the discrete wavenum-
ber for small enough meshsize:

kx := kd*cos(phi)*sin(theta);

ky := kd*sin(phi)*sin(theta);

kz := kd*cos(theta);

kd := k0 + k2*h^2;
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Expansion_Sd := convert(simplify(series(Sd, h = 0, 10)), polynom, h):

k0_sol := solve(coeff(Expansion_Sd, h, 0), k0); k0 := k0_sol[1];

k2_sol := solve(coeff(Expansion_Sd, h, 4), k2);

k2:=simplify(k2_sol[1]);

In these commands, we chose to keep k0 = k0sol[1] since this gives w
√
εµ

which is the (positive) continuous wavenumber. To get k2, we have to get
it using the fourth order coe�cient in the expansion, as h → 0, of Sd =
det (L(h, kdθ)) since the other lower order terms vanish once k0 is assigned.

Appendix D. Manufactured solution

Here are the Maple commands used to compute the manufactured solution
Eex,Hex:

E1 := sin(z)*sin(y)*sin(k*x);

E2 := sin(z)*sin(x)*sin(k*y);

E3 := sin(y)*sin(x)*sin(k*z);

H1 := simplify(1/(w*mu*I)*(diff(E2, z) - diff(E3, y)));

H2 := simplify(1/(w*mu*I)*(diff(E3, x) - diff(E1, z)));

H3 := simplify(1/(w*mu*I)*(diff(E1, y) - diff(E2, x)));

The associated electric current Jex can then be computed as

JE1 := -simplify(w*e*E1*I + (-diff(H3, y) + diff(H2, z)));

JE2 := -simplify(w*e*E2*I + (-diff(H1, z) + diff(H3, x)));

JE3 := -simplify(w*e*E3*I + (-diff(H2, x) + diff(H1, y)));
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