UNIVERSITE DE GENEVE FACULTE DES SCIENCES

Section de Mathématiques Professeur Hugo Duminil-Copin
Section de Mathématiques Professeur Stanislav Smirnov

Universality of the Random-Cluster
Model and Applications to Quantum
Systems

THESE

Présentée a la Faculté des Sciences de I’Université de Genéve

pour obtenir le grade de Docteur és Sciences, mention Mathématiques

par

Jhih-Huang LI
de

Taipei (Taiwan)
These N°5155

GENEVE
Atelier d’'impression ReproMail
2017



UNIVERSITE
DE GENEVE

FACULTE DES SCIENCES

DOCTORAT ES SCIENCES, MENTION MATHEMATIQUES

Theése de Monsieur Jhih-Huang LI
intitulée :

«Universality of the Random-Cluster Model and Applications to
Quantum Systems»

La Faculté des sciences, sur le préavis de Monsieur S. SMIRNOV, professeur ordinaire et
directeur de theése (Section de mathématiques), Monsieur H. DUMINIL-COPIN, professeur
ordinaire et codirecteur de thése (Section de mathématiques), Monsieur Y. VELENIK,
professeur ordinaire (Section de mathématiques) et Monsieur V. BEFFARA, docteur
(Institut Fourier, Université Grenoble Alpes, Saint-Martin-d'Héres, France), autorise
l'impression de la présente thése, sans exprimer d’opinion sur les propositions qui y sont

énoncées.

Genéve, le 12 décembre 2017

Thése - 5155 -

Le Doyen

N.B.- La thése doit porter la déclaration précédente et remplir les conditions énumérées dans les "Informations
relatives aux théses de doctorat a ['Université de Geneve".




ZR AR E  Sd RER 5 o

LF






Abstract

This thesis is divided into two parts: the first part being dedicated to the universality of the
random-cluster model and the second to its quantum counterpart and, in particular, to the
quantum Ising model.

The random-cluster model is a generalization of Bernoulli percolation, the Ising model
and the g-color Potts model. It can be seen as a reweighted Bernoulli percolation with an
additional (real) weight parameter q > 1, which is also the number of colors in the Potts
model when it is an integer.

These models have been widely studied on planar regular graphs, especially on the square
lattice. Critical parameters are known and behaviors at the criticality and away from the
criticality are also fairly well understood. Moreover, for the Ising model, by means of the
parafermionic observable, we can prove the conformal invariance of interfaces separating
different connected components.

In the thesis, we study the random-cluster model on a wider family of (planar) graphs,
called isoradial, by proving that the same properties also hold. This family of graphs is in-
teresting due to the following reasons. A parafermionic observable can be defined on such
graphs for our model of interest and nice combinatorial properties can be deduced. Along
with the complex analysis on isoradial graphs, we may also get some exact relations at the
discrete level. Moreover, under star-triangle transformations, the main tool that we introduce
in the thesis, random-cluster measures are preserved. This allows us to transport properties,
even only conjecturally known, from the square lattice to other isoradial graphs. In particu-
lar, results using methods which are specific to the square lattice (such as the transfer matrix
formulation) can be obtained on isoradial graphs in this way.

A (d + 1)-dimensional quantum model consists of d dimensions in space and 1 dimen-
sion in time, representing evolution of a quantum state under the action of a Hamiltonian.
If we represent both the space and time dimensions graphically, a (1 + 1)-quantum model
has a planar representation, and thus, we expect to find the same properties as its planar
counterpart.

We define the quantum version of the aforementioned random-cluster model, then com-
pute its critical parameters and determine its behavior at the criticality and away from it. This
is an application of the previous part: the quantum random-cluster model can be seen as the
limit of its discrete counterpart defined on more and more flattened isoradial graphs. Then,
by proving uniform probability bounds on crossing events, we obtain the same properties for
the quantum model.
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ABSTRACT

To conclude the thesis, we prove, for the (1 + 1)-dimensional quantum Ising model, a
classical result of the 2D Ising model: the conformal invariance. We work directly in the
quantum setting; in other words, on the semi-discrete lattice Z x R.
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Resume

Cette thése comprend deux parties : la premiere portant sur I'universalité du modele de ran-
dom-cluster et la seconde sur sa version quantique, et plus précisément, sur le modéle d’Ising
quantique.

Le modéele de random-cluster est une généralisation de la percolation de Bernoulli, le mo-
déle d’Ising et le modéle de Potts a g couleurs. Ce modéle peut étre vu comme une percolation
de Bernoulli pondérée a I'aide d’un parameétre supplémentaire g > 1, qui est aussi le nombre
de couleurs dans le modéle de Potts lorsque ce dernier est un entier.

Ces modéles ont été beaucoup étudiés sur les graphes réguliers, dont le réseau carré en
particulier. Les parametres critiques sont connus et les comportements au point critique et
en dehors du point critique sont plutdt bien compris. De plus, I’observable fermionique pour
le modele d’Ising nous permet de prouver 'invariance conforme des interfaces qui séparent
des composantes connexes distinctes.

Dans cette thése, nous étudions le modele de random-cluster sur une famille de graphes
(planaires) plus large, appelés isoradiaux et nous démontrons que les mémes propriétés sont
aussi satisfaites. Cette famille de graphes ont un intérét particulier pour les raisons suivantes.
Une observable parafermionique peut étre définie sur de tels graphes pour les modeéles qui
nous intéressent et a partir de celle-ci, on peut déduire de bonnes propriétés combinatoires.
De plus, avec la théorie de ’analyse complexe sur ces graphes, nous obtenons aussi des rela-
tions exactes au niveau discret. Nous introduisons aussi les transformations triangle-étoile,
qui jouent le réle central dans cette thése. Ce sont des transformations qui préservent les
mesures de random-cluster qui transportent des propriétés, méme si elles sont seulement
conjecturales, du réseau carré a n’importe quel autre graphe isoradial. Ce qui est particulié-
rement intéressant est que les résultats qui découlent des méthodes propres au réseau carré
(les matrices de transfert par exemple) peuvent aussi étre obtenus de cette maniére.

Un modéle quantique de dimension (d + 1) contient d dimensions en espace et une en
temps, qui représente I’évolution d’un état quantique sous I’action d’un Hamiltonien. Si nous
représentons I'espace et le temps graphiquement, un modéle quantique de dimension (1 + 1)
admet une représentation planaire, et nous nous attendons a trouver sur ce dernier les mémes
propriétés que son homologue planaire.

Nous définissons le modele de random-cluster quantique, calculons ses parametres cri-
tiques et déterminons ses comportements au point critique et en dehors du point critique.
Ceci est une application de la partie précédente : le modéle quantique peut étre vu comme la
limite du modele discret défini sur des graphes isoradiaux de plus en plus plats. Nous établis-



REsumt

sons des bornes uniformes sur les probabilités de croisement afin d’étudier les comportements
mentionnés ci-dessus.

Pour conclure cette thése, nous démontrons un résultat classique du modeéle d’Ising pla-
naire pour le modele d’Ising quantique de dimension (1 + 1) : I'invariance conforme. Nous
travaillons directement dans le cadre quantique, en d’autres termes, sur le réseau semi-discret
Z xR
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Introduction

Definition of models

In statistical mechanics, one is interested in systems of particles which are described at mi-
crocopic level and observed at macroscopic level. Usually, the model could be a particle
moving on a discrete lattice or a collection of interacting particles. At the microscopic level,
the system could be hard to study due to the huge amount of local information, but at the
macroscopic level, only the dominating behavior will remain because fluctuations that are
too small will disappear, which simplifies the analysis.

In this thesis, we are interested in planar models from statistical mechanics. These models
are usually described by one (or more) parameters, which could be interpreted in physical
systems as pressure, temperature, porosity or strength of interaction, for instance. When a
parameter varies, the system may exhibit different macroscopic behaviors, which are called
phases. A value below which and above which one observes different macroscopic properties
is called critical and we say that a phase transition occurs at this point. At the critical point,
the model has non-trivial behaviors which are of particular interest. Before going further for
detailed analysis, let us see a few examples of such models.

The Bernoulli percolation on Z? is a model of statistical mechanics that can be defined
in a few words. Fix a parameter p € [0,1], consider the infinite graph Z? and remove each
of its edges one by one independently with probability 1 — p. The random outcome thus
obtained is the object of our interest, called Bernoulli percolation of parameter p. One can see
a configuration as a function on edges, which takes 0 if it is removed (also called a closed
edge) and 1 if it is kept (also called an open edge). As such, a configuration is also an element
w in {0,1}E, where E is the edge set of 72

One can easily observe that when p = 0, all the edges are removed and one ends up with a
graph with only isolated vertices. When p = 1, all the edges are kept so the final graph is still
the whole Z? itself. In other words, when p = 0, the graph has a lot of small finite connected
components while when p = 1, the model has a unique infinite connected component. For
intermediate values of p, the situation is less trivial. One may have a look at Figure 1 for an
illustration. The value p = % is the self-dual point ! and is actually the critical point of the
model in the following sense.

1The dual graph of 7% is (Z + %)2 With a configuration w on the edge set of Z2, one can associate a dual

configuration w* on the edge set of (Z + %)2 by letting w”*(e*) = 1 — w(e), where e* is the dual edge of e. By
self-dual point we mean that w* and w have the same distribution.

xiii



INTRODUCTION

Figure 1 — Simulations of Bernoulli percolation with parameters p = 0.35 (subcritical), p =
0.5 (critical) and p = 0.65 (supercritical).

When p < %, there is no infinite connected component (or infinite cluster) almost surely;
whereas when p > %, almost surely such an infinite cluster exists and is unique. Moreover, in
the latter case, the complement of the unique infinite cluster consists only of finite-size con-
nected components. These two regimes are called subcritical and supercritical respectively.
In the subcritical regime, when one zooms out, these small islands of finite-size connected
components all disappear; whereas in the supercritical regime, the connected components in
the complement disappear.

At the critical point p = %, one observes a less trivial phenomenon: no matter how one
scales the model, one observes “more or less the same picture” and one obtains similar “con-
nection properties” °. In particular, this suggests some self-similar behaviors of the critical
model. This property characterizes the critical point p = % and is called the Russo-Seymour-
Welsh property (RSW property) >. A more precise and mathematical way of describing this
property will be given in Section 1.1.10. Readers are referred to Figure 2 for a simulation.

A possible approach to describe the property of the self-similarity is to use a concept,
called “renormalization group”, proposed by theoretical physicists. This consists of a “renor-
malization map”, which changes the scale at which we study the model. In other words, this
map fusions neighboring vertices into blocks, which we call defocusing or coarse-graining,
and results roughly in the same model but with a different parameter.

Let us look at Figure 3 for some simulations of the (site) Bernoulli percolation. The proce-
dure is as follows: we sample the Bernoulli percolation with parameter p and the renormal-
ization maps consists of replacing each 3 x 3 block by a block of the dominating state (close
or open site). The picture thus obtained can still be described by a site percolation model
with a different parameter *.

In the subcritical phase, for example at p = 0.35, after zooming out by a factor of 3, we
see “less” open edges: this would correspond to a percolation model with a smaller param-
eter. In the supercritical phase, for example at p = 0.65, one observes something opposite.

2For example, the probability that there is an open path between the left and the right side of a rectangle of
sizenx(n+1)is % for all integer n.

3We note that at p =0and p =1, the model is also self-similar, but since these cases are degenerated, we do
not need to care much.

4If the original model is the site Bernoulli percolation with parameter p, then the resulting model is with
parameter p’ = 22:5 (2)pk(1 —p)°~*. By solving p’ = p, one obtains p = 0, %,1 as solutions.
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Figure 2 — A simulation of Bernoulli percolation at criticality. Closed edges are in black and
open edges in white. The ten largest connected components are drawn in various colors in
decreasing order: red, blue, green, etc.

Figure 3 — Simulations of the site Bernoulli percolation with parameters p = 0.35 (subcritical),
p = 0.5 (critical) and p = 0.65 (supercritical). On the bottom, the blue windows correspond
to a portion observed in the model and the red windows correspond to the observation made
after a “renormalization map” which scales out by factor 3, replacing each 3 x 3 block by a
block with the dominating color. At the critical point, the red and the blue windows have the
same “statistics” (correlations are the same).

After zooming out by a factor of 3, we see “more” open edges and this would correspond to a
percolation model with a larger parameter. Finally, we examine the behavior of this “renor-
malization map” at the critical point p = 0.5, before and after scaling. What we observe from
the simulation is that the two realizations look pretty much the same.

Therefore, a fixed point of the renormalization map, or the self-similarity of the model,
would provide us with the critical model. Readers are referred to [ , ] and the ref-
erences therein.

Another well-known model is the Ising model. It was invented by Wilhelm Lenz [ ]
to understand the phenomenon of ferromagnetism. It was studied by his student Ernst Ising
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INTRODUCTION

in his PhD thesis [ ] who proved that the model does not exhibit any phase transition in
one dimension and wrongly generalized this result to all higher dimensions.

Here, we only define the Ising model on a finite subgraph G = (V, E) of 72, where V is
the vertex set and E the edge set. We note that more care is needed to define the model on
an infinite graph such as Z?, which will be done by means of weak limits in Chapter 3. Fix
a parameter § > 0 which can be seen as the inverse of the temperature. A spin is usually
denoted by T/ | or 1 and a spin configuration o is a function associating a spin with each
vertex, i.e., 0 is an element of {1, +1}V.

Given a spin configuration o € {~1,+1}", define its Hamiltonian to be

H(o)=- Z 0,0y, (0.1)
(u,v)eE

where the sum is taken over all the edges (u,v) in E. Then, the probability of a particular
spin configuration o € {~1,+1}" is given by

_ exp(=pH(0))

Pg[o] Z,

s (0.2)

where Zg =}, exp(~pH(c”)) sums over all possible spin configurations and is called the
partition function.

A simple observation allows us to say that in a configuration, the more the neighbours
agree with each other, the lower is the Hamiltonian. Thus, such configurations occur with
higher probabilities.

When f goes to 0 (temperature goes to infinity), the exponential term in the numerator
does not differ too much between different spin configurations and as a consequence, they
are all “more or less” equiprobable. This is called a disordered phase. On the other side, when
B goes to infinity (temperature goes to zero), only two configurations have much higher
weights than the others: one with only plus spins and the other one with only minus spins.
This phase is called ordered.

On Z?, the existence of phase transition can be shown by using Peierls argument [ ].
The idea is to expand e PH in two different ways, called low- and high- temperature expan-
sions. They are rewritings of the exponential terms e+’ using combinatorics arguments. In
this way, one can prove that there is a value . € (0, 00), called critical value of the inverse
temperature, such that for g < ., the model is in the disordered phase; and for > f, it is
in the ordered phase.

Hendrik Kramers and Gregory Wannier computed the critical value by duality [ ]
and the fact that at the critical point, the model should be self-dual. Later, an analytic de-
scription of the model was given by Lars Onsager [ ] where this was solved by means
of transfer-matrix and the critical value was computed to be . = %ln(\/i + 1). Later, by
using differential inequalities, Aizenman, Barsky and Fernindez proved that the phase tran-
sition is sharp [ ], which, combined with Kramers-Wannier argument, provided a new
approach to compute the critical value.

The main model studied in this thesis, the random-cluster model, or Fortuin-Kasteleyn
percolation (FK-percolation), was introduced by Fortuin and Kesteleyn [ ] to unify the
aforementioned Bernoulli percolation, the theory of electrical network and the Potts model.
Like the Ising model, this model presents a lot of dependency and cannot be defined directly
on an infinite graph. Thus, we describe it for a finite subgraph G = (V, E) of Z? and a precise
definition of the infinite-volume measure is postponed to Chapter 3.
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Fix p € [0,1]and g > 1, called the cluster-weight. Let w € {0, 1} be an edge configuration
and let
po(w)(l _ p)c(w)qk(a))

(PG,p,q[w] = ZG,q ’ (03)

be a measure where Z¢ , ;, = Zw,po(“’,)(l —p)(@)gk«") sums over all possible edge configu-
rations w’ € {0, 1}F. Here, o(w), c(w) and k(w) denote respectively the number of open edges,
closed edges and connected components in w, and Z,, 4 is called the partition function. The
measure Q¢ , o is a probability measure called the random-cluster measure on G.

The model on the square lattice Z? is now pretty well understood. The critical value

p. was computed by Vincent Beffara and Hugo Duminil-Copin [ ], which is given by
pe = 11@5 (see also [ , , ]). In the same paper, it is also shown that the

distribution of the size of finite clusters has exponential tails when the model is non-critical.
Also, the phase transition of the model is continuous ° if the cluster-weight q belongs to
(1,4] [ ] and discontinuous if it is greater than 4 [ ].

For integer cluster-weights, the model can be coupled with the Potts model via the so--
called Edwards-Sokal coupling [ ], also see Section 1.1.2. The Potts model is a general-
ization of the Ising model: instead of having spins +1 on vertices, we associate with each
vertex a “color” which is described by an integer in {1,...,g}. Also note that the configura-
tions of the Potts model are defined on vertices whereas those of the random-cluster model
are defined on edges. In particular, for the cluster-weight g = 2, the Edwards-Sokal coupling
gives the Ising model; and the critical value from [ ] gives again the critical parameter
Bc = %ln(\/z+ 1) for the Ising model.

Criticality and conformal invariance

A conformal map between two simply-connected open sets of C is a biholomorphic map be-
tween them. Such a map is C-differentiable, hence at infinitesimal scale, it is the composition
of a scaling and a rotation ¢ Translations, scalings, rotations and Mobius transformations
are examples of such maps. Informally speaking, a mathematical object (a stochastic process
for example) is said to be conformally invariant if under the transformation of such maps, the
resulting object remains of the same nature (in distribution) as the initial one.

At criticality, the aforementioned RSW property implies the infinite correlation length of
the model (i.e., the correlation decreases in power laws with respect to the distance). And the
models having an infinite correlation length are conjectured to be conformally invariant in
the scaling limit. In other words, when one zooms out such models, or “observes them from
very far away”, we should see an object which is conformally invariant.

This idea first aorse in seminal papers by Belavin, Polyakov and Zamolodchikov [ ,

] by introducing the notion of conformal field theory, which consists of the study of
scaling limits of quantum fields, containing all information of planar models of statistical
mechanics, and allowing us to explain non-rigorously many of their phonemena at criticality.

However, in mathematical terms, this notion still needs to be defined rigorously, and one
of the possible ways, for example, is to look at some interface (one-dimensional curve) arising

SRoughly speaking, a phase transition is said to be continuous if the free energy is continuous by differenti-
ation with respect to the parameter at the critical point; and discontinuous otherwise.

Let U and V be two simply-connected sets of C, f be a conformal map and z € U. One may write f’(z) in
the polar coordinates f’(z) = re'?, where r > 0 and 0 € IR. At the infinitesimal scale around z, f acts as a scaling
of factor r composed with a rotation of angle 6.
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INTRODUCTION

Figure 4 — Simulations of SLE curves of parameter ¥ = 2 et ¥ = 3.5. (Courtesy of Vincent
Beffara)

from the model. A good candidate for the scaling limit of such an interface is the (chordal)
Schramm-Léwner Evolution (or SLE) which is a one-parameter family of processes that can
be described by the following stochastic differential equation:

98:(2) = g (z) - W,

where W, = v/kB; is the driving function. In the previous definition, ¥ > 0 is the parameter
of the SLE process and (B;);>( the standard two-dimensional Brownian motion. These are
self-similar fractal curves and some simulations are shown in Figure 4. For all values of «,
the process satisfies the domain Markov property and conformal invariance; and conversely,
as long as we have a stochastic process satisfying these two properties, it can be described
by an SLE curve. This was first introduced by Oded Schramm [Sch00] and a lot of planar
models have been shown or are conjectured to have interfaces described in the limit by some
SLE curves.

Let us discuss some results of this kind concerning the aforementioned models at the
critical point. We start from the site percolation model.

Let C) be a simply connected open set of C. Consider the triangular lattice T on which
we define the site percolation with parameter p = %, i.e., instead of having open and closed
edges, we have open and closed vertices, each with equal probability. By duality, this can
also be seen as the face percolation on the hexagonal lattice. For 0 > 0, write ()5 for the
discretization of () by 6T. We do not need to worry too much about the way we discretize
and we can therefore take for example () 5 to be the largest subgraph of 6T which is entirely
contained in (. We pick up four points 4, b, c and d on the boundary JQ in counterclockwise
order and we write a5, 35, ¢5 and d for their discrete counterparts: for example, ff5 stands
for the closest vertex to § in Q for #f € {a,b,c,d}. See Figure 5 for an illustration. We are
interested in the probability that the arc (asbs) is connected to (csds) by an open path of
percolation. The Cardy formula predicts that the limit of this probability, when 6 goes to 0,
is given by a simple formula which is conformally invariant [Car92].

Let A be any equilateral triangle embedded in C. Due to the Riemann mapping theorem,
we can find a unique conformal map © which sends () to A such that ®(a), ©(b) and P(c)
are vertices of A in the counterclockwise order. Therefore, the image ©(d) is between ®(c)
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and ®(a). Stanislav Smirnov proved that Cardy’s formula is true [ ]:

| | (0 (d)|
lim ]ljé[(aébé) is connected to (Céd(s)] =
60 |CD(a)CD(c) |

This limit only depends on the images of the initial data under the unique conformal map
satisfying the properties mentioned above. Thus we say that the connection probability be-
tween arcs (ab) and (cd) is conformally invariant.

Cardy’s formula along with the “locality property” ” of the percolation process concludes
that the scaling limit of the percolation interface coincides with SLE¢ [ ]. We point out
that this result is still unknown for other lattices and for bond-percolation on any lattice.
This remains an important open conjecture of the domain.

N
d

Figure 5 — The simply connected open domain () and its d-discretization (5. The vertices
as, Ps, ¢s and ds are drawn in white and the arcs (asbs) and (csds) are drawn with thick
lines.

The Ising model is the model for which we have the best understanding. By means
of a fermionic observable, Smirnov showed that, on the square lattice, the interface of the
spin-representation of the Ising model converges to SLE3, and the one of the FK-repre-
sentation to SLE¢/3 [ , ] (we refer to [ ] for a review). Later, using
fermionic spinor, Hongler and Smirnov proved the conformal invariance of the energy den-
sity in the planar Ising model [ ]. Chelkak, Hongler and Izyurov showed that the mag-
netization and multi-spin correlations are conformally invariant in the scaling limit [ ]
Recently, Kemppainen and Smirnov showed in a series of two papers that the collection of
critical FK-Ising loops converges to CLE(16/3), the Conformal Loop Ensemble of parameter
16/3 [ , ], by looking at what they call an exploration tree. Almost at the same
time, Benoist and Hongler gave a proof that the collection of critical spin-Ising loops con-
verges to CLE(3) [ ]. Some other recent progress relating the conformal field theory
(or its representation as a Virasoro algebra) to the discrete level of the model can be found

in [ , , ].

Universality and isoradial graphs

Following the discussion on the conformal invariance, the conformal field theory also sug-
gests that when we “look at the model from far away”, the local property of the lattice struc-

7This term will not be made precise in this thesis, that is why we put quotation marks around.
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ture should not be relevant. In other words, no matter the underlying discrete lattice on
which the model is defined, its scaling limit should be given by the same object.

An easy example to explain is the (planar) Brownian motion. We start with a random
walk that moves at each step according to a random vector given by a random variable.
It turns out that when scaled out correctly [ , ], in the limit, it converges to a
two-dimensional Brownian motion (with drift). This limiting object is universal in the sense
that only the expectation and the variance of the random vector characterize the resulting
Brownian motion. In particular, one can consider the simple random walk on a regular lattice
such as the square lattice, the triangular lattice or the hexagonal lattice, and it turns out that
the limiting object is as described above.

Moreover, the trajectory of the Brownian motion is conformally invariant, meaning that
it is still the trajectory of the Brownian motion under conformal transformations, up to
time-change. In other words, the Brownian motion is a stochastic process which is pre-
served under conformal maps up to time-change. To sum up, the Brownian motion is not
only the universal limit (under some condition on the expectation and the variance of its dis-
placements) of random walks, but it is also a stochastic process satisfying pretty restrictive
properties, such as the conformal invariance.

In our context, we will be interested in the universality of the models on a family of
graphs called isoradial. A planar embedded graph G = (V,E) is said to be isoradial if all of
its faces are inscribed in circles of the same radius. See Figure 6 for an illustration. Note
that such graphs should always be infinite since otherwise, the exterior face would not be
able to be inscribed in a circle of finite radius. This family of graphs is huge and contains
the classical periodic graphs such as the square lattice, the triangular lattice, the hexagonal
lattice, etc. There are a few good reasons and motivation to study the universality on such
graphs:

« The star-triangle transformations which transform one isoradial graph to another, see

Section 2.6.
« The robust theory of discrete complex analysis on isoradial graphs developed in [ ,

: I8

Figure 6 — An example of isoradial graph. All the faces are inscribed in circles of the same
radius.

The universality result on (bond) Bernoulli percolation was first obtained by Geoffrey
Grimmett and Ioan Manolescu [ , , ]. They used star-triangle transforma-
tions to transform one isoradial graph into another, by preserving the percolation measure
in such a way that the connection properties in different isoradial graphs do not differ too
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much in probability. This method did not only allow them to determine the critical parame-
ters of the random-cluster model, but also showed the behavior at the critical point, such as
the sharpness of the phase transition, the correlation length, the critical exponents, etc.

In the first part of this thesis, we will show advances in this direction. We are interested
in the universal behavior of the random-cluster model for g > 1 at criticality. We proceed in a
similar way as in [ ] with the difference that the random-cluster model with parameter
g > 1 is a model with a lot of dependancy between edges, which demands more care while
we perform star-triangle transformations.

More precisely, for an isoradial graph G = (V, E), let p,(f) be the probability parameter
associated with the edge e € E and > 0 be an additional parameter that we introduce. Note
that  here is different from the inverse temperature in the Ising model. The probability

parameter is an increasing function in § and is defined by p.(f) = 13;(:3(25) where
if1<g<4 v.(8)=pBVq: sn;m o ), wherer:%cos_l(‘/;),
ifq=4 .(8) =/3-<"—‘f@>,
ifqg>4; v.(B)=pVq- %, where r = %cosh_l(\/?ﬁ),

where 0, is the subtended angle of e, as shown in Figure 7. Moreover, we will prove that at
B =1, the model is critical; for § < 1, the model is subcritical and for > 1, supercritical.

o

Figure 7 — The primal edge e has subtended angle 0,.

Let us come back to what we said previously about the conformal invariance.

A universality result on the conformal invariance was proven for the Ising model by
Dmitry Chelkak and Stanislav Smirnov [ , ]. They proved the convergence
of the interface of the Ising model on isoradial graphs to SLE; (spin-Ising) and to SLE4/3
(FK-Ising), which are the scaling limits of the same model on the square lattice proved a few
years earlier.

In the case of the Bernoulli percolation, the only result we know on the scaling limit of
the interface is in the case of the site percolation on the triangular lattice. As mentioned in
the previous section, this converges to SLE¢. Such a result is still unknown for the site perco-
lation on other regular lattices or isoradial graphs, not to mention for the bond percolation,
no result on the scaling limit is known so far.

It was conjectured by Oded Schramm [ ] that the interface of the random-cluster
model with parameter 1 < g < 4 should converge to the Schramm-Loewner Evolution of
parameter k¥ = 47t/ arccos(—+/q/2), which should be independent of the underlying isoradial
graph, as for the Ising model. We note that for g = 1 (Bernoulli percolation) and g = 2 (Ising
model), we find the values x = 6 and x = 16 mentioned above.

Up to the present, we are still far from understanding the scaling limit of the interfaces
arising from the random-cluster model. From the fermionic observable used to show the
conformal invariance of the Ising model, Smirnov also conjectured [ ] the existence of
a parafermionic observable which might allow us to prove the convergence of the interface
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in the random-cluster model. This observable works well for the Ising model because at the
discrete level, one has full Cauchy-Riemann relations whereas for the general random-cluster
model, unfortunately, one has only half of them.

The universality results that we will show in Chapter 3 may lead us further, although they
are not strong enough to tell us about the scaling limit of the interface. In the second part of
this thesis, we will discuss the (1+1)-dimensional 8 quantum random-cluster model, which is
believed to behave in the same way as the planar random-cluster model. As a consequence
of these universality results, we will show that some connection properties are the same for
the quantum model in Chapter 4.

The quantum random-cluster model

A special case of the isoradial lattice is the flattened square lattice Z x (¢Z), as shown in
Figure 8. As before, we can define a planar model on edges or vertices of this flattened
lattice. In the limit ¢ — 0, this model converges to a quantum model on the semi-discrete
lattice Z xR (Figure 9a). Without any surprise, this model also possesses the same properties
at criticality as its discrete counterpart due to the universality result on isoradial graphs.

[ [ o
[ o o
[ o o
[ [ o ig
>

Figure 8 — A piece of the flattened square lattice.

Let us briefly describe the quantum random-cluster model here. Its link with the discrete
model will be discussed later in Section 1.2.4.

In IR2, we consider the collection of vertical real lines indexed by Z, which we denote by
Z x R below, it is called the (primal) semi-discrete lattice. We put independent Poisson point
processes with parameter A > 0 on each of these real lines. The points of these processes are
called cut points. Similarly, we consider the dual of Z x R which is (Z + %) X IR. It can also be
seen as a collection of vertical real lines, this time indexed by Z+ % We also put independent
Poisson point processes on each of these lines, with parameter y > 0. These points are called
bridges and we draw at the same level a horizontal segment connecting the two neighboring
vertical (primal) lines. See Figure 9b and 9c for an example. Moreover, these two families of
Poisson point processes are taken to be independent of one another.

Consider a random configuration given by the above Poisson point processes and define
the notion of connectivity. Two points x and v in the semi-discrete lattice are said to be
connected if one can go from one to the other using only primal lines and horizontal bridges
without crossing any cuts. The cluster of a point x is the largest subgraph containing x which
is connected in this sense.

Having this notion of connectivity, we can define the quantum random-cluster model
using the number of connected components as in (0.3). The model also has a loop representa-
tion, which is obtained by interfaces separating clusters in both the primal and dual lattices,
see Figure 9d.

8 A d-dimensional discrete model corresponds to a (d + 1)-dimensional quantum model with an additional
dimension describing the time evolution.
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(a) A piece of the semi-discrete lat- (b) Red points represent the Pois-

tice Zx R. son point processes on primal (pa-
rameter A) and dual (parameter p)
lines.

(c) Poisson points on primal lines (d) The loop representation ob-
are transformed into cuts and those tained by interfaces separating
on dual lines into bridges. connected components.

Figure 9 — The random-cluster model on the semi-discrete lattice with different representa-
tions.

Fix a parameter g > 1. The measure of the quantum random-cluster model is given as
follows,
dP) (D, B) « ¢"PPdPp, (D, B)

where IP) , is the law of Poisson point processes described above with parameters A on
primal lines and p on dual lines. Here, D and B are locally finite sets of cuts and bridges
respectively. Given a configuration of Poisson points (D, B), the quantity k(D, B) denotes
the number of clusters in the configuration (on the primal lattice). Using the self-duality at
criticality, i.e., the set of parameters (A, ) such that p/A = g, one can show the following
relation

dP, (D, B) « ¢*PBdP, (D, B) « 7' *PdP, (D, B),

where p = \/Ap and [(D, B) denotes the number of loops in the loop representation.

At the end of the first part of this thesis, we will discuss some properties of the quantum
model at criticality derived from its discrete counterpart.

The quantum Ising model

For g = 2, the quantum random-cluster model described above can also be obtained from the
quantum Ising model via the Edwards-Sokal coupling as in the discrete setting. We recall
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that the random-cluster representation is also called FK-representation sometimes. In this
section, we quantize the Hamiltonian (0.1) in the classical setting with an additional external
field then explain how to obtain different representations of the model, among which the
FK-representation.

The quantum Hamiltonian we define later is an operator acting on the Hilbert space
X Z C?, which is the tensor product of Hilbert spaces indexed by Z = (V, E). More precisely,
with each x € Z, we associate a Hilbert space of spin configurations C? = Span(|+),|-)),
where we identify |+) with (1, 0) and |-) with (0, 1), for instance. Then, we define the quan-

tum Hamiltonian to be &) (&) )
H=-u Z Ox 0y —/\ZO'X .
(x,p)eE xeV

In the previous definition, A and p are two positive parameters, where y is the interaction
term between particles at neighboring sites and A is the intensity of the transverse field. The
Pauli matrices are given by

1) _ 0 1 (3) _ 1 0
7 ‘(1 0)’ 7 ‘(o -1
(1)

and act on C?, which we recall is the space of spin configurations. The operators oy ’ is
defined by the tensor product which takes the Pauli matrix ¢(!) at coordinate x and identity
operator elsewhere; the same applies to 0‘,£3). As consequence, the operator H makes sense
and acts effectively on ®Z C?.

The quantum Ising model (with a transverse field) on Z is given by the operator e H,
where > 0. This may also be seen as the quantization of the Gibbs measure given earlier

n (0.2). It is mentioned in [ ] that it is an exactly solvable one-dimensional quantum
model.

Moreover, this model can also be seen as a space-time evolution of a spin configuration via
the “path integral” method. Roughly speaking, we interprete the parameter g > 0 as the time
parameter and expand the exponential operator e ! in different ways. For v € IR, we may
Hv) ~PH because e P is just a constant factor of renormalization.

consider e A instead of e

Then, we write

-B(H+v) _ —A(H+v)][5/A’

e [e

where we choose A > 0 such that /A € IN. For A > 0 small enough, we may expand e~ AHHY)

up to order O(A) in different ways, which provide us with the FK-representation (along

with the loop representation) mentioned above, and also the random-current representation.

Readers may have a look at [ ] for a nice and complete exposition on this topic. These

representations are useful in interpreting results from the classical Ising model [ , ,
].

In the second part of this thesis, we are interested in proving a result of conformal in-
variance as mentioned earlier for the discrete Ising model.

In order to state the theorem, let us recall a few more important notions. We consider a
Dobrushin domain (Q, 4, b), i.e., an open, bounded and simply connected set with two marked
points on the boundary a and b. For every positive 0, we can semi-discretize it by a Dobrushin
domain (Qg, as, bs) which is a subgraph of the semi-discrete medial lattice %Z x IR with the
so-called Dobrushin boundary conditions, consisting of wired boundary conditions on the arc
(asbs) and free boundary conditions on the arc (bga). In this case, the loop representation
gives rise to a collection of loops and one interface connecting as to b, separating the (primal)
cluster connected to the wired arc and the (dual) cluster connected to the free arc.
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We will prove the conformal invariance of the quantum Ising model in the following
sense: the limit of interfaces when 6 goes to 0 is conformally invariant. This is the first
quantum model proved to have such a property. The informal statement of our main theorem
is given below, while the more precised version will be given in Theorem 6.1.

Theorem. Let (Q),a,b) be a Dobrushin domain. For all 6 > 0, let (QQs,as,bs) be its semi-
discretized counterpart. Define the FK-representation of the quantum Ising model on (Qs,as,bs)
and denote by ys the interface separating the (primal) wired boundary and the (dual) free bound-
ary. When o goes to zero, the interface ys converges to the chordal Schramm-Léwner Evolution
of parameter 16/3 in ((,a,b).

The proof is made possible by the similarity between the FK-representations of the quan-
tum and the classical Ising models. The FK-representation and the loop representation of the
quantum model can be interpreted as the same representations of the classical model living
on a more and more flattened rectangular lattice Z x eZ. Thus, the proof almost comes from
the same arguments as in the so-called isoradial case, except that some notions need to be
adapted to the semi-discrete case.

Intuitively, using the universality of the classical Ising model [ ] on isoradial graphs
would require an inversion of limits:

« On one hand, the universality result says that the classical FK-Ising model on 6(Z x
eZ), the flattened isoradial rectangular lattice of mesh size 0, has an interface which
is conformally invariant in the limit 6 — 0, provided that ¢ is kept unchanged. In this
first approach, the lattice “converges” to the whole plane uniformly in all directions.

+ On the other hand, if we put the classical FK-Ising on 0(Z x ¢Z) with flatter and flatter
rectangles by making ¢ go to 0, we would get continuous lines in the vertical direction,
and the model we obtain is exactly the FK-representation of the quantum Ising model.
Therefore, to get the conformal invariance of the interface in the quantum FK-Ising, we
would need to make o go to 0 afterwards, which is the distance between two neighbor-
ing vertical lines. In this second approach, the lattice “converges” to the whole plane
first in the vertical direction, then in the horizontal one.

The heuristic described above strongly suggests that the FK-representation of the quan-
tum Ising model should also be conformally invariant in the limit, and that the interface in the
limit should be the same as in the classical case. However, making this argument mathemat-
ically rigorous is far from immediate, and that is why we work directly in the semi-discrete
case.

To this end, some classical notions need to be adapted and new tools be constructed. We
will define the Green’s function on the semi-discrete lattice, give the notion of s-holomor-
phicity, show that the fermionic observable is s-holomorphic and give a proof of the RSW
property by the second-moment method. Everything is defined directly in the semi-discrete
setting. Among all the notions and properties, it is worth mentioning that the construction
of the Green’s function is not totally trivial even though the method and the main idea are
pretty similar to the case of the isoradial setting [ ].

Other results mentioned earlier concerning the conformal invariance from the classical
Ising model are also expected to have their counterparts in the quantum case, such as the
energy density and multi-spin correlations.
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INTRODUCTION

Organization of this thesis

This thesis consists of three parts. The first chapter is introductive in which we introduce the
basic notions required for the lecture of this thesis. The second and the thrid chapters deal
with the random-cluster model on isoradial graphs and the universality of the model. The
last three chapters deal with the quantum random-cluster model, or more specifically, the
quantum FK-Ising model, and the convergence of its interface to SLE;4/3. More precisely,
this thesis is divided as follow:

« Chapter 1: introduction to the classical and the quantum random-cluster model along
with their useful properties.

« Chapter 2: presentation of isoradial graphs and the star-triangle transformations, which
are the key transformations towards universality.

« Chapter 3: theorems on the universality of the random-cluster model.

« Chapter 4: consequences of the previous universality results on the quantum random--
cluster model.

« Chapter 5: introduction to the semi-discrete complex analysis, which is the main tool
to proving the convergence of the FK-Ising interface.

+ Chapter 6: the proof of the convergence.

XXV1



CHAPTER ]

Definition of models

In this chapter, we will give a precise definition of the random-cluster model. We first define
the model on finite graphs with boundary conditions, then discuss its properties such as the
FKG property and the domain Markov property. This will turn out to be useful when we
come to the definition of the model on infinite graphs, which can be seen as weak limits of
measures on larger and larger finite graphs.

We fix a constant g > 1 once for all, which is the cluster-weight of the random-cluster
model.

1.1 The random-cluster model on finite graphs

1.1.1 Definition

Consider a finite graph G = (V, E) and a family of weights p = (p,)ecg € [0,1]F indexed by
its edges. A configuration of the random-cluster model on G is an element @ of Q) := {0, 1}%.
Given a configuration w, we say that an edge e € E is open if w(e) = 1; and close otherwise.
An equivalence relation on vertex set V can be defined via open edges. We say that x and
y are equivalent if there exists a sequence of vertices (x;)o<j<, such that x; and x;,; are
connected to each other by an open edge, xy = x and x,, = y. Then, we denote by k(w) the
number of its connected components (or clusters), which is the number of equivalence classes
induced by this equivalence relation. Thus, we can assign to each configuration a weight
defined by

e pal@)=[ [pe" (1= pe)'~@gH@. (1.1)

ecE

Finally, we define the measure of the random-cluster model on Q) to be the probability mea-
sure given by

where Zg , ; is called the partition function and is defined by Zg , ; = 3.y €G p,q(@’) Where
the sum is taken over (. In other words, we define the random-cluster model to be propor-

1



1. DEFINITION OF MODELS

tional to

ecE

“Iwy?mqum,

where we write y, =
quantities on the left- hand and the right-hand 51des are equal up to a multiplicative constant
which is independent from w.

The random-cluster model is a generalization of the two following models. When g =1,
the dependence on the number of clusters is removed, thus we have a model in which all the
edges are independently open or close with probability p, and 1 — p,, which is exactly the
Bernoulli percolation. When g > 1 is an integer, we obtain the g-color Potts model via the
standard Edward-Sokal coupling (Section 1.1.2). In particular, for g = 2, we get the random--
cluster representation (or FK-representation) of the Ising model.

1.1.2 Edward-Sokal coupling

Given a finite graph G = (V, E), a family of edge weights ] = (],),cx € (0,0)F and an integer
q = 1. The g-color Potts model is some random distribution of g colors on vertices of G. With

a configuration o € {1,...,q}", we associate the Hamiltonian
Hop(@)== ) Jelg-
e=(x,y)eE

where for e € E, ], can be seen as the strength of interaction between two vertices of e. Then,
the measure of the g-color Potts model is defined to be equal to

exp(=Hg,j(9))

P (o) = 2

,  where ZGJ:ZeXp(—HGJ(G')).

’

o

Now, we are ready to explain the Edward-Sokal bijection.

Given a random-cluster configuration w € {0, 1}f and a Potts configuration o € {1,...,4}",
we say that the couple (w, o) is compatible if w, = 1, then o, = 0, for e = (x,p).
Given a Potts configuration o € {1,..., q} we associate a random-cluster configuration

w € {0,1}F as follows. For e = (x,p) € E,

- if 0y # 0y, then we set w, = 0;
« if 0y = 0y, then we set w, = 1 with probability p, and w, = 0 with probability 1 — p,.

We denote the joint law of (0, w) defined as above by IP;.

Conversely, given a random-cluster configuration w € {0, 1}E, we associate a Potts con-
figuration o € {1,...,4}" by choosing uniformly a random color in {1,...,q} for each cluster
of w. We denote the joint law of (0, w) defined as above by P5.

It can be easily check that the couple of configurations (w, o) is compatible in both di-
rections.

To show that we can couple the random-cluster measure and the Potts measure, we need
to show that the associated joint measures IP; and IP; via these two bijections have the same
law.



1.1. The random-cluster model on finite graphs

We have,

Py(w,0) o | | epe(1-pe)' =

ecE
0,=0y

& ]_[ e]eyg)g(l _pe)’

ecE
0x=0y

and

1 k(w)
Py(w,0)oc [ 9" (5)

ecE
w, .
o<| |}/ee: | |yee,
e€E ecE
0,=0,

where we use the fact that (w, o) is compatible in the last line. Thus,

Py (w, o) .
1—)oc ]—l e](l—pe).

Pa(w, o ecE

0x=0y

Therefore, by taking J, = —In(1 —p,), the product in the previous line equals 1. Since IP; and
IP, are both probability measures, we have Py (w, 0) = P»(w, o) for all (w, 0).

1.1.3 Boundary conditions

For a finite graph G = (V, E), we call boundary conditions a partition of its boundary vertices.
In other words, boundary conditions £ can be written as P = P; LI --- U P,, where P is the
set of the boundary vertices. This induces an equivalence relation: two vertices of P are said
to be equivalent if they belong to the same subset of the partition P;. In terms of the graph
structure, vertices in the same equivalence class are connected to each other via edges which
are always open (or fusion them into a vertex).

Consider a finite graph G = (V, E) with boundary conditions . We take a family of pa-
rameters indexed by its edges p € [0, 1]E. We write Q = {0, 1}F for the associated probability
space. The weight of a configuration w € () is modified from (1.1) as follows

Cé,p,q(w) = l_[pg)(E)(l _pe)l_w(E)qké(w); (1.2)

ecE

where k¢ (w) denotes the number of connected components in w with respect to the boundary
conditions &. A connected component (in w) is a maximal subgraph (in G induced by w) for
the inclusion. Then, we write (pé’ . for the probability measure of the random-cluster model
on G with parameters p and g and boundary conditions & by

&
CGpq(@)
& _ Gpyg & _ & ’
(pG’p’q[w] = —Z‘E ,  where ZG pa = E CG,p,q(w )
Gp.q w’e{0,1}F

is the partition function.
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For g > 1, this model depends highly on connection properties between vertices. Thus,
the boundary conditions turn out to be important. Furthermore, at p fixed, configurations
with more connected components are more favoured due to the additional weight qké(“’).

In this thesis, we are particularly interested in the following boundary conditions: free
and wired boundary conditions. The free boundary conditions represent the partition of
boundary points into unit sets, meaning that the boundary points are all disconnected; whereas
the wired one represents the partition into only one set containing all the boundary vertices,
meaning that all the boundary points are connected. Another way to interprete this is to add
a ghost vertex v, to the graph and edges connecting v, to all the vertices on the boundary,
which are always declared closed for the free boundary conditions and open for the wired
boundary conditions. For simplicity, we may write & = O for the free boundary conditions
and & = 1 for the wired one. Then, the random-cluster measures resulting from these bound-
ary conditions are denoted gog' . and goé' .

In mathematical terms, define the augmented graph G = (V,E) which is given by V =
VU{vg}and E = EU{(vg,v),v € dG}. For & = 0,1, we define the graph G with boundary

conditions &, denoted G¢, to be the graph G whose admissible configurations are w € {0, 1)F

such that w(e) = & for all e € E\E. Note that we have (pép .= (pgé 0= P pa

1.1.4 Dual model

Consider a finite graph G = (V, E) which is locally finite. We define its dual graph G* =
(V*,E") as follows. The vertex set V* consists of the centers of the faces of G and the edge
set E” consists of the edges connecting the vertices of V*, corresponding to adjacent faces in
G. Here, both the primal and dual graphs are considered as combinatorial objects without any
embedding. Therefore, the graphs (G*)* and G have the same graph structure. See Figure 1.1
for an illustration.

Figure 1.1 - Black vertices with solid segments represent the primal graph and white vertices
with dotted segments represent the dual graph.

Given a random-cluster measure (pé’ > We want to make sense of its dual measure,
which is coupled with the original measure but defined on the dual graph G*. Since there are
boundary conditions on G, we should also take this into account.

We denote by G¢ the graph G with boundary conditions & = 0 or 1. Its dual graph is
then defined by (G¢)* := (5”)1_5, where G is the augmented graph defined in the previous
section. By abuse of notation, we may also write (G*)'~¢ for this.
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Then, with a configuration w € {0, I}E , we associate the canonical dual configuration
w* €1{0,1}\E) by

w'(e)=1-w(e), VYeckE, (1.3)

where e* is the dual edge of e.

Given p = (p.)ec and p* = (per)erep+ two families of probability parameters associated
with the primal edges and the dual edges of G. Define y, = = 16 ;
for e* € E*. Let q > 1 be the cluster weight of the random-cluster model. The followmg

proposition gives a criterion for (PG 5 and (PG g O be “dual” one to another.

Proposition 1.1. Let w be a configuration sampled according to the law of(pé 0’ Define the

dual configuration w* as in (1.3). Moreover, assume that y,y,- = q for all e € E. Then, w* has
1-£

the same law as @ . e

Proof. Consider w € {0, 1}E and define w” as in (1.3). We first state the Euler formula which
can be shown by induction on the number of vertices:

IVI-0%(w) + f*(w) -k () = 1, (1.4)

where |V] is the cardinal of the vertex set of G, 0°(w) the number of open edges, f¢(w) the
number of faces and k¢ (w) the number of clusters induced by the configuration w with the
boundary conditions &.

We are going to rewrite (pé », q(a)) in terms of w*. In the following steps, we might get
some additional multiplicative factors, but since they do not depend on w, we just say that
different quantities are proportional to each other using the symbol . We find

(Pqu[wiocl_[ye ké (U

ecE

o I_[ yg)(é’)qf{(w)fo{(w)

ecE

NORE

ecE

k'=¢ (")
“H(%) |

ecE

o | | e g,

ecE

where we apply (1.4) in the second line, use the fact that f¢(w) = k'~¢(w*) in the fourth line
and the hypothesis y,y,- = g in the last line. This shows that (pé’ ’, q[a)] and (PlG:,i*, q[a)*] are
proportional to each other for all w, thus are equal since both are probability measures. In
conclusion, the law of w” is described by (pé;jﬁ, q if w is sampled according to goé . O

1.1.5 Loop representation

Consider a finite graph G = (V,E), boundary conditions & = 0 or 1 and two families of

parameters (V,)ecg and (Ves)escp+ as in Proposition 1.1. Due to the duality in law of goé .

5



1. DEFINITION OF MODELS

and (pé?’i*, g We can write, for any configuration w € {0, 1 }E’

& (@) +k 15
o I_Iye ye e*)/2 \/— )+ w")

ecE
/2 w*le 1€
H o
ecE
2 £
o ]_[ N (15)
ecE

where [¢(w) is the number of loops in the configuration w, which depends only on w. A
loop in a configuration w is a path in IR? separating different clusters. See Figure 1.2 for an
illustration.

Figure 1.2 - Left: A primal graph G! (in solid lines) along with its dual graph (G*)° (in dotted
lines). Right: A primal configuration (in solid line) with its coupled dual configuration (in
dotted line) and the loop representation (in red).

The probability measure in (1.5), expressed in terms of weights (v, ), (v,+) and the number
of loops I¢(w), is called the loop representation of the random-cluster model.

1.1.6 Domain Markov property

We say that F C G is a subgraph of G if the edge set £(F) is a subset of £(G) with the vertex
set V(F) given by the vertices of V(E) who are an endpoint of some edge in £(F).

Let F C G be a subset of G and & boundary conditions of G. Consider ¢ € {0, 1}5(6)\5(F),
a configuration on edges outside of F. We define £¥ the induced boundary conditions of F
given by & and : two boundary vertices of F are in the same equivalence class if they are
connected in £(G)\E(F) with the boundary conditions & on G.

Proposition 1.2 (Domain Markov Property). Let A be a measurable set of {0, 1}¢(F). We have

@f;,p,q[A | w(e) = ple), Ve € E(G\E(F)] = g palAl (1.6)
Proof. We prove this by induction on the cardinal of £(G)\E(F). Assume that F = G\{e}

for some edge e € £(G). Let & be boundary conditions on G and write £ for the induced
boundary conditions on F by & with the edge e open. Let w € {0,1}¢(®) be a configuration

6



1.1. The random-cluster model on finite graphs

and write w® for the configuration w with the edge e open. We have

P gl @]

PG pgle(e) = 1]

95 pqlwlwle)=1]=

nkﬁmpﬁqkl—mfqumﬁwﬂ

’( ) —w’ e ’

Zw’e{o,l}‘g(G),w’(e):l nfeE(G)p;) f (1 —pf)l @ (f)qk5 (w)
(f) - $(w®
l_[feg(P)p;) M —pp) o) poght (@)

Zw’e{o,l}f(l’) nfeg(p)p;) (f)(l - pf)l—w'(f) - Deq

- ke (@)

= 0} pal@er)

ce

where we use the fact that k¢ (w®) = k¢ (). O

As an application, consider a subgraph F C G such that G\F is connected. Define (e) =
1 for all e € £(G)\E(F). Then, no matter the boundary conditions & on G, £¥ always corre-
sponds to the wired boundary conditions on F. Equation (1.6) can be rewritten as

(ngxq[A] = @é,p,q[A |w(e) =1,Yee E(G\E(F)] = (P;’p’q[A]'

Similarly, if 1(e) = 0 for all e € £(G)\E(F). Then, for any boundary conditions & on G, &Y
corresponds to the free boundary conditions on F. Equation (1.6) can be rewritten as

q’g,pp,q[A] = @é,plq[A |w(e) =0,Yee E(G\E(F)] = (pg’p’q[A]'

This also justifies why we write 1 for the wired boundary conditions and 0 for the free ones.

1.1.7 Positive association

The set Q) = {0, 1}F can be seen as the set consisting of all binary functions on the edges of
a graph G = (V,E). We can define a partial order on Q as follows. For w, @’ € {0,1}F, we
write w < @’ if w(e) < w’(e) for all e € E. A function f : {0,1}F — R is said to be increasing
if it is increasing for this partial order; and decreasing if —f is increasing.

Let A be an event in {0, 1}F. We say that A is increasing if 14 is an increasing function;
decreasing if A€ is increasing. This can also be interpreted as follows: for w < w’, if w € A
then w’ € A, meaning that the operation of opening edges is stable in A.

To compare two different probability measures, we talk about stochastic domination. Given
two probability measures y; and p,, we say that y; dominates p, stochastically, denoted by
M1 = My, if for all increasing events A, we have pq (A) > pp(A).

To know whether a probability measure dominates another, here is an useful criterion.

Theorem 1.3 (Holley criterion [ 1) Let py, po be two probability measures on {0, 1}E. If
the following inequality is satisfied

pi(w Vn)pa(w A1) 2 pr(w)pa(n) (1.7)

forallw,n €{0, 1}E, then y, dominates p, stochastically.
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Proof. The idea is to find a coupling (w1, w,) ~ IP with marginals w; ~ p; and w, ~ p, such
that P(w; > w;) = 1. Then, for an increasing event A, we obtain

i (A)=P(w; € A) =P(w; €A w; 2 w;y) 2P(w; € A) = py(A).

The measure IP is constructed as the stationary measure of some Markov chain. See [ ]

for details. O

For a configuration @ € {0,1}F and an edge e € E, write w® (respectively w,) for the
configuration which coincides with w everywhere except that its value at e is set to 1 (re-
spectively 0).

We note that to show the previous stochastic domination, instead of the condition (1.7),
it is actually sufficient to check that for any w € {0,1}F and e # f € E,

p1(w)po(we) = pr (we) pa (@) (1.8)
and (@ )z (wer) > pur (0] o). (1.9)
Reders are referred to [ , Thm. 2.3] for more details.

An important application of Holley criterion is the property called positive associativity on
the random-cluster model. It is also known as Fortuin-Kasteleyn-Ginibre inequality (shortened
as FKG inequality).

Definition 1.4 (FKG inequality). Let P be a probability measure on the probability space
Q ={0,1}F. We say that IP satisfies the FKG inequality (or is a positively correlated measure)
if one of the following equivalent statements is true.

« For any increasing measurable sets A and B, we have IP(A N B) > IP(A)IP(B).
- For any increasing functions f, g :{0,1}f — R, we have [E(fg) > E(f)E(g).

This is actually equivalent to the same inequalities with both A and B decreasing events or
both f and g decreasing functions. The first part can be done by considering the complements
and the second point by considering the opposites.

Theorem 1.5 (FKG lattice condition). Given a finite graph G = (V, E) and a positive measure
uon {0, 1}E. If for any configuration w € {0,1}F and e # f € E, we have

i (wep) > plel Ju(ws), (1.10)
then for any increasing events A and B,
WANB) > u(A)u(B). (L11)

Proof. Consider an increasing event A and measures defined by y; = p(- | A) and p = p. We
need to show that y; stocastically dominates y;,. To do so, we need to check inequalities (1.8)
and (1.9) for y1 and y,. Fix a configuration w and e = f. We have

Lpeea p(@®)p(we) > 1 enplwe) p(@°),
since A is increasing. Dividing by u(A), we get
Hw® | A)p(we) = p(w, | A)p(w®),
which is exactly (1.8). For (1.9), we use the hypothesis (1.10) to obtain
Losreatl@® Yplwer) 2 15, pl@h ().
Again, we divide by p(A) and get (1.9). O

8



1.1. The random-cluster model on finite graphs

Proposition 1.6. For any family of parameters p = (p,).cg and any boundary conditions & on
G, the random-cluster measure (pé . satisfies the FKG inequality.

Proof. Ttis enough to check the FKG lattice condition (1.10). Let @ € {0, 1}F be a configuration
and e # f two edges, we need to check that

f e
l_[ T)o(wey) K0 1 @, (e J+o(@f) ke (of )kt (w$)
o (0 )+k* (we) > I |y17 q ).
nekE nekE

The products of y,, simplify on both sides, so we just need to check that ké (wf)+ k¢ (wef) 2

ké(wg )+ k‘f(a);). To show this, we discuss whether the two endpoints of f in E\{e, f} are
connceted or not:

« connected: k(w®) = k(w®) and k(wer) = k(w{);

. disconnected: k(w®f) > k(a)]ec) —1 and k(w,f) = k(a)jer) + 1.
This concludes the proof. O

~

The random-cluster measures with different parameters can be shown to have stochastic
domination relations. The precise statement is given below.

Proposition 1.7. Consider a finite graph G = (V,E), two families of parameters p = (p,)ecE
and p’ = (p,)ecg with p < p’, and two cluster-weights q and q’. Also, for e € E, write

Pe ) _Pe
= and = 7
ye 1 _pe ye 1 _pe

Moreover, assume that one of the two following conditions is satisfied:

e 1<q'<qgandy, >y, forallec E;

eq'2q>1 andé’—é}%forallffelf.
Then, the random-cluster measure (pé,p’,q’ dominates stochastically (pé,p,q for any boundary
conditions &. In other words, goéplq < (pép,’q,.
Proof. For any random variable X, we have

1 , nké
Vg X1 =75 )_X(@] [ g

ecE

LY s

ecE

Z
= ?QDG’p,q[XY],

where Z and Z’ are partition functions and Y a random variable defined as follow,

7’ = Zr[ ye w kg w’

’ )k‘{(w)w(w)

r\wle) /ké(w) w(e)
_TT1(2e q _ }’e/Q) (q
Y = = = = L
@ I_[(y) (q) ]e;[(ye/q q
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We claim that under both conditions of the statement, Y is an increasing random variable.

Indeed, for the first condition, we have that Jy}—j > 1, % < 1, w(e) increasing in @ and k¢ (w)

decreasing in w. For the second condition, we have that 3;6//2 >1, % > 1, w(e) increasing
e

in @ and k*(w) + o(w) also increasing in w, since each time when we open an edge, o(w)
increases exactly by 1 and k¢ (w) decreases at most by 1.
Take X to be an increasing random variable. Then we have

£ Z ¢ £ _f
(pG’p”q’[X] > ?(PG,p’q [X](PG’p,q[Y] - qDG’p’q[X]’

where (pé Y]= % O

,p,q[

Boundary conditions correspond to a partition of the boundary vertices. On the set of
possible partitions, we can define a partial order. Given boundary conditions £ and 1, we
say that & < ¥ if vertices which are in the same equivalence class of £ are also in the same
one for 1, meaning that £ is a finer partition than .

Proposition 1.8 (Comparison between two boundary conditions). Given a finite graph G =
(V,E), a family of parameters p = (p.).cg and boundary conditions satisfying & < 1, we have

& ¥
Pepa < PGp.a (1.12)

Proof. The boundary conditions £ correspond to a partition of boundary vertices P; LI---LIP,,.
Construct a new graph G = (V,E) from G by adding an edge between P; and P; with i # j
such that P; and P; are in the same equivalence class in . Then, by the domain Markov
property, we have

(Pé,p,q['] = fPép,qP | w(e) = 0,Ve € E\E],
(Pg,m['] = (Pép’q[' |w(e) =1,Ye € E\E].

For any increasing event A depending only on E, we apply the FKG inequality to get

Pepgldl <95, [A]< Py glAl

O]

This result is particularly important since it will allow us to define infinite-volume ran-
dom-cluster measures, which we discuss in the next section.

1.1.8 Infinite-volume measure

From now on, notations associated with infinite graphs will be denoted in bold letters.

Given an infinite graph G = (V, [E), the random-cluster model has no reason to be well-de-
fined on it, since (i) the number of clusters k(w) is infinite for some configurations w and (ii)
the partition function, or normalizing constant, may be infinite. However, it turns out that
the positive correlation of the random-cluster measure is useful. More precisely, Proposition
1.8, which is an application of the FKG inequality, allows us to define some random-cluster
measures on infinite graphs if we proceed carefully.

Let G = (V,E) be an infinite graph with probability parameters p = (p.).cg and clus-
ter-weight parameter q. A measure IP on G is an infinite-volume random-cluster measure

10



1.1. The random-cluster model on finite graphs

with parameters p = (p.) and g if for every finite subgraph F C G, any configuration
& €10,1}E\e(F) and any measurable set A with respect to edges in £(F), we have the com-
patibility condition,
P[A | wp\s(r) = &] = @E,p,q[A]’

where, by abuse of notation, the configuration & is also used to denote the boundary condi-
tions on F induced by &.

We say that the sequence of finite graphs (G,,),,cn exhausts G if the two following con-
ditions are satisfied:

« The sequence is increasing: Go C G; C --- C G.
« For all edge ¢ € [E, there exists n € IN such that e € £(G,,).

Proposition 1.9. Let G to be an infinite graph exhausted by (G,,),ew- For an increasing mea-
surable event A which depends only on finitely many edges, we have the following inequalities

0 0
96, palAl <0G, pqlA]
and qoémp’q[A] > goémlplq[A], (1.13)

for n large enough.

Proof. Fix an increasing event A depending only on a finite number of edges in G. Assume
that k is the smallest integer such that A is measurable with respect to £(Gy). Take n > k.
Set E to be the set of edges of £(G,,,;) which are outside of £(G,,). Let w be distributed as
(pgw pa Then we can write

96,palAl = G, palAl@le) =0 Ve e E]< g, AL
where we apply the FKG inequality and the fact that {w(e) = 0,Ve € E} is an decreasing
event.
The proof is similar for the wired boundary conditions. O

In consequence, for any increasing event A, the sequences ((pg » q[A]) and ((pé " q[A])
have limits as n goes to infinity. Write (p(lo3 " q[A] and (pql3 » q[A] for their limits. By inclu-
sion-exclusion principle, we can make sense of (p(% » q[A] and (p(}3 » q[A] for any measurable
event A. As a result, we have constructed with success two infinite-volume random-cluster

measures on infinite graphs by taking weak limits of finite-volume measures. Henceforth,
we can talk about “random-cluster model on an infinite graph”.

Proposition 1.10. The infinite-volume random-cluster measures (p% . and (pql3 0 do not de-
pend on the sequence of finite subgraphs (G,,),en which exhausts G.

Proof. Let (G;,),en be another sequence of finite graphs exhausting G. Consider an increas-
ing event A depending only on a finite number of edges which are all in G for a certain
fixed k. For n > k, since the graph G, is finite, we can find a m large enough such that
G, C G,,. Thus, by comparing boundary conditions, we have the stochastic domination
(p%},ﬂ ’, q[A] < (p%mr . [A]. Taking the limit # — oo, we obtain the inequality

lm 00, (4] 74,[4]

n—oo

11



1. DEFINITION OF MODELS

By exchanging the role of (G;,) and (G,,), we get the inequality in the other direction.
Therefore, we deduce the equality

(p(%’p’q[A] = lim (pg;’,p,q[A].

n—-oo
O

Given any infinite-volume random-cluster measure [P, we have the following inequality
in the sense of stochastic domination,

0 1
Ppq ST <Pgpq

In particular, when the two infinite-volume random-cluster measures (pqo3 . and (pé . €O
incide, there exists only one unique infinite-volume random-cluster measure.

1.1.9 Finite-energy property

Consider an infinite graph G = (V, [E) and a family of edge parameters (p,).cg. The finite-en-
ergy property says that the probability that a given edge e is open can be bounded away from
0 and 1 if p, can be bounded away from 0 and 1.

Lemma 1.11. Let e € [E. Take € > 0 such that p, € [¢,1 — €]. Then, there exists c = c¢(¢) > 0
such that

cg(pé’prq[a)(e) =1]<1-c

Proof. We first note that the event {w(e) = 1} is increasing.

When we condition on the states of the edges different from e, the inducing bound-
ary conditions on the endpoints of e is either free or wired. In consequence, by denoting
Gy = (Vy, Eg) where Ey = {e = (u,v)} and Vy = {1, v} and comparing different boundary
conditions, we get

(pé,p,q[w(e) = 1] < (PIG[)yPe,q[w(e) = ]_] =P, < 1-¢

and

&

& —11> ¢° 11— Pe S
Pl @(©)= 113 98, (o) =1]= P> T

O]

Proposition 1.12. Let F be a finite subgraph of G. Take € > 0 such that p, € [¢,1 — €] for all
e € E(F). Then, there exists ¢ = c(&) > 0 such that for any configuration 1 € {0,1}\F) and any
boundary condition &,

€< Pg pqlwr =1l <1-c
Proof. Enumerate the edgesin F : ey,... e, where m = |E(F)|. Define Fy = @ and F; = {ej, j <
i} for 1 <i < m. We write

m
@é,p,q[ww(m =1n]= ]_[ (Pé,p,q[w(ei) =n(e) | wpE,_, =mF,_, ]

12



1.1. The random-cluster model on finite graphs

Let ¢y be the constant provided by Lemma 1.11. Then, for all i, we have

co < @é,p,q[w(ei) =n(e) o, , =nF,,1<1-co

by the FKG inequality and the domain Markov property. Thus, we can take ¢ = c(;’ to con-
clude. O

Proposition 1.13. Let F be a finite subgraph of G. Take ¢ > 0 such that p, € [e,1 — €] for
all e € E(F). Then, there exists c = c(¢) > 0 such that for any increasing event A depending on
edges not in £(F), any configuration 11 € {0,1}¢\F) and any boundary conditions &,

P pgl A N wier) =1 > cog , (A

Proof. Let ¢ be as given in the previous proposition. We write

94 pql A0 @) = 1))
- Z %pq[{wﬁ\s = P} N {wep) = 1} NA]

Pe(0,1}F )

= Z P pall@pier) = )N ARG, wer) =1 wper) = P]
pel0 e

= Z (pqu {wp\e(r lp}mA](pqu[wg =1

where in the third line, we drop the conditioning on A because if ¢ is not in A, the terms in
the second and the third lines are both 0. O

1.1.10 Russo-Seymour-Welsh property

In this section, we define the Euclidean version of the Russo-Seymour-Welsh property. It can
also be defined at the lattice level, but actually, it can be proven that the two definitions are
equivalent. As mentioned earlier in Introduction, this is a property about self-similarity of
the model and is a good criterion to determine the critical point of the random-cluster model.
See [ ] for more details.

Definition 1.14 (Euclidean RSW property). Let G = (V, [E) be an infinite planar graph. Take
a family of edge parameters p = (p,)eck, an cluster-weight parameter g > 1 and boundary
conditions £ = 0 or 1. We say that the random-cluster measure (pé, . satisfies the RSW
property if for any p > 1, there exists ¢ := c(p) > 0 such that for all n > 0, we have

¢ <@gy alCh(R)I <1 ¢, (1.14)

where R}, = [-(p+ 1)n,(p + 1)n] x[-2n,2n] and R,, = [-pn, pn] x [-n,n] denote Euclidean
domains; qol‘g,,pl q denotes the random-cluster measure on R;, N G whose boundary is given

by edges of G with one endpoint inside R/, and another one outside; and C;,(R,,) denotes the
event that there is a path in w N R,, connecting the left-boundary of R,, to its right-boundary.
Note that we require the constant ¢ > 0 to be uniform in #.

13



1. DEFINITION OF MODELS

The lattice RSW property can be defined in a similar way. In this case, we would need a
coordinate system on the graph to be able to define “rectangles”. This can be done for isoradial
graphs with the square-grid property, see further in Definition 2.1. By gluing rectangles
together, it is not hard to see that these two versions of RSW property are equivalent. More
details can be found in Appendix B.

1.1.11 Known results

Here, we discuss the homogeneous random-cluster model on the square lattice Z2. Fix p €
[0,1], g > 1 and boundary conditions & = 0 or 1. Consider the random-cluster model on Z?

with edge parameters p, = p for all e € £(Z?). Proposition 1.1 states that for p = p4(q) :=
il

T+ the model is self-dual in the following sense: if w is sampled according to P72 10

then the dual configuration w*, defined via (1.3), follows the law of (Piz_zép o This is due to

the equalities yy4(q) = % = V7 and y54(q) = q.

For p € [0,1] and boundary conditions & € {0, 1}, define the connectivity to be

0 (p) = 9, [0 & o].

It can be shown that the random-cluster model is critical at the self-dual point p = p.(q) =

psa(q) = 11@? in the following sense [ ]:

» for p <pc(q), 6°(p) = 6'(p) = 0 and
- for p > pc(q), 0°(p) = 01(p) > 0.
Moreover, at p = p.(q), two different cases could happen:

« continuous or second-order phase transition: 0°(p.) = 6'(p.) = 0;
« discontinuous or first-order phase transition: 0 (p.) > 6°(p.) = 0.

In [ ], some criteria are given to determine whether the phase transition is con-
tinuous or discontinuous. In particular, the existence of the infinite cluster, decay of the
connection probability between 0 and the box of size 1 or the RSW property. As a conse-
quence, they prove that for g € [1,4], the phase transition is continuous. Later on, using
the coupling between the six-vertex model and the g-color Potts model, Duminil-Copin et al.
prove that the phase transition is discontinuous for g > 4 [ ]

For g = 2, the classic Edward-Sokal coupling of the random-cluster measure gives the
Ising model. It is proven in [ , ] that the interface of this model converges to
some conformally invariant limit. This limit can be identified with the SLE curve of parameter
3 for the spin-Ising model and with the SLE curve of parameter 16/3 for the FK-Ising model.

1.2 Quantum random-cluster model

1.2.1 Semi-discrete lattice and domain

The semi-discrete lattice is defined by the Cartesian product Z x IR. It can be seen as a collec-
tion of vertical lines R indexed by Z with horizontal edges connecting neighboring vertical
lines with the same y-coordinate. In our graphical representation, horizontal edges are not
drawn for simplicity.

If we are given a planar graph, we know how to define its dual graph (Section 1.1.4). This
will be the same for Z x IR, using the fact that it can be seen as the “limit” of a more and

14



1.2. Quantum random-cluster model

(a) The primal graph is given by black vertices and (b) The medial graph is given by black and white ver-
think edges. The dual graph is given by white vertices tices along with think edges. The mid-edge graph is
and dasehed edges. given by square vertices and dotted edges.

Figure 1.3 — The primal, dual, medial and mid-edge graphs of (a part of) the flattened square
lattice.

more flattened rectangular lattice Z x ¢Z as illustrated in Figure 1.3. The faces are “crushed”
together so that vertically, the notion of being neighbors gets degenerated. We will only call
neighbors two sites whose x-coordinates differ by 1. More details will be given below in a
general setting.

Take 6 > 0. We will define here the following notions related to the semi-discrete lattice
with mesh size o: primal, dual, medial and mid-edge lattices. Formal definitions are given
below and to visualize them, we refer to Figure 1.4.

| |

| |

| |

| |

| |

N | N N |
oo Lo
| |

| |

| |

| |

| |

| |
| |
| |
| |
| |
| : : |
| : ¥ 9
| : : |
| |
| |
| |
| |

Figure 1.4 — Thick lines represent the primal semi-discrete lattice ILs, dashed lines represent
the dual semi-discrete lattice IL’(; and dotted lines represent the mid-edge semi-discrete lattice

b
1},

Let ILs be the semi-discrete primal lattice $ZxIR. We denote by IL%, the lattice 6(Z+%)><IR
with the same notion of connectivity as 6Z x R, the dual of ILs. We can notice that the
dual lattice is isomorphic to the primal one, by translation of % in the x-coordinate. As in
the discrete setup, the dual lattice is given by the center of faces in the primal lattice, and
edges by connecting two primal faces sharing a common edge. Since the faces of L5 are all
crushed together vertically, the same happens to vertically-ordered dual vertices, giving us
continuous lines isomorphic to RR.

Moreover, we define the medial lattice by taking ILj = ILs; UILY. It is again isomorphic to
the primal or dual lattice by scaling of factor %

Finally, we define the mid-edge lattice 6(%2 + i) x IR, denoted by ILZ. The vertices of this
lattice are sometimes called mid-edges. It is isomorphic to the medial lattice.

In the following graphical presentations, we will draw a filled black dot to represent a
vertex on the primal lattice, a filled white dot a vertex on the dual lattice, and a filled white
square when it is a vertex on the mid-edge lattice. See Figure 1.4.

We need to define some more notions related to the semi-discrete lattice ILs, including
segments, paths and domains.

15



1. DEFINITION OF MODELS

A primal vertical segment is denoted by [0k + 14,0k +1b] := {6k} x [a, ], where k € Z
and a < b are real numbers. A primal horizontal segment is denoted by [0k +1a,0] +ia] :=
([0k, ol x{a})NILs = {6j +ia,k < j < I} where k < I are integers and a is a real number.
When a primal horizontal segment is of length 6, we call it an elementary primal segment.

A sequence of points (z;)o<i<, on LLs forms a path if the consecutive points share the
same y-coordinate (forming horizontal segments) or the same x-coordinate (forming vertical
segments).

A primal domain is a finite region delimited by primal horizontal and vertical segments.
More precisely, it is given by a self-avoiding path consisting of 21+ 1 points z, zy,. .., 2, on
ILs such that

* [22i,22;41] are horizontal segments for i € [0,n—1];
o [22i+1,22i42] are vertical segments for i € [0,n —1];
« these points form a closed path, i.e., zy = z,,,.

The set consisting of segments d = {[22;22;41], [22i+1, 22i+2], 7 € [0, n — 1]|} separates the
plane into two connected open components, a bounded one which is simply connected and
an unbounded one. The first one is called the domain and is usually denoted by Q5. And 2,
or dQ;, is called the boundary of Q) 5. Except otherwise mentioned, the points z; are ordered
counterclockwise.

These same definitions apply to the dual lattice IL} to get a dual domain, usually denoted
by Q, or to the medial lattice to get a medial domain, Q3.

The interior of a primal domain Q) , denoted by Int (), is the largest dual domain con-
tained in Q5. It can also be seen as the set of dual vertices in ()5 having both (primal)
neighbors inside (). Similarly, the interior of a dual domain Q’g or a medial domain Qf,
denoted by IntQ} or Int(Q)$, can also be defined in a similar way by replacing the word
“primal” by “dual” or “medial”.

Now we define a semi-discrete Dobrushin domain, which is a medial domain with so-called
Dobrushin boundary conditions. This will be useful in studying the interface of the quantum
Ising model in Chapter 6. Given (a,a;) and (b,b,,) two horizontal edges, consider a primal
path from a;, to by, and a dual path from b, to a,,, such that the concatenation of both (first
primal then dual) forms a counterclockwise non self-intersecting boundary. We write d;,
and a;ja for the primal and dual parts. See Figure 1.5.
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Figure 1.5 — A Dobrushin domain.

16



1.2. Quantum random-cluster model

1.2.2 Quantum Bernoulli percolation

The quantum Bernoulli percolation model can be defined on the semi-discrete lattice or any
semi-discrete primal, dual or medial domain. We start with its definition on the semi-discrete
lattice.

Given the mesh size of the lattice 6 > 0 and two parameters A,y > 0. Recall that IL
denotes the collection of primal vertical lines, separated by distance 6 one from another; and
IL’g denotes the collection of dual vertical lines, which are at equal distance between two
neighboring vertical primal lines. We consider two independent (one-dimensional) Poisson
point processes with parameters A and y on ILs and IL’(; respectively. We denote by (D, B)
such a configuration, where D contains the points in IL; and B the points in IL}. The points
in D are called cuts. They cut vertical (primal) lines into disjoint segments. The points in
B are called bridges. They create horizontal connections between two neighboring vertical

segments. See Figure 1.6 for an example. We denote this probability measure by IPS)/\ 4 OF

IPQ,/\,‘u-
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Figure 1.6 — Left: Example of a (random) configuration on a part of the semi-discrete lattice.
Red crosses are points given by Poisson point processes. Right: Representation with cuts
and bridges of the configuration on the left-hand side. Red points on primal lines become
cuts and those on dual lines become bridges connecting the two neighboring primal vertical
lines.

Given a configuration of the quantum Bernoulli percolation (D, B), we can define the
notion of primal (or dual) connectivity with respect to it.

Two points in the primal domain are said to have a primal connection if there is a primal
path going from one to another by taking primal vertical segments and horizontal bridges
without crossing any cuts. The notion of having a dual connection is similar by taking the dual
graph, reversing primal and dual segments and the role of cuts and bridges. More precisely,
two points in the dual domain are said to have a dual connection if there is a path going from
one to another by taking dual lines and cuts without crossing any bridges.

In the following, except otherwise mentioned, the connectivity always refers to the pri-
mal domain. We call (primal) connected component of v € ILs the maximal subset composed
only of connected (primal) vertical lines and bridges. It may also be called cluster.

1.2.3 Quantum random-cluster model

To define the quantum random-cluster model on the semi-discrete lattice, we need to be care-
ful with the boundary conditions as in the case of the random-cluster model on infinite graphs
(Section 1.1.8). The idea behind is exactly the same: we start by defining the random-clus-
ter model on larger and larger finite domains with wired or free boundary conditions and
take the weak limit of this. The details are not given here and in the rest of this chapter,
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1. DEFINITION OF MODELS

since the main idea follows as in Section 1.1.8. We will only give a precise definition of the
random-cluster measure on finite domains.

Fix one more parameter g > 1, called cluster-weight, and boundary conditions & = 0, 1.
We define the random-cluster measure on a primal domain () § with cluster-weight parameter
q and boundary conditions &, denoted by (pé,Qb’ as follows. We write Pg ¢, for the measure
of the quantum Bernoulli percolation on ()5, which is the restriction on (25 of the measure
of quantum Bernoulli percolation on the semi-discrete lattice Pg , ,. Given a configuration

(D, B) on Q 5, we define d(pé Q, via the following relation of proportionality,
dp, (D, B) o g* (PPdPg ¢ (D, B),

where k¢ (D, B) denotes the number of clusters in the configuration (D, B) with respect to the
boundary conditions £. When the boundary conditions are wired (¢ = 1), one should count
all the clusters touching the boundary dQ s as one; and when the boundary conditions are
free (£ = 0), they are all considered as different clusters.

In other words, we write

: gk (DB)
dpg,q, (D, B) = ————dPgq,(D, B). (1.15)
7,25

In the above definition, we have
k¢(D,
zj’Qb - Jq D:B)dpy . (D, B)

— ,(AC)"
< qudePQ,Qa — an( n') e—/\C — e(q—l)/\C < oo,
n=0 :

where C is the one-dimensional Lebesgue measure of (5 N ILs, which is finite due to the
boundedness of () 5.

We mention that the quantum model also has the same properties as the classical one, in
particular, the FKG property and the domain Markov property. Hence, as a consequence, we
can define infinite-volume measures such as (pg and (pé on the whole semi-discrete lattice
by taking weak limits.

1.2.4 Limit of the discrete random-cluster model

From now on, when we talk about the semi-discrete lattice, we assume that 6 = 1, which is to
say that we consider Z x R as the standard semi-discrete lattice, since up to a scaling factor,
they are the same thing.

The semi-discrete lattice Z x IR can be viewed as the “graph limit” of Z x ¢Z when ¢
goes to 0. Moreover, it is also the limit of G® defined below, which is a better graph to study
despite its more complicated definition.

The medial graph of G is given by rhombi of size 1 with angles ¢ and 7t —¢, as shown on
the left-hand side of Figure 1.7. The graph is bipartite, we attribute primal and dual vertices
alternatively. We can choose an arbitrary primal vertex and set the origin of IR? at this vertex.
The primal graph thus obtained is shown on the right-hand side of Figure 1.7.

Observe that G contains two types of edges: those of length 2sin(5) and those of length
2cos(%). As we will take ¢ to 0, we call the first short edges and the latter long edges. Write p,
and p,_. for the percolation parameters associated with short and long edges respectively.
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1.2. Quantum random-cluster model

Figure 1.7 — Left: The medial lattice of G°. Right: The primal lattice with dual vertices.

We remind that they denote the probability that a short or a long edge is open. Assume there
exist constants A, sy > 0 such that asymptotically, p. and p,_. behave as follows when
e—0:

pe~1—-¢edy and p;_ .~ €puop.

Write (p(g) = @g: for the measure of Bernoulli percolation on G® with parameters given
above. Taking ¢ — 0, we obtain in the limit the quantum Bernoulli percolation on 2Z x IR,
where the cuts are described by Poisson points with parameter Ay on primal lines and the
bridges by Poisson points with parameter y( on dual lines.

Note that by a scaling of factor % the above model is the same as the quantum Bernoulli
percolation on Z x IR, where the cuts are Poisson points with parameter A on primal lines
and the bridges are Poisson points with parameter y on dual lines where

A=21y and p=2p,. (1.16)

To see that when ¢ goes to 0, we obtain the quantum model described above, we may
proceed as follows. Consider L > 0 and a collection of N = % consecutive short edges, each
of whom is closed with probability Age. Consider a sequence of i.i.d. Bernoulli random
variables (X;);<j<n With parameter Ae: X; = 1 if the i-th edge is closed and X; = 0 otherwise.
Set § = Zf\i 1 Xj, which counts the number of closed edges in this collection of edges. Then,
for any fixed k > 0 and ¢ — 0, we have that

PlS = k] = (Z,f Johoer( - 2qer
N* k -NA
~ F(/\of) e ot
_ LA (LAo)*

k!

where the quantity in the last line is the probability that a Poisson variable with parameter
LA takes the value k. As a consequence, when ¢ — 0, the N vertical short edges converge
to a vertical segment of length L, among which closed edges (at ¢ scale) give us cuts that can
be described by a Poisson point process with parameter 1y. And the same reasoning also
applies to the long edges.

For the quantum random-cluster model, we can proceed in a similar way by taking weak
limits of their discrete counterparts.

In Chapter 2, we will see that the graphs G¢ are isoradial, and we will study the random--
cluster model on such graphs in Chapter 3. In particular, Theorem 3.1 provides us with the
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1. DEFINITION OF MODELS

critical value of the model on such graphs, which are

yé’ yTC*S

= d p._ = _Im=e
Pe 1+, and Py 1+,

where vy, and y,,_. are given by (2.2) with f = 1, where we consider 6, = ¢ if e is a short
edge; 0, = m—c¢ if eis along edge. A more detailed statement will be given in Proposition 4.2.
Here, we just mention that the computation from Section 4.2 gives

2r
1f1<q<4, /\O:—, Ho = ;
Va(4—q) 4-¢
1

. 2
ifg=4 Ao=- fo=—
2

2r
’ ’/lo - .
Va(qg-4) q-4
From Theorem 4.1, we deduce the critical parameters for the quantum model, which are
given by (A, p) such that u/A = q. The special case of g = 2 is what we call the quantum
Ising model, which is supposed to have the same behavior as the classical Ising model. In

Chapter 6, we study the quantum Ising model and we prove the convergence of its interface
to a conformally invariant limit.

(1.17)

ifq>4, /\0:

1.2.5 Critical quantum model: loop representation

In this section, we explain how to obtain the loop representation of the quantum random-clus-
ter model on semi-discrete domains. A loop is a simple closed path living on the mid-edge
lattice IL%. For our convenience, we may orient it using the following operation: replace the
pieces of our domain according to the rules explained in Figure 1.8. Then, loops arise as
contours around primal or dual clusters.

| | replaced | | | | replaced | |
I [ I I [ | I
I I by I I I I by I I

3 replaced 3 | replaced L}/}

\ by \ \ by \
Figure 1.8 — Transformation to get the loop representation of a FK-configuration of the quan-
tum Bernoulli percolation.

We notice that if we work on a Dobrushin domain (€, a, b), then we get a collection of
loops surrounding either primal or dual connected components together with one interface
connecting a to b. This is illustrated in Figure 1.9.

Now, let us come to the quantitative side. We want to rewrite the quantum random-clus-
ter measure in terms of the number of loops. To do so, we couple the quantum random-cluster
model with its dual model and look at them together.

Let () be a primal domain and we write IPg , , for the quantum Bernoulli percolation on
(). We put boundary conditions £ = 0,1 on () and for g > 1, we write the associated quantum
random-cluster measure (pé’Q. On the dual graph Q*, we inverse the role of primal and dual
lines (by switching primal and dual lines and inversing cuts and bridges), and write IP5, A
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1.2. Quantum random-cluster model

S8

Figure 1.9 — The loop representation corresponding of a configuration on the Dobrushin
domain (Q°,a, b).

for the coupled measure of the quantum Bernoulli percolation. In consequence, we have, for
any finite sets D of primal vertical lines and B of dual vertical lines, that

dPg ,,1(D,B) = dPy, , (D", B"),

(ON 7
where D* = B and B* =

Given a subset of primal lines of Lebesgue measure a and a subset of dual lines of Lebesgue
measure b. Let D be a set of cuts and B a set of bridges of cardinality k and [ on these subsets.

Fix w = (D, B) a configuration. We can calculate the Radon-Nikodym derivative between
dP, ,(D,B) and dIP;, 1 (D, B),

B _ b 1 —
CUP/\’F(D,B) Aa /\') e ﬂb_(lll) e(,\”)(ub)(i)k :
AP, (D,B)  o-palial o1y 001 moo

Thus, by denoting D* = B, B* = D and w" = ( *,B*), and knowing that le#,/\(D,B) =
dIPf‘,”(D*, B*), we can write

dpp (D", BY) = dgf (D, B)
o ¢ @dP, (D, B)

. |DI-{B|
oc gk (@) (;) dP, (D, B)

ké(w) klf‘g(a}*)
qA p R
“(7) (5)  apy0nm

where we use Euler’s formula |D| - |B| + f¢(w) — k¢ (w) = cst. and f&(w) = k!¢ (w”). At
criticality, we have gA/u = 1, thus, the last line gives
s () e DD )

This shows that the model at criticality is self-dual.
We will apply the same technique as in Section 1.1.5 to get the loop representation for
the quantum random-cluster model. We have,

4y (@) = dpS ) (@")dgh & (") = V3 JdP, (D, B)AP, \(D,B)  (119)
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1. DEFINITION OF MODELS

where [(w) = k(w) + k(w") is the number of loops in w (or w*). We note that this quantity is
symmetric in primal and dual lattice. We should now estimate the square root of two Poisson
point processes. Let us denote it by dQ, ,. As before, consider a subset of primal axes and a
subset of dual axes of Lebesgue measure respectively a and b. Let D and B be the set of cuts
and the set of bridges on them. We need to estimate this square root for the event |D| = k
and |B| =1,

Qu (1Dl =k [Bl =) = \/(e?\ﬂ(/\a)ke—#bﬂ)(e—wﬂe/\bm

k! I k! I
k 1
_ e_%(,\ﬂ,)(ﬁb)(\//\ﬂa) (V/\.”b)
k! I

which is proportional to a Poisson point process of same intensity /Ay on primal and dual
axes, independent on everything.
In consequence, the critical model can be seen in two ways.

1. FK representation: we put independent Poisson point processes on primal and dual
axes, with parameters A on primal axes and y on dual axes. We weigh configurations by
qk(“’) where k(w) is the number of primal connected components in the configuration.
The critical model is obtained by setting y/A = q.

2. Loop representation: we put independent Poisson point processes on primal and dual
axes, with the same parameter, and all of them are independent of each other. The
weight of a configuration is proportional to \/c_jl(“’ ) where q is the parameter and /(w)
the number of loops in the configuration.

In Chapter 6, we will be particularly interested in the loop representation of the critical
quantum FK-Ising model, or the random-cluster model corresponding to the case of g = 2.
Our goal will be to get a result on conformal invariance of the critical model. The critical
parameters of this model are given by (A, ) such that the relation u/A = 2 [ , ]
is satisfied. However, to get an isotropic model, we need to consider parameters obtained
in (1.17) and the scaling relation 1.16, which give

1 1
A=— and =—_. 1.19
25 MEHTS (1.19)

Using (1.18), the loop representation of the critical quantum FK-Ising measure can be

rewritten as follows,

I 1(D,B)
dIP%y(D,B) «V2' dP,,(D,B), (1.20)
where I(D, B) denotes the number of loops in a given configuration (D, B) and P, , a Poisson
L
V2s°
Let Q be a simply connected domain of C? and a,b € dQ be two marked boundary
points. For 0 > 0, write (Q§,as,bs) for the o-approximated semi-discrete Dobrushin do-
main of (), a,b). We consider the loop representation of the FK-Ising model on the domain

(Q25, a5, bs) to get a collection of loops and an interface going from a, to b, denoted y5. We
will show that the limiting curve of s when 6 goes to 0 is conformally invariant.

point process on primal and dual vertical lines with parameter p = \/Apu =
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CHAPTER 2

Isoradial graphs and star-triangle
transformation

2.1 Isoradial graphs

In this section, we define the notion of isoradial graphs. They are infinite planar graphs with
an embedding to be precised later. This includes a huge class of regular graphs which we are
interested in: square lattice, triangular lattice, hexagonal lattice, etc. In Chapter 3, we will
study the random-cluster model on such graphs and show the universality of its universal
behavior at the critical point. Moreover, on this family of graphs, a theory of complex analysis

have been developped [ , ], which was used to study the Ising model on isoradial
graphs and to prove the conformal invariance of its interface [ , ]. A similar
result is conjectured to hold as well for the random-cluster model [ ].

2.1.1 Definition

An embedded planar graph G = (V, E) is said to be isoradial if it satisfies the three following
properties:

« All its faces are inscribed in circles of the same radius.
« The center of each circumcircle is in its own face.
« Allits edges are straight segments.

In particular, such a graph should be infinite since otherwise, we would have an infinite face
on the exterior which cannot be inscribed in a circle of finite radius. We note that in the first
condition, up to scaling, we may assume that the radius of the circumcircles are all equal to
1.

An isoradial graph G is said to be doubly-periodic if it is invariant under translations
which form a group action A = 11 Z® 1,Z with 7;/1, ¢ R. The complex numbers 7; and 7,
are called periods of G. Note that their choice is not unique.

In this thesis, most of the time we will consider doubly-periodic isoradial graphs but ac-
tually, some proofs can be adapted without too much difficulty to more general graphs, such
as those satisfying the bounded-angles property (Section 2.1.2) and the square-grid property
(Definition 2.1).

The canonical way to define the dual graph of an isoradial graph is to take the centers
of circumcircles as the set of dual vertices, and to embed all the dual edges to be straight
segments. It is not hard to see that the dual graph G* = (V*,[E*) embedded in this way is
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

also isoradial since the distance between a primal (resp. dual) vertex and the center of its
circumcircle, which is a dual (resp. primal) vertex, is a constant over the graph. We notice
that by taking twice the isoradial dual (G*)*, we obtain exactly G with the same isoradial
embedding.

An isoradial graph gives rise to a diamond graph or quad graph, denoted G° = (V°,IE®),
which is defined as follows. The vertex set V° consists of all the primal and dual vertices,
which means V°® = V U V*. The edge set E® consists of all the unordered pairs (v, c) where
v is a primal vertex and c is the center of the circumcircle of a face containing v. These edges
are also called mid-edges. We also denote by C° the set of rhombi centers, which are given
by intersection between primal and dual edges. We also have C° = (V°)*. By isoradiality,
all these edges are of the same length, which is the radius of the circumcircles mentionned
above. Moreoever, all the faces are rhombi, with two vertices in V and two others in V*.

We notice that the previous definition is symmetric in G and G*, which means that the
diamond graphs of G and G* are the same. In other words, we can switch the role of primal
and dual vertices to define G°. Conversely, starting from a rhombi tiling of the plane, we
may obtain two isoradial graphs. More precisely, a rhombi tiling is a bipartite graph, thus
admits two black-white colorings on its vertices, corresponding to two different isoradial
graphs, that are dual of each other. This shows that there is a 2-to-1 correspondance between
isoradial graphs and diamond graphs.

Figure 2.1 — The graph with black vertices and thick edges is (a finite part of) an isoradial
graph. Left: The isoradial graph with all the circumcircles in dashed gray. Right: Its dual
embedding and diamond graph in gray.

2.1.2 Bounded-angles property

Let G be an isoradial graph. Recall that G° is the diamond graph associated with G, whose
faces are rhombi. Each edge e of G corresponds to a face of G°, and the angle 8, associated to
e is one of the two angles of that face. We say that G satisfies the bounded-angles property with
parameter ¢ > 0 if all the angles 6, of edges of e € [E are contained in [¢, 7t — ¢]. Equivalently,
edges of G have parameter p, bounded away from 0 and 1 uniformly. The property also
implies that the graph distance on G° or G and the euclidean distance are quasi-isometric.

Write G(¢) for the set of double-periodic isoradial graphs satisfying the bounded-angles
property with parameter € > 0.
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2.1. Isoradial graphs

Figure 2.2 — The hexagonal lattice (in black) and the triangular lattice (in red) are dual one to
the other. Their rhombic lattice is drawn in gray.

2.1.3 Track systems

If we take the diamond graph representation of an isoradial graph, each edge is shared by
exactly two rhombi and each rhombus has exactly four neighboring rhombi. Therefore, we
can define train track as a double-infinite sequence of rhombi (r;);c7 if all the intersections
(r; N 1i41)icz are non-empty, distinct and parallel segments (Figure 2.3).

A train track as above may also be viewed as an arc in IR? which connects the midpoints
of the edges (r; N 7;;1);ez- These edges are called the transverse segments of the track, and
the angle they form with the horizontal line is called the transverse angle of the track.
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Figure 2.3 — The train track representation (in dotted red lines) of the isoradial graph in
Figure 6. Transverse edges of a track are drawn in blue.

Given an isoradial graph G, we write 7 (G) the set of its train tracks. We notice that

T(G) = T(G") since again, it is a notion associated to the diamond graph, but not to the
primal or dual graph.
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

One can easily check that the rhombi forming a track are distinct, thus a track does not
intersect itself. Furthermore, two distinct tracks can only have at most one intersection. A
converse theorem has been showned by Kenyon and Schlenker [ ]. Let Q be an infinite
quad-graph (every face is of degree four) on which we adapt the notion of train tracks from
above definition. Moreover, assume that (i) each track does not cross itself and (ii) any two
distinct two train tracks may cross each other only at most once. Then Q can be embedded
isoradially.

Each face of G° corresponds to an intersection of two train tracks. A hexagon in G°
(that is a star or triangle in G) corresponds to the intersection of three train tracks, as in
Figure 2.9. The effect of a star-triangle transformation is to locally permute the three train
tracks involved in the hexagon by “pushing” one track over the intersection of the other two.

Let e be a primal (resp. dual) edge, we write 0, its subtended angle with respect to one of
the two neighboring dual (resp. primal) vertices, as illustrated in Figure 2.4.

S

Figure 2.4 — In the figure, the primal edge e has subtended angle 0,.

Let G be an isoradial graph and denote by 7 (G) the set of its train tracks. We call a grid
of G two bi-infinite families of tracks (s,),cz and (f,,),cz of G with the following properties.

« The tracks within the same family do not intersect each other.

« All tracks of 7 (G)\{s,, : n € Z} intersect all those of (s,,),,cz-

o All tracks of 7 (G)\{t,, : n € Z} intersect all those of (t,,),,cz;

« The intersections of (s,),cz With t; appear in order along t; (according to some arbi-
trary orientation of () and the same holds for the intersections of (t,,),cz With sg.

The tracks (s,,),cz are called vertical and (t,,),,cz horizontal.

Definition 2.1. An isoradial graph G is said to have the square-grid property (SQP) if it has
a grid given by (s,),,cz and (¢, ),z in the above sense; and it is said to have the strict square-
grid property (SSQP) if, additionally, the two families (s,,),cz and (,),cz form a partition of
7(G).

The strict square-grid property of an isoradial graph G gives rise to a natural coordinate
system defined by its grid. Notice that a rhombus is exactly the intersection of two train
tracks, so we may write 7; ; for the rhombus at the intersection between s; and ¢;. We shall
call it the rhombus at position (i, j). The vertex at the bottom-left corner of r; ; (surrounded
by tracks s;_1, s;, tj_1 and t;) is written x; ;. This is illustrated in Figure 2.5.

2.2 Isoradial square lattices

An isoradial square lattice is encoded by two bi-infinite sequences of angles. Let & = (&) ez
and B = (B,,)nez be two sequences of angles in [0, 7t) such that

supla,:neZ} <inf{f,:neZ},
infla,, :neZ} >sup{f,:neZ}-mn. (2.1)
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2.3. Doubly-periodic isoradial graphs

Then define G,,g to be the isoradial embedding of the square lattice with horizontal train
tracks (s,,),ez with transverse angles (a,,),cz and vertical train tracks (t,),cz with trans-
verse angles (B,)ucz. As such, the isoradial graph G, g satisfies BAP(¢) for ¢ = inf{f, —
Ay Ay — P+ 10 2 myn € Z} > 0. Moreover, an isoradial square lattice satisfies the strict
square-grid property and vice versa.

Figure 2.5 — A piece of an isoradial embedding of a square lattice with the associated coor-
dinate system. The square lattice is drawn in red, the diamond graph in black and the tracks
in blue.

We will call the regular square lattice the embedding corresponding to sequences f,, = 5
and a,, =0 forall n € Z.

Note that “having the strict square-grid property” and “being an isoradial square lattice”
are two equivalent notions. Therefore, we will rather use the term “isoradial square lattice”
since it is more convenient to say.

Next, we will have a closer look at doubly-periodic isoradial graphs and the grid property.

2.3 Doubly-periodic isoradial graphs

Let G be a doubly-periodic isoradial graph with periods 7; and 7, (7;/7; ¢ R). We note that
G is in G(¢&) for some € > 0. Denote by K a fundamental domain of G. Given a,b € Z, write
7, p for the translation by the vector at; + bt,. Set K, , := 7, ,K, the fundamental domain K
translated by 7, ;,. Note that the sets (K, ), ez are disjoint and cover G.

2.3.1 Asymptotic direction

Lemma 2.2. For a track s of G, define
H = {(a,b) € Z*, 7,5 = 5,

which is a subgroup of rank 1 of Z*. A generator of Hy is called asymptotic direction s. More-
over, two distinct tracks s and t intersect each other if and only if H; N H; = {0}; or in other
words, the asymptotic dirctions of s and t are not parallel.

Proof. The Abelian group Z? acts transitively on {7, s | a,b € Z} and H; is the stabilizer of
s under this action. The track s can also be seen as a closed curve living on the torus, and H;
is exactly its homology class, denoted [s] € Z?.

Let s and t be two intersecting train tracks of G such that H; N H; = {0}. Write K for a
fundamental domain in which s and ¢ intersect each other. Let (a,b) € H; N\ H; and (a,b) #
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

(0,0). For any n € IN, the tracks 7,,;,5 = s and 74, ;,t = t also intersect each other in
Kan,pn # K. We just show that s and t have infinitely many intersections, which is not possible
for two distinct train tracks.

Let s and t two train tracks of G which do not intersect each other such that H.NH; = {0}.
Write H; = (a,, bs)Z and H; = (a;, b;)Z. Let K and K; be two fundamental domains in which
s and t go through respectively. By the definition of stabilizer, s should also go through
Ta.n,bnKs and t thourgh 7, ;. ,K; for all n € Z. Since the tracks are continuous curves in
IR?, they should intersect because (a,, b;) and (a,, b;) are linearly independent. O

This lemma gives the two following corollaries as consequences. They give a better de-
scription of intersections between train tracks of a doubly-periodic isoradial graph G.

Corollary 2.3. Ift and t’ are two tracks that intersect each other. Then for any other track s
different from t and t’, we have one of the following three possibilities in terms of intersection
of s with t and t’:

e s intersects only with t but not with t’;
* s intersects only with t’ but not with t;
e s intersects with both t and t’.

In other words, given three distinct tracks t, t’ and t” in G, we can either have 0, 2 or 3 inter-
sections between them.

Proof. Since t and t’ intersect each other, we know that H; N Hy, = {0}. Assume that s does
not intersect neither t nor ¢’, which means that H; N H; and H; N Hy are both subgroups of
rank 1 of H,. Hence, the quotient

Hy/(HsNnH;NHy)=H/(H; "H;) ®Hy/(H; N Hy)
is finite, which contradicts the fact that H; N Hy = {0}. O

Corollary 2.4. Ifs intersects t, then s also intersects T, ,t foralla,b € Z.

Proof. If 7,,t = t, the corollary is clear. Assume that they are different. By Corollary 2.3,
T,,pt should intersect at least either f or s. But since H, ,; = H;, Lemma 2.2 says that ¢ and
7, pt do not intersect each other. As a consequence, 7, ;t intersects s. O

2.3.2 Square-grid property
Here, we will show the following proposition.

Proposition 2.5. Let G be a doubly-periodic isoradial graph. Then G contains a grid given
by (s,)nez and (t,),cz which are bi-infinite periodic sequences. Moreover, if G is an isoradial
square lattice, then any grid contains all tracks of G.

Proof. Consider G a biperiodic isoradial graph with periods 7; and 7,. Take #; and 5, two
intersecting tracks of G and K a fundamental domain of G containing this intersection. We
will then construct two families of tracks by recurrence.

To start with, consider 7 = {fo} and 7’ = {3;). For any track s going through K (there is
only a finite number of them), when we look at its intersection (in G) with tracks in 7 and
those in 7/, we are in one of the following three possible cases by Lemma 2.3.

« If s intersects with some (all) tracks in Z but not with those in 7? add s to Z’.
« If s intersects with some (all) tracks in 7’ but not with those in 7, add s to 7 .
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2.4. Random-cluster model on isoradial graphs

« If s intersects with some (all) tracks in T and some others (all) in 7, keep s apart.

Finally, let

T = U Ta,bj: and 7' = U Ta’b'j:l.
a,beZ a,beZ
We claim that the families of tracks 7 and 7’ form a grid of G.

First, note that in the construction, we can replace “some” by “all” due to Corollary 2.3.
Then, by definition, it is easy to see that each translation K, , of K intersects at least one track
of 7 and 7" (it intersects 7, , fo and 7, ;59). Let us check that the tracks in 7 do not intersect
each other. If there are t{,t, € T intersecting each other, then by Corollary 2.4, we can find
two tracks 7; and 7, both in 7 intersecting each other by translation. This contradicts the
construction of 7. The same property holds for the tracks in 7.

Let us check that all the tracks of G not in 7 intersect all those of 7. Take t; a track
not in 7 and ¢, € 7. Consider ; and , two translations of ¢, and t, respectively such that
both go through K. Hence, by the construction, they should intersect each other, because
otherwise they would have been put both into 7. So #; and ¢, intersect each other as well
by Corollary 2.4. To show that all tracks of G not in 7 intersect all those of 7, the proof is
the same.

Finally, it is always possible to order tracks in 7 and those in 7’ according to intersections
with some referential tracks sy € 7’ and ¢y € 7. The periodicity of the tracks follows from
the periodicity of the graph G.

For the last part of the lemma, we note that in a square lattice, any three different (hor-
izontal or vertical) tracks have either 0 (3 of the same type) or 2 (2 of one type and 1 of the
other type) intersections between them. If there is a grid (s,,),,cz and (t,,),cz not containing
all the tracks of G. Take s which is not one of the s,, or t,,. Then, between sy, t; and s there
are three intersections, which is not possible. O

To conclude this part about the construction of a grid in a doubly-periodic isoradial graph
(Proposition 2.5), we note that Lemma 2.2 provides us with an alternative. Write (p;)1<;<¢ the
set of (distinct) asymptotic directions seen as unit complex numbers. There is only a finite
number of them due to the double periodicity of G. Denote by 7 (°)(G) the set of tracks
whose asymptotic direction is p;. Then it is easy to see that

14
T(G) = U T70)(G).
i=1
Pick up two distinct p; and p;, then the families 7)) and T®) form a grid of G.

2.4 Random-cluster model on isoradial graphs

2.4.1 Definition

Previously, we defined the random-cluster model on any finite graph and extended the def-
inition to infinite graphs with specific boundary conditions. Here we define the model on
(infinite) isoradial graphs with respect to what we call the isoradial parameters.
Fix the cluster weight g > 1 and an additional parameter g > 0. We define the family of
edge parameters p(f) = (pe(p))eck via the relation
ye(p)

pe(B) = W,
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

where y,(f) is defined according to the value of g4 and 6,, the subtended angle of the edge e
as shown earlier in Figure 2.4:

sin(r(mt - 6,))

()

ifl<g<4 v.8)=pBVq Sn(r0,) wherer_;cos
. n—0
itg=4 ye</3>=/3%;
4
sinh(r(r - 6,))

lfq > 4, ye ﬁ\/_su'lh—re)’ where r = ;COSh (£) (22)

The parameters p defined by these formulae are called isoradial probability parameters. The
associated infinite-volume random-cluster measure will be denoted by (Pé B0 where the
boundary conditions & can be either 0 (free) or 1 (wired), as given in the previous sections.

Proposition 2.6. We have the following duality relations for the random-cluster model:

(d)

& 4) 1-¢ _
(PG,/i,q = (PG*,I/ﬁ,q’ where &=0,1.

In particular, at p = 1, the random-cluster model is self-dual up to the boundary conditions, that

Y B () B 1 @ o
589G, = Pc1,q and Y619 = Por1,q

Proof. According to Proposition 1.1, it is enough to check that yg(/ﬂ)yn,g(%) = ¢. This is
immediate by (2.2). O

2.4.2 Loop representation

The loop representation was already mentioned in Section 1.1.5 for any finite graph. Here,
we give a more precise description for isoradial graphs.

Given a finite graph G = (V,E) and a random-cluster configuration w € {0,1}F on it,
we connect midpoints of edges in [E® by avoiding intersection with the edges given by w. In
other words, we connect midpoints to separate vertices in V and V* and thus create interface
between different connected components. Figure 2.6 illustrates how this is done locally for
each rhombus. In consequence, we obtain the loop representation of the model.

=2 s

sin(rf) sin(rg*)

Figure 2.6 — The local lines connecting midpoints of edges of [E® are drawn in red. On the
left, the primal edge is open and on the right, the dual one is open.
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2.4. Random-cluster model on isoradial graphs

We continue the calculation from (1.5). We have

lgw
@quw]w]_[( ) Vg

ecE
sin(r0”) \w(e) 15 (w)
x I_[( sin(r0) ) VA

oc]_[sm (r6*)*® sin(ro)@" (). \Ml“’(w)’

ecE

where 6% = 7t — 0, as indicated in Figure 2.6. This is the loop representation of the random--
cluster model on the isoradial graph G.
We note that when we are on the quare lattice, we have 6 = 0%, which means that

(Pé,l,q[w] is proportional to \/qlé(w),

2.4.3 Uniqueness of the measure for doubly-periodic isoradial graphs

Here, we will determine some conditions under which we can deduce the uniqueness of the
infinite-volume random-cluster measure. From what precedes, without any further infor-
mation, we could have more than one infinite-volume random-cluster measures. However,
using the same techniques as for the square lattice [ ], we can show that this measure
is actually unique, except for a set of parameters which is at most countable, for any dou-
bly-periodic isoradial graph.

Proposition 2.7. There exists a subset D, of (0,+0c0) at most countable such that if p & D,
then (p% Baq = qaé B Thus, the infinite-volume random-cluster measure is unique for values of
B outside of a countable set.

Before showing the proposition, we need to introduce the notion of the free energy.

Proposition 2.5 provides us with two families of train tracks (s,),cz and (f,),cz which
form a grid. Due to the periodicity of G, there exist M,N € IN such that the region K =
[0, M)x[0, N) is a fundamental domain of G. Moreover, the number of edges on its boundary
can be bounded |dgK| < ¢(M + N) for some ¢ > 0.

For k € N, let G = [-25M, 2kM) x [-2KN, 2KN) and write Vj and Ej its vertex set and
edge set. Note that [0Gy| < 2K*1¢(M + N) and that Gy, contains four copies of Gy with
edges connecting them, thus |Ej, | = 4|Ex|.

For k€N, £ =0,1 and > 0, define the following quantities

ZiB)=Zp= ) | [2eprdt (23)

we{0,1}Ek e€Ey

fEB) = @lnzéw (2.4)

Lemma 2.8. For all § > 0, the limits fko(ﬁ) and fkl(ﬁ) exist and coincide when k — oco. Write
f(B)=lim fko(ﬁ) = limfkl([i). Moreoever, the function  +— f(p) is convex.

Proof. Cut Gy, into four disjoint copies of Gy, denoted by G}, Gk, Gk and G and let F

be the set of edges connecting boundaries of different GZ We can bound Z from below
by taking into account only the configurations with all the edges in F closed Given such
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

a configuration w € {0, 1}Fx1, write k% (w) for the number of clusters in G]i(, then we have

ko (w) = kY () + k%% (w) + k%3 (w) + k%*(w). This gives,

Z0..(B) = Z2(B)*.

Hence, fko( B) is an increasing function in k, its limit exists in (—oco, co]. Denote it by f ().
Notice that we have the relation k(@) > k!(w) > k%(w) — |dGy|. Since |dGi|/|Vi| — 0,
we deduce that limfko(ﬁ) = limfkl(ﬁ) = f(p).

For £ = 0,1, we are going to show that g — ka( p) is a convex function for all k € IN.
Then, the statement of the lemma follows because the pointwise limit of convex functions

is still convex. Due to the continuity of the functions § fkg(ﬁ) (polynomial in f), it is
sufficient to show that their derivatives are increasing in 8.

We start by writing Z ,‘E (B) differently,

ZiB) =) exp[ ) wleym(p)g @,

wel0,1}Fk e€Ey
where 77,(f) = Iny,(p). Then, we compute the derivative of fké( B) with respect to f3,

B _ 1 1 dZ(p)
dp IEklz‘f(ﬁ) dp

|Ek| Z<E Z Zw eXP[Zw(e)ne(ﬁ)]qké(w)

we{Ol}Ek e€Ey ecE,
1Eql Tk ﬁ[Z )
ﬁ |Ek| ecE;
/5 T Z(Pkﬁ e is open] > 0, (2.5)
ecE;
where we use the fact that dnd"—'(ﬁ) = % in the second line. Moreover, since  +— p,(p) is

increasing for all e € E, from Proposition 1.7, the last term is also increasing in . The proof
is complete. O

For £ = 0,1, define

hé (B |E |Z(P/3 e is open].

eckE,

Note that here we use the infinite-volume measure (PE to define h°(f). By translational
invariance of the measure by periods of G, we also have, for all k € IN,

hé(B) = i Z.(Pﬁ [e is open].

ecE

The following proposition gives a criterion in terms of h¢ for the uniqueness of the in-
finite-volume measure.

Lemma 2.9. Ifh'(B) = h°(B), then goflj = gog and the infinite-volume random-cluster measure
is unique.
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2.5. Known results

Proof. Knowing that for all k > 0, the measure (p,l 8 dominates (PI? 8 stochastically. There
exists a coupling P, with marginals wg ~ (p,?ﬁ, Wy ~ (P11,3 and Py(wy < wy) = 1. Take
the weak limits and we have a coupling [P with marginals wgy ~ (p/g and w; ~ q0/13 such that
IP((U() < 0)1) =1.

Then, for an increasing event A depending on a finite set of edges, say F, and for k large
enough such that F C Ej, we have

- oot 11 oo =1]

ecF

< |F|IEol[h" (B) - H°(B)] = 0.

Thus, we obtain the equality (pé (A)= (pg(A) for all increasing events A depending on finitely
many edges. From the construction of these two infinite-volume measures as mentioned in
Section 1.1.8, we conclude that (pé and qog are equal. O

Now we are ready to prove Proposition 2.7.

Proof of Proposition 2.7. A standard argument says that a convex function is differentiable at
all but countably many points. Moreover, from the limit given by Lemma 2.8, at § > 0 where

f is differentiable, its derivative is given by the limit of ( fké)’ (B), £ =0or 1. From (2.5),

(fk |E | Z(pkﬁ e is open|
ecEy
[e is open
e is open hO
ﬁlEkleeZE'(Pﬁ |Y ] ﬁ)

ﬁ T Z,(pkﬁ e is open] = fk

ecEy

This shows that at points of differentiability of f, since lim( fk1 )'(B) = lim( fko)’( B), we should
also have h'(B) = h°(B), which implies uniqueness of the infinite-volume measure at f3 ac-
cording to Lemma 2.9. Moreover, the convexity of f implies that it is not differentiable at
most on a countable set. O

2.5 Known results

It is shown in [ ] that the percolation on isoradial graphs is critical for parameters de-
fined in (2.2) at f = 1. The main idea is based on the star-triangle transformations which are
going to be introduced in the next section. In Section 3, we generalize this method to the
random-cluster model with cluster-weight q > 1 to show the criticality is also at § = 1.
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

When it comes to critical behaviors, the interface of the Ising model on isoradial Do-
brushin domains converges to a conformally invariant limit as mentioned before for the case
of Z?. This result is given in [ , ] and the authors use the discrete complex
analysis developped in [ , ]

2.6 Star-triangle transformation

In this section, we introduce the main tool of the first part of the thesis: the star-triangle trans-
formation, also known as the Yang-Baxter relation. This transformation was first discovered
by Kennelly in 1899 in the context of electrical networks [ ]. Then, it was discovered
to be a key relation in different models of statistical mechanics [ , ] indicative of
the integrability of the system.

2.6.1 Abstract star-triangle transformation

For a moment, we consider graphs as combinatorial objects without any embedding. Con-
sider the triangle graph A = (V, E) and the star graph . = (V’, E’) shown in Figure 2.7; the
boundary vertices of both graphs are {A, B, C}. Write Q = {0,1}f and Q" = {0, 1)E’ for the
two spaces of percolation configurations associated to these two graphs. Additionally, con-
sider two triplets of parameters, p = (p,, pp, pc) € (0,1)° for the triangle and p” = (p,, p}, p.) €

(0,1)? for the star, associated with the edges of the graph as indicated in Figure 2.7. For

<
Ap.q
sure on A (and L, respectively) with cluster-weight g and parameters p (and p’, respectively).

For practical reasons write

boundary conditions & on {A, B, C}, denote by ¢ (and (pi p’ q) the random-cluster mea-

Y = Pi and y.’ = pl’
Y l-p Yol-p;
A A
P
De Dy / o
Py P
B Da C B C

Figure 2.7 — Triangle and star graphs with parameters indicated on edges.

The two measures are related via the following relation.

Proposition 2.10 (Star-triangle transformation). Fix a cluster weight g > 1 and suppose the
following conditions hold:

YaVbVe + Valb + Vo¥e + VeVa = 4, (2.6)
Vv =4, Viela,b,cl. (2.7)

Then, for any boundary conditions &, the connections between the points A, B, C inside the
graphs A and \ have same law under (Pi,p,q and (pi e respectively.

Remark 2.11. In light of (2.7), the relation (2.6) is equivalent to
YaVpye—aa+ v, +v0) = 4% (2:8)
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2.6. Star-triangle transformation

The proof of the proposition is a straightforward computation of the probabilities of the
different possible connections between A, B and C in the two graphs.

Proof. The probabilities of the different possible connections between A, B and C in A and
A with different boundary conditions are summarized in the following tables. For ease of
notation, the probabilities are given up to a multiplicative constant; the multiplicative con-
stant is the inverse of the sum of all the terms in each column. Different tables correspond
to different boundary conditions; each line to one connection event. We exclude symmetries
of boundary conditions. It is straightforward to check that the corresponding entries in the
two columns of each table are proportional, with ratio (right quantity divided by the left one)

7°/vaVpY. each time. -

{{A, B}, C} In A In A

all disconnected q a(q+y,+ v, +90)
A< BeC Veq y;yéq
BoCw A Vs VYo
CoAwB Vb VeYa

Ao BoC | Yahh + VYe + YeVa + YaVbYe VaVpYe
(A,B,C) In A In

all disconnected 1 q+y,+ Vz,, + 9,
AoBwC Ve VoY),
BoCw A Va Ve
CoAwB v VeYa

Ao BoC | Yahy + VYe + YeVa + YaVbYe VaVpYe
{{A}, {B},{C}} In A In A

all disconnected c]2 6]2(?; + 1/;; +9.+q)
Ao Bw C Veq V¥
BoCw A vaq V,9eq
CoA»B Vuq V¥l

Ao B C | 9,9+ WpVe + Vela + VabbVe Ya¥p¥e

Table 2.1 — Probabilities of different connection events with different boundary conditions.

In light of Proposition 2.10, the measures (Pi,p,q and goi »',q 102 be coupled in a way that
preserves connections. For the sake of future applications, we do this via two random maps
T and S from {0,1}* to {0,1}*, and conversely. These random mappings are described in
Figure 2.8; when the initial configuration is such that the result is random, the choice of the
resulting configuration is done independently of any other randomness.

Proposition 2.12 (Star-triangle coupling). Fix q > 1, boundary conditions & on {A, B, C} and
triplets p € (0,1)% and p’ € (0,1)3 satisfying (2.6) and (2.7). Let w and @’ be configurations
chosen according to (Pi,p,q and qof o respectively. Then,

1. S(w) has the same law as w’,

2. T(w’) has the same law as w,

35



2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

/'\ S | l | |

L\ RN PN RN NN
q Ya Yo Ye
P P P P

A\ S - L . :

L > and similarly for all single edges

VANIANIVARYAN A

T .
N -
T
) N > / + and similarly for all pairs of edges
T

A A\ /\ A A\

YaYvYc YvYc YcYa YalYb

P P P P

Figure 2.8 — The random maps T and S. Open edges are represented by thick segments,
closed edges by dashed ones. In the first and last lines, the outcome is random: it is chosen
among four possibilities with probabilities indicated below. The normalizing constants are

P'=q+y,+9, + 9. = V,9,9/q and P = 9,09 + VeV + Yy Ve + VeVa = 4-

, S(w
3. forx,p € {A,B,C}, x &5y ifandonlyifxﬁ—(aky,

L0 . . A, T(a)’)
4. forx,y € {A,B,C}, x «—— v ifand only if x —— y.
Proof. The points 3 and 4 are trivial by Figure 2.8. Points 1 and 2 follow by direct computation

from the construction of S and T, respectively, with the crucial remark that the randomness
in S and T is independent of that of w and w’, respectively. O

2.6.2 Star-triangle transformation on isoradial graph

Next, we study the star-triangle transformation for isoradial graphs. We will see that when
star-triangle transformations are applied to isoradial graphs with the random-cluster mea-
sure given by isoradiality when § = 1, what we get is exactly the random-cluster measure
on the resulting graph.

Proposition 2.13. Fixq > 1 and = 1. Then, the random-cluster model is preserved under
star-triangle transformations in the following sense.

e For any triangle ABC contained in an isoradial graph, the parameters y,p, ypc and Yca
associated by (2.2) with the edges AB, BC and CA, respectively, satisfy (2.6). Moreover,
there exists a unique choice of point O such that, if the triangle ABC is replaced by the
star ABCQO, the resulting graph is isoradial and the parameters associated with the edges
CO, AO, BO by (2.2) are related to yap, ypc and yc 4 as in (2.7).

e For any star ABCO contained in an isoradial graph, the parameters yoc, voa and yop
associated by (2.2) with the edges CO, AO and BO, respectively, satisfy (2.6). Moreover,
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2.6. Star-triangle transformation

if the star ABCO is replaced by the triangle ABC, the resulting graph is isoradial and the
parameters associated with the edges AB, BC, CA by (2.2) are related to yoc, yoa and

Yo as in (2.7).

Proof. We only give the proof of the first point; the second may be obtained by considering
the dual graph. Let ABC be a triangle contained in an isoradial graph G. Write a, b, ¢ for the
angles subtended to the edges BC, AC, AB, respectively. Then, a+ b+ ¢ = 27t. A straightfor-
ward trigonometric computation shows that then v,v,v. + v,vp + vy 9 + Vv, —q = 0.
Permute the three rhombi of G° corresponding to the edges AB, BC, CA as described in
Figure 2.9 and let O be their common point after permutation. Let G be the graph obtained
from G by adding the vertex O and connecting it to A, B and C and removing the edges AB,
BC, CA. Since G has a diamond graph (as depicted in Figure 2.9), it is isoradial. Moreover,
the angles subtended by the edges OA, OB and OC are 7w —a, © — b and 7t — c, respectively.
It follows from (2.2) that the parameters of the edges OA, OB and OC are related to those of
the edges AB, BC and CA by (2.7). O

Figure 2.9 — A local triangle subgraph with corresponding subtended angles a, b and c. Note
that a + b + ¢ = 2m. The order of crossing of the three tracks involved is changed.

Triangles and stars of isoradial graphs correspond to hexagons formed of three rhombi
in the diamond graph. Thus, when three such rhombi are encountered in a diamond graph,
they may be permuted as in Figure 2.9 using a star-triangle transformation. We will call the
three rhombi the support of the star-triangle transformation.

Let w be a configuration on some isoradial graph G and o a star-triangle transformation
that may be applied to G. When applying o to G, the coupling of Proposition 2.12 yields a
configuration that we will denote by o (w).

Consider an open path y in w. Then, define o(y) the image of y under o to be the open
path of o(w) described as follows.

« If an endpoint of y is adjacent to the support of o, then we set o(y) to be y plus the
additional possibly open edge if the latter has an endpoint on y, which is given by the
first line of Figure 2.8.

« If y does not cross (and is not adjacent to) the support of o, we set o(y) = .

+ Otherwise, ) intersects the support of o in one of the ways depicted in the first two
lines of Figure 2.10. Then, we set o(y) to be identical to y outside the support of ¢.
And in the support of star-triangle transformation, since o preserves connections, the
part of y inside may be replaced by an open path as in the same figure. Notice the
special case when y ends in the centre of a star and the corresponding edge is lost
when applying o (third line of Figure 2.10).
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

c B g, c

A A A
b (o] ol [o) s 0o
o or e transforms
. to .
B o C B o C B J C
A A A
£ o P o] P o]
transforms e or e
. to .
B J C B o C B o C
A
]
O
/ transforms .
to .
(0]

Figure 2.10 — The effect of a star-triangle transformation on an open path. In the second line,
the second outcome is chosen only if the edge AB is closed. The fact that the result is always
an open path is guaranteed by the coupling that preserves connections. In the last case, the
open path may loose one edge.

2.7 Observable on isoradial graphs

2.7.1 Discrete complex analysis

A function F : C° — C defined on the rhombi centers of the rhombic lattice G® = (V°,IE?)
is said to be s-holomorphic if for each pair of neighboring centers z; and z,, we have the
following projection relation,

Proj[F(z1);{(e)] = Proj[F(z,);¢(e)] (2.9)

where e = [wb] = [z12;]" € E°, b and w the closest primal and dual vertices to both z; and
zp and {(e) = [i(w — b)]_%. See Figure 2.11 for notations.

Figure 2.11 — Notations used to define s-holomorphicity in (2.9).

In a rhombus, write by, wy, b, and w, its four vertices indexed in counterclockwise order,
where b; and b, are primal, w; and w, are dual. Given a s-holomorphic function F defined
on C°, define a function G on the edges of the rhombic lattice E° by

G(e) = Proj[F(z); v(e)], (2.10)

where e = [wb] is a mid-edge and z the center of one of the two lozenges sharing e as commun
edge. The function G is well-defined due to the s-holomorphicity relation (2.9)
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2.7. Observable on isoradial graphs

Conversely, a function G defined on mid-edges satisfying the two following properties
also gives rise to a s-holomorphic function on the rhombic lattice:

1. G(e)/ v(e) for all mid-edges e = [wb].
2. For any rhombus given by b, wy, by and w,, we have G([bjw1]) + G([bow,]) =
G([w1bs]) + G([wab1]).

We simply set F(z) = G([byw;]) + G([bow,]) for all z € C°, surrounded by vertices by, wy,
b, and w,. We also call such a function s-holomorphic (on mid-edges).

2.7.2 Observable on Dobrushin domains

An isoradial Dobrushin domain is the data (QQ°,a°, b®) where Q° C G° is a simply-connected
domain of G° containing

« inner rhombi z € IntQ°;
« boundary half-rhombi C € dQ°;
» two marked boundary edges [a;,a; ], [by, b, ] € IE° with centers a° and b°,

such that the arc (with counterclockwise orientation) d = [b;a;] contains only vertices in
V and the arc d* = [a;,b;,] contains only vertices in V*. See Figure 2.12 for an example. A
configuration of the random-cluster model on QQ° is an element w € {0, 1 }5 (IntQ%) \which is
equivalent to choosing the primal or the dual connection in each of the rhombi of Int Q°.
The Dobrushin boundary conditions on (QQ° is the mixed boundary condition with wired on
d and free boundary condition on d*. In other words, we connect primal vertices on the arc d

and dual vertices on the arc d*. For g > 1 and B > 0, we write qogibﬁ g for the random-cluster

measure on (Q° with the Dobrushin boundary condition.

The loop representation of the random-cluster model on isoradial graphs was described
in Section 2.4.2. In the case or regular boundary condition such as wired or free boundary
condition, we only get loops separating connected components; whereas in the case of the
Dobrushin boundary condition, we get not only loops but also an extra interface going from
a to b. It separates the primal connected component connected to d and the dual connected
component connected to d*. We denote this interface by y. See Figure 2.12 for an example.

For 1 < g < 4, we define the parafermionic observable as follows. Given a mid-edge
e = [bw], with b primal and w dual, the parafermionic observable at e is defined by

_ | 2 G
F(e):=Fqepg4le) = P pq [exp(—laW(ao,e)) Ileey], where 0 = garcsm(T). (2.11)

In the previous definition, W(a°, e) denotes the winding of the interface y going from a° to
e. Note that for different configurations, this value differs by a multiple of 27.
2.7.3 Behavior under star-triangle transformations in the Ising model

When star-triangle transformations are performed locally, the observable defined on mid-edges
is only modified locally since the random-cluster measure is preserved (Proposition 2.13). In
particular, when g = 2, we are in the case of the FK-Ising model and the parafermionic ob-
servable given in (2.11) can be rewritten as

F(e):=Fqop4le) = Parep.q [exp (—%W(ao, e))ﬂeey], (2.12)

which is called fermionic observable because o evaluates to % The fermionic observable is
s-holomorphic [ ] and actually, this can be translated into a local linear relation between
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

Figure 2.12 - A configuration on a Dobrushin domain. Solid lines represent primal open
edges and dashed lines represent dual open edges. Loops separating different clusters are
drawn in red and the interface separating the primal cluster connected to d and the dual
cluster connected to d* is drawn in orange.

the observable before and after a local star-triangle transformation, independently of the
boundary condition.

To be more precise, let us consider the notations as in Figure 2.13. On the left, we have
the star graph % and on the right, the triangle graph A. Since the star-triangle transformation
preserves the random-cluster measure outside of this hexagon, the observable takes the same
values on the boundary of both % and A.

by fi w3 by fi w3

fe w1 o fe
b3 b3
f3
by fa wo by

Figure 2.13 - A local star-triangle transformation with notations that we use in Proposi-
tions 2.14.

Proposition 2.14. Write G = (g1,9»,83)7 and H = (hy,hy,h3)T two column matrices con-
sisting of the values of the observable at the triangle mid-edges and the star mid-edges (cf. Fig-
ure 2.13). There exist two 3 X 3 matrices P and Q such that

H=PG and G=QH.
Moreover, we have P = Q which are given by the following formula

1 SaCbCc  CaShVe CaScVp
P=Q= o CpSaVe SpCcCa  CpScVy (2.13)
asbe CcSaVh  CeSbVa  ScCaCh
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2.7. Observable on isoradial graphs

where cy = cos(%) and sy = cos(%)forﬂ €f{a,b,c}.

Proof. We apply Lemma 2.15. Write F = (fi, fo, f3, fa, f5, f5) " » then in the star graph , we
can write the vector F in terms of G; in the triangle graph A, we can write F in terms of H.
These relations are given by the explicit relation F = DMG = D’M’H, where

1 -1 1 1 -1
)

. . -1 - -1 - 1 -1 1 1 -1
D =i-Diag(s,",s; ,5, ,S, »5¢ »5¢ ),

) . . -1 — — —
D’ =i-Diag(s,",s;" /5. 15, 15, »5,

0 v, -c¢ -v, 0 cp
0 c;, Vg v, —-c¢ O
M| 0 v , M| € Ve 0
-v, 0 cp 0 vV, —C,
ve —<¢ O 0 C, —V,
cc -v. O -, 0 v
Also let
1 0 0 ¢ vy v, —c.
N = 5 v, —¢; O 0 ¢ -V,

c; Vg vy — 0 0

We note that N - (=D?)- M = I, thus we have G = QH where Q = -NDD’M’. A computa-
tion shows that Q is of the form (2.13). To conclude, we use the fact that Q is invertible and
is an involution. O

Lemma 2.15. Let f be a s-holomorphic function defined on mid-edges. Given a rhombus whose
vertices are denoted by v, v,, v3 and v4 (two are primal and two others are dual) in the coun-
terclockwise order with angle o between v1v, and v1vy. Let f; = f([vi_yvi]) fori =1,2,3,4
with vy = v4. Then, for the both possible ways of choosing primal and dual vertices, we can
write f3 and fy in terms of f; and f,,

fi=af=cafi) and fi= =(cafy=vafi)

where ¢, = c0s(5), 5, =sin(5) and v, = exp(i§) = ¢, +1s,.

Figure 2.14 — A rhombus

Proof. We just need to show one of the possible way of choosing primal and dual vertices. Say,
vy and vz are primal and v, and v, are dual as shown in Figure 2.14. Let f = fi+ f3 = o+ f4
which is the corresponding value of the function f at the center of the rhombus. Write
6 = arg(i(v, —v1)). Then, we have

fi= PI"O][f ([ v1v4]] f+fe_1 6+a
f2 —Pr0][f {([v1v,]) ] Z(f + fei9),
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2. ISORADIAL GRAPHS AND STAR-TRIANGLE TRANSFORMATION

This gives a formula of f in terms of f; and f,,

f = Si(vafé - Vafl ).

Then, we use the fact that f; = f — f; and f;, = f — f, to conclude.
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CHAPTER 3

Universality of the random-cluster
model

3.1 Results

The square lattice embedded so that each face is a square of side-length V2 is an isoradial
graph. We will denote it abusively by Z? and call it the regular square lattice. The edge-weight

associated to each edge of Z? by (2.2) is 11/?/51'

parameter for the random-cluster model on the square lattice. Moreover, the phase transition

This was shown in [ ] to be the critical

of the model was shown to be continuous when g € [1,4] [ ] and discontinuous when
qg>4] ]. The following two theorems generalise these results to periodic isoradial
graphs.

Theorem 3.1. Fix a doubly-periodic isoradial graph G and 1 < g < 4. Then,
. (Pc};,l,q[o < 00| =0 and (P%,Lq = (Pc}s,l,q;
e there exist a,b > 0 such that foralln > 1,

n < (p(%rl’q[o < aBn] <nb
e for any p > 0, there exists ¢ = c¢(p) > 0 such that for alln > 1,

(PJOQ,Lq[Ch(Pn; n)] >,

where R = [—(p+ 1)n,(p+ 1)n] x[-2n, 2n] and Cy(pn, n) is the event that there exists a
path in w N [—pn, pn] x [-n,n] from {—pn} x [-n, n] to {pn} x [-n,n].

The last property is called the strong RSW property (or simply RSW property) and may be
extended as follows: for any boundary conditions &,

¢ < (P]E,],q[ch(pn’ n)] < 1 —-C (31)

for any n > 1 and some constant ¢ > 0 depending only on p. In words, crossing probabilities
remain bounded away from 0 and 1 uniformly in boundary conditions and in the size of the
box (provided the aspect ratio is kept constant). For this reason, in some works (e.g. [ )
the denomination box crossing property is used.

The strong RSW property was known for Bernoulli percolation on the regular square
lattice from the works of Russo and Seymour and Welsh [ , ], hence the name. The
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3. UNIVERSALITY OF THE RANDOM-CLUSTER MODEL

term strong refers to the uniformity in boundary conditions; weaker versions were developed
in [ ] for the square lattice. Hereafter, we say the model has the strong RSW property
if (3.1) is satisfied.

The strong RSW property is indicative of a continuous phase transition and has numerous
applications in describing the critical phase. In particular, it implies the first two points of
Theorem 3.1. It is also instrumental in the proofs of mixing properties and the existence of
certain critical exponents and subsequential scaling limits of interfaces. We refer to [ ]
for details.

Theorem 3.2. Fix a doubly-periodic isoradial graph G and q > 4. Then,
. (pé’l,q[() < 00]>0;

e there exists ¢ > 0 such that foralln > 1, (p(% | q[O < dB,]| < exp(—cn).

Note that the above result is also of interest for regular graphs such as the triangular

and hexagonal lattices. Indeed, the transfer matrix techniques developed in [ ] are
specific to the square lattice and do not easily extend to the triangular and hexagonal lattices.
The strategy of the proof for Theorems 3.1 and 3.2 is the same as in [ ]. There,

Theorem 3.1 was proved for g = 1 (Bernoulli percolation). The authors explained how to
transfer the RSW property from the regular square lattice model to more general isoradial
graphs by modifying the lattice step by step. The main tool used for the transfer is the
star-triangle transformation.

In this article, we will follow the same strategy, with two additional difficulties:

+ The model has long-range dependencies, and one must proceed with care when han-
dling boundary conditions.

« For q < 4, the RSW property is indeed satisfied for the regular square lattice (this is the
result of [ ]), and may be transferred to other isoradial graphs. This is not the
case for g > 4, where a different property needs to be transported, and some tedious
new difficulties arise.

The results above may be extended to isoradial graphs which are not periodic but satisfy
the so-called bounded angles property and an additional technical assumption termed the
square-grid property in [ ]. We will not discuss this generalisation here and simply stick
to the case of doubly-periodic graphs. Interested readers may consult [ ] for the exact
conditions required for G; the proofs below adapt readily.

A direct corollary of the previous two theorems is that isoradial random-cluster models
are critical for g = 1. This was already proved for g >4 in [ ] using different tools.

Corollary 3.3. Fix G a doubly-periodic isoradial graph and q > 1. Then, for any  # 1, one
has qoé'ﬁ'q = ‘Paos,/s,q and
e when 3 <1, there exists cp> 0 such that for any x,y € V,

(Pé;,/s,q[x o y] <exp(—cgllx - ll);

. whenﬁ>l,(p(%ﬁq[xeoo]>0foranyxev.

For 1 < q < 4, arm exponents at the critical point § = 1 are believed to exist and to
be universal (that is they depend on g and the dimension, but not on the structure of the
underlying graph). Below we define the arm events and effectively state the universality of
the exponents, but do not claim their existence.
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3.2. Switching between isoradial graphs

Fix k € {1} U 2IN. For N > n, define the k-arm event Ar(n, N) to be the event that there
exists k disjoint paths Pj,..., Py in counterclockwise order, contained in [-N, N ]2 \ (—n, n)2,
connecting d[—n, n]? to d[-N, N|?, with P}, P5,... contained in w and P,, Py, ... contained
in *. Note that this event could be void if n is too small compared to k; we will always
assume 7 is large enough to avoid such degenerate situations.

For continuous phase transitions (that is for g € [1,4]) it is expected that,

: n \exto(l)
(PR,Lq[Ak(n:N)] :(ﬁ) ’
for some a > 0 called the k-arm exponent. The RSW theory provides such polynomial upper
and lower bounds, but the exponents do not match.

The one-arm exponent of the model describes the probability for the cluster of a given
point to have large radius under the critical measure; the four-arm exponent is related to the

probability for an edge to be pivotal for connection events.

Theorem 3.4 (Universality of arm exponents). Fix G a doubly-periodic isoradial graph and
1 < g < 4. Then, for any k € {1} U 2IN, there exists a constant ¢ > 0 such that, for all N > n
large enough,

C(P%Z’l’q [Ak(n’N)] < (P(%,],q[Ak(n'N)] < C_l (P%Z’],q[Ak(n'N)]'

Section 2.6 contains background on the star-triangle transformation and how it acts on
isoradial graphs. It also sets up the strategy for gradually transforming the regular square
lattice into general isoradial graphs. This is done in two stages: first the regular square lattice
is transformed into general isoradial square lattices, then into bi-periodic isoradial graphs.
This two-stage process is repeated in each of the following two sections.

The proofs of Theorems 3.1 and 3.4 are contained in Section 3.3, while that of Theorem 3.2
in Section 3.4. The reason for this partition is that the tools in the case 1 < g <4 and g > 4
are fairly different. Chapter 4 contains the adaptation to the quantum case (Theorem 4.1).

Several standard computations involving the random-cluster model and the RSW tech-
nology are necessary. Details are given in appendixes.

3.2 Switching between isoradial graphs

As explained in the introduction, the strategy of the proof is to transform the regularly
embedded square lattice into arbitrary doubly-periodic isoradial graphs using star-triangle
transformations. This will enable us to transfer estimates on connection probabilities from
the former to the latter. Below, we explain the several steps of the transformation.

3.2.1 From regular square lattice to isoradial square lattice

In this section we recall the definition of isoradial embeddings of the square lattice from
Section 2.2. As described in [ ], a procedure based on track exchanges transforms one
isoradial embedding of the square lattice into a different one. In addition to [ ], the effect
of boundary conditions needs to be taken into account; a construction called convexification
is therefore required.

Isoradial embeddings of the square lattice may be encoded by two doubly-infinite se-
quences of angles. Let @ = (a,),cz and B = (B,)ncz be two sequences of angles in [0, )
such that Equation 2.1 is satisfied. Then, define G, g to be the isoradial embedding of the
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square lattice with vertical train tracks (s,),,cz With transverse angles (&,,),cz and horizon-
tal train tracks (,),cz with transverse angles (f,),cz. Condition (2.1) ensures that G4 g
satisfies the bounded-angles property for ¢ = inf{f, —a,, a, -, + ©:m,ne Z} > 0.

In the following, we mainly consider doubly-periodic isoradial graphs, hence periodic
sequences (&) ez and (B,;),cz- The bounded-angles property is then automatically ensured
if it is satisfied for a period of (a,,) and (f,,).

The same notation may be used to denote “rectangular” finite subgraphs of isoradial
square lattices. Indeed, for finite sequences & = (a,,)p_<u<m, and B = (B,)N_<n<n, > define
Gg,p to be a (finite) isoradial square lattice with M, —M_+1 vertical tracks and N, —-N_+1
horizontal tracks. We will think of this graph as part of an infinite isoradial graph, thus we
call the right boundary of G, g the vertices to the right of s);,, the left boundary those to the
left of sp;_, the top boundary the vertices above fy, and the bottom boundary those below
tn_. The term rectangular refers to the diamond graph rather than to G, g; the boundary
denominations are also used for GZ’ g

The regular square lattice is the embedding corresponding to sequences 8, = 5 and a,, =
OforallneZ.

Track exchange Let us start by describing a simple but essential operation composed of

star-triangle transformations, which we call track exchange. In the language of transfer ma-
trices, this amounts to that the transfer matrices associated with two adjacent rows commute
with each other, which is the usual formulation of the Yang-Baxter transformation.

Let G be a finite rectangular subgraph of an isoradial square lattice and ¢ and t’ be two
parallel adjacent horizontal train tracks. Suppose that we want to switch their positions
using star-triangle transformations. That is, we would like to perform a series of star-triangle
transformations that changes the graph G into an identical graph, with the exception of
the train tracks t and t’ that are exchanged (or equivalently that their transverse angles are
exchanged). We will suppose here that the transverse angles of t and ¢’ are distinct, otherwise
the operation is trivial.

Since t and ¢’ do not intersect, no star-triangle transformation may be applied to them.
Suppose however that G contains one additional rhombus (gray in Figure 3.1) at either the left
or right end of t and ¢’ that corresponds to the intersection of these two tracks. (Depending
on the transverse angles of the tracks, there is only one possible position for this rhombus.)
Then, a series of star-triangle transformations may be performed as in Figure 3.1. In effect,
these transformations “slide” the gray rhombus from one end of the tracks to the other, and
exchange the two tracks in the process.

Figure 3.1 - We move the gray rhombus from the right to the left by a sequence of star-triangle
transformation. Observe that these transformations only affect the tracks ¢ and t’, and that
their ultimate effect is to exchange them.

As seen in Section 2.6.2, each star-triangle transformation of an isoradial graph preserves
the random-cluster measure and connection properties. Thus, the procedure above, which
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3.2. Switching between isoradial graphs

we call a track exchange, allows us to deduce connection properties of the resulting graph
from those of the initial graph.

In [ ], the gray rhombus was added before exchangin the tracks and removed after-
wards. Thus, the track exchange could be perceived as a measure- and connection-preserving
transformation between isoradial square lattices. By repeating such track exchanges, blocks
of tracks of a square lattice were exchanged, and RSW-type estimates were transported from
one block to another.

In the present context, adding a rhombus (and hence an edge) to a graph affects the
random-cluster measure of the entire graph. We therefore prefer to “prepare” the graph by
adding all necessary gray rhombi for all the track exchanges to be performed at once. The
operation is called the convexification of a finite part of a square lattice.

Convexification Consider a finite rectangular portion G = G4 g of an isoradial square lat-

tice, with a and B two finite sequences of angles. Suppose that B = (f,,)o<n<n for some
N > 0. We call the vertices below t; (in the present case the bottom boundary) the base level
of G.

We say that Gisa convexification of G = G4 g if
+ G is a subgraph of G and G has no other tracks than those of G;
« the top and bottom boundary of G° are also boundaries of G

« as we follow the boundary of G° in counterclockwise direction, the segment between
the top and bottom boundaries (which we naturally call the left boundary) and that
between the bottom and top boundaries (called the right boundary) are convex.

The second condition may be read as follows: in G, the vertical tracks (s,;) only intersect
the horizontal tracks (t,,); however, additionally to G, G may contain intersections between
horizontal tracks.

The third condition is equivalent to asking that all horizontal tracks of G with distinct
transverse angles intersect in G. Indeed, the left and right boundaries of G° are formed of
the transverse segments of the horizontal tracks of G, each track contributing once to each
segment of the boundary. That both the left and right boundaries of G° are convex means
that the transverse segments of two tracks f;, t; with distinct transverse angles appear in

alternative order along the boundary of G°, when oriented in counterclockwise direction.
Hence, they necessarily intersect in G. The converse may also be easily checked.

Figure 3.2 — An isoradial square lattice and a convexification of it. Only the diamond graph
is depicted.

Below, we will sometimes call G the square lattice block of G;G\Gis naturally split into
a left and a right part.
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The following two simple lemmas will come in useful when performing track exchanges.

Lemma 3.5. For any adjacent horizontal tracks t,t’ of G with distinct transverse angles, there
exists a convexification G of G in which the rhombus corresponding to the intersection of t and
t’ is adjacent to G°.

Lemma 3.6. For any two convexifications G andG’ of G, there exists a sequence of star-triangle
transformations that transforms G into G’ and that does not affect any rhombus of G°.

Proof of Lemma 3.5. We start by describing an algorithm that constructs a convexification of
G. Let {,) be the scalar product on R?.

1. Set H = G, which is the graph to be convexified.

2. Orient the edges on the right boundary of H® above the base level upwards and denote
the corresponding unit vectors by eg ..., ey .

3. If there exists j such that (e;,; — e_j), (1,0)) > 0, fix such a value j and proceed to Step
4. Otherwise, go to the Step 5.

4. Addarhombus to H° whose boundary is given by e] , ]+1 ,—€; and e]+1 to the right
of the edges e; e, ]+1 . Set H to be the graph thus obtained, and go back to Step 2.

5. Proceed the same for the left boundary of G.

Each rhombus added in Step 4 corresponds to an intersection of two horizontal tracks of G.
As such, only a finite number of such rhombi may be added, which shows that the algorithm
necessarily terminates. Moreover, it is obvious to see that when it terminates, the resulting
graph, which we denote by G, is indeed a convexification of G.

The construction of G does not ensure that the successive tracks t and ¢’ intersect in G
adjacently to G. However, we may choose j corresponding to the index of ¢ the first time the
algorithm arrives at Step 3 for either the right or left boundary. If such choice is made, the
intersection of the tracks t and ¢’ in the resulting graph G will be adjacent to G. O

Proof of Lemma 3.6. By symmetry, it is sufficient to show that there exists a sequence of star--
triangle transformations that transforms the right part (call it G,) of G\G into the right part
of G'\G (which we call G/) without affecting any rhombus of G°. Notice that G and (G/)°
have the same boundary. Indeed, the left boundaries of G; and (G/)® coincide both with the
right boundary of G°. Their right boundaries are both formed of the segments of length 1,
with angles B, arranged in increasing order. Then, [ , Thm. 5] ensures the existence of
the transformations as required. O

Consider a finite rectangular region G of an isoradial square lattice and consider any of its
convexification G. Using the previous two lemmas, one can switch the transverse angles of
any two neighbouring horizontal train tracks by a sequence of star-triangle transformations.
A more precise statement is given below.

Corollary 3.7. Let G = G,,g be as above and let t and t’ be two adjacent horizontal train tracks

with distinct transverse angles. Then, for any convexification G of G, there exists a sequence of
star-triangle transformations o7, ..., 0y that may be applied to G with the following properties:

* there exists 0 < { <k such that the transformations 01,...,0¢ only affect either the right
or the left side of G \ G;

e in(opo---o00y )(6), the tracks t and t’ intersect at a rhombus adjacent to G;

48



3.2. Switching between isoradial graphs

e the transformations 6y, 1,..., 0% applied to (opo0---0 (71)(5) are sliding” the intersection
of t and t’ from one side of G to the other, as described in Figure 3.1.

Write ¥, = 0k 0 --- 0 01. If T denotes the transposition of the indices of tracks t and t’, then
X, v(G) is a convexification of Gg, .-

Proof. Suppose for simplicity that the tracks t and t’ intersect in G to the right of G (which
is to say that the transverse angle of the lower track is greater than that of the above).

Write G’ for a convexification of G in which the tracks t, t’ intersect in a rhombus ad-
jacent to G° (as given by Lemma 3.5). It is obvious that the left side of G’ may be chosen
identical to that of G, and we will work under this assumption.

Let 0y,...,0¢ be a sequence of star-triangle transformations as that given by Lemma 3.6
that affects only the right side of G and that transforms G into G’. Let O¢41s---,0x be the
series of star-triangle transformations that slides the intersection of t and ¢’ from rlght to left
of G, as in Figure 3.1. Then, oy, ..., 0} obviously satisfies the conditions above. O

In the following, we will apply repeated line exchanges Eti,t]. to a convexification G of
some finite portion of a square lattice. Thus, we will implicitly assume Eti,t]- is a series of
star-triangle transformations as in the lemma above, adapted to the convexification to which
it is applied. When ¢; and t; have same transverse angles, we will simply write Zt,-,t,- for
the empty sequence of transformations. We note that tracks are indexed with respect to the
starting graph and are not reindexed when track exchanges are applied. This is the reason
why neighboring tracks do not necessarily have indices which differ by 1; thus, we call them
t; and t; with the only constraint i # j.

All of the above may be summarised as follows. A convexification of G provides all the
horizontal track intersections necessary to exchange any two horizontal tracks (that is the
gray rhombus in Figure 3.1 for any pair of horizontal tracks). In order to exchange two ad-
jacent horizontal tracks f; and ¢, the sequence of transformations Zti’t], starts from bringing
the intersection of #; and ¢; next to G (this is done through star-triangle transformations that
do not affect G), then slides it through ¢; and .

In certain arguments below, it will be more convenient to work with a “double” strip of
square lattice G = G, g where a and B are finite sequences of angles and B = () _n<n<n for
some N > 0. We will then separately convexify the upper half G, (4,,...5,) and Ga, (5 y....5.,)
(as in Figure 3.4). Track exchanges will only be between tracks above ¢ or strictly below tg;
the base (that is the vertices between t_; and ty) will never be affected by track exchanges.

Construction of the mixed graph by gluing Consider two isoradial square lattices with

same sequence & of transverse angles for the vertical tracks. Write GV = G a0 and G =
G, a,p? ). Additionally, suppose that they both belong to G(¢) for some ¢ > 0.

Fix integers N1, N,, M € IN. We create an auxiliary graph Gy, called the mixed graph,
by superimposing strips of G(!) and G of width 2M + 1, then convexifying the result.
More precisely, let g = (/3(()1),...,/3;\}1),/3(()2),...,/3;52)) and @ = (a,,)_pm<n<m- Define Gy to be
a convexification of G’&,ﬁ-

Write GY) = G_~u) and G'?) = G_~»), where
a,p ap

~(1) (1) (1) —(2) (2) (2)
B =By ,...,ﬁNl) and B =(Bo ,...,/3N2).

These are both subgraphs of G,,;,; we call them the blocks of G and G inside G-
Next, we aim to switch these two blocks of G, using star-triangle transformations.
That is, we aim to transform G,,;, into a graph G/ . obtained as above, with the sequence
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3. UNIVERSALITY OF THE RANDOM-CLUSTER MODEL

B replaced by (ﬁ(()z), e ﬁﬁ;, [3(()1), oo ﬁﬁl)). There are two ways of doing this, each having its
own advantages.

One way is to use track exchanges to send the tracks ty, 11,...,tn,+N,+1 Of Gpix all the
way down, one by one. Using the notation of the previous section, this corresponds to the
following sequence of track exchanges

where Ei =% 10 -o):tN1 1, 1s a sequence of star-triangle transformations sending the track

t} to the bottom of the block GV in G,p;,.. This will be useful in the proof of Proposition 3.15,
where we need to control the upward drift of an open path.
The other is to push the tracks ty,,..., fo all the way up, one by one. It formally reads

_yl 1
Sl =%jo-0X\,

where )Z,T( =3, o--0X is a sequence of star-triangle transformations sending

ENp+Np+1 Ny +1
the track t; to the top of the block G?) in G,,;,. This will be used to study the downward
drift of an open path in Proposition 3.16.

One may easily check that the sequences »!and 3T may be applied to Gj,. That is
that whenever a track exchange X, ; is applied, the previous track exchanges are such that
the tracks t and t” are adjacent. The two sequences of track exchanges are illustrated in
Figure 3.3.

N2 N2 g

DEN 1 tNEN +1

N+l G Z%\\-l N+1

Figure 3.3 — The graph G, is obtained by superimposing G!) and G'? then convexifying
the result (in gray). Left: The sequence ZIL\II +1 moves the track ty, ,1 below the block G,
Right: The sequence ZIT\II moves the track fy, above the block G2,

The resulting graphs ZT(GmiX) and Zl(GmiX) both contain the desired block of isoradial
square lattice, but their convexification may differ. However, by Lemma 3.6, we may fix
one convexification G, , of the resulting square lattice block and add star-triangle trans-
formations at the end of both ' and T} that only affect the convexification and such that
YN (Giy) = ZHGrix) = G, ;.- Henceforth, we will always assume that both »! and X! con-
tain these star-triangle transformations.

Since each star-triangle transformation preserves the random-cluster measure, we have

mix mix

for all boundary conditions &. Above, (pé _and (pé, ~ denote the random-cluster measures

with g = 1 and boundary conditions & on Gy, and G, . respectively. The action of >1 (and
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»!) should be understood as follows. For a configuration w chosen according to (pé _, the

sequence »Tof star-triangle transformations is applied to w with the resulting configuration
sampled as described in Figure 2.8, independently for each star-triangle transformation. Then
the final configuration follows qoé, . The same holds for X!,

The reader may note that we do not claim that ¥ (w) and ¥ (w) have the same law for
any fixed configuration w on Gy;,; this is actually not the case in general.

an N 41
G2 No+1
felc) Ny+1
G(1> N1 +1
o -
. G N,
el N,
el N,
eltd N
- M > - ]\4_ >

Figure 3.4 — Left: The graph G, constructed in both the upper and lower half plane. The
convexification is drawn in gray Right: By exchanging tracks, the relative positions of G(!)
and G'?) are switched, the resulting graph is S (Giy) = ZHGoiy) = G, ;.- Note that there is
a slight assymetry in the upper-half and the lower-half planes.

In certain parts of the proofs that follow, we construct a mixture as described above, in
both the upper and lower half-plane, as depicted in Figure 3.4. That is, we set

7 (2) (2) (1) (1) ,(2) (2)
ﬁ:(ﬁ_NZ'-'-fﬁ_l'ﬁ_Nll---fﬁNllﬁo I---:ﬁNz)

and @ = (@,)_m<n<m and define the base as the vertices of G,;~ between f_; and t(. Then,

set Gpix to be the separate convexification of the portions of G’c‘iﬁ above and below the base.
We will call G;, the symmetric version of the mixed graph.

The sequences X! and ¥ of track exchanges are defined in this case by performing the
procedure described above separately on both sides of the base. For instance, X! is the se-
quence of star-triangle transformations that pushes fy, all the way to the top and ¢_y, all the
way to the bottom, then ¢y, _; and f_y, ;1 all the way to the top and bottom respectively, etc.
Observe that the blocks below the base, and therefore the number of line exchanges applied,
differ by one from those above due to the track ¢.

Local behaviour of an open path In the proofs of the coming sections we will utilize the

line exchanges defined above to transport certain connection estimates from G(!) to G(?).
To that end, we will need to control the effect that the line exchanges have on open paths.
Recall that the coupling of Figure 2.8 is designed to preserve connections. As such, any open
path before a star-triangle transformation has a corresponding open path in the resulting
configuration.
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Let Gpix be a mixed graph and t,t’ be two adjacent horizontal tracks. Let w be a con-
figuration on G,;; and y be a simple path, open in w, and contained in the square lattice
block of Gy Then, the intersection of y with the tracks t and #’ may be split into disjoint
segments of two edges (or of one edge if the endpoint of y is on the line between ¢ and t').
The effect of the transformations on y may therefore be understood simply by studying how
each individual segment is affected. Each segment is actually only affected by at most three
consecutive star-triangle transformations of ¥; ;/, and the effect of these is summarized in
Figure 3.5.

A very similar analysis appears in [ , Sec. 5.3]. The only difference between Fig-
ure 3.5 and [ , Fig. 5.5.] is in the probabilities of secondary outcomes, which are adapted
to the random-cluster model. The exact values will be relevant in Chapter 4, when studying
the quantum model.

Initial Principal Secondary Probability
configuration outcome outcome of secondary

outcome
Dr ) OLLL
LR COL L L =
NN N 0, Yr 010,
PR CLLL LR
‘v«“ -’ 69 Ym—69+61
hry G LN e
_91"'. \'/\ !
TR OLLL DY =

Figure 3.5 — Path transformations. The left column exhausts all the possible intersections
of y (in thick red lines) with t and #’. The second column depicts the “principal” outcome,
which arises with probability 1 when there is no secondary outcome or when the dotted red
edge in the initial diagram is closed. Otherwise, the resulting configuration is random: either
the principal or the secondary outcome (third column) appear, the latter with the probability
given in the last column. Dashed edges in the secondary outcome are closed. The randomness
comes from a star-triangle transformation, and hence is independent of any other random-

ness.

Finally, if an endpoint of y lies between the two adjacent horizontal tracks ¢ and t’, a
special segment of length 1 appears in the intersection of y with t and t’. This segment obeys
separate rules; in particular it may be contracted to a single point, as shown in Figure 3.6.
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Resulting

Initial Resulting % \
Figure 3.6 — If an endpoint of a path lies between two tracks, the corresponding edge is
sometimes contracted to a single point.

3.2.2 From isoradial square lattices to general graphs

Let G be an isoradial graph. We call a grid of G two bi-infinite families of tracks (s,,),cz and
(t,))nez of G with the following properties.

o The tracks of each family do not intersect each other.
« All tracks of G not in (f,),cz intersect all those of (,,),,c7.
« All tracks of G not in (s,),cz intersect all those of (s,,),c7.

« The intersections of (s,),cz with t; appear in order along f( (according to some arbi-
trary orientation of t() and the same holds for the intersections of (t,,),cz With s;.

The tracks (s,,),ez and (,,),cz are called vertical and horizontal respectively. The vertices of
G° below and adjacent to t; are called the base of G.
In our setting, the existence of a grid is guaranteed by the following lemma.

Lemma 3.8. Let G be an isoradial graph. Then,
e if G is doubly-periodic, it contains a grid;

G is an embedding of the square lattice if and only if any of its grid contains all its tracks.

It may be worth mentioning that if G has a grid (s,,),,cz and (t,),cz and oy, ..., 0 are
star-triangle transformations that may be applied to G, then the tracks (s,),cz and (t,),cz
of (og o---007)(G) also form a grid of the transformed graph (og o---007)(G). Observe also
that generally, grids are not unique.

Proof. Let G be a doubly-periodic isoradial graph, invariant under the translation by two
linearly independent vectors 7, T, € IR?. First notice that, by the periodicity of G, each track
t of G is also invariant under some translation at; + b, for a certain pair (a, b) € Z?\{(0, 0)}.
Thus, t stays within bounded distance of the line of direction at; +b7,, which we now call the
asymptotic direction of t. Call two tracks parallel if they have the same asymptotic direction.

By the periodicity of G, the set of all asymptotic directions of tracks of G is finite. Thus,
the tracks of G may be split into a finite number of sets of parallel tracks. It is immediate that
two tracks which are not parallel intersect. Conversely, if two parallel tracks intersect, they
must do so infinitely many times, due to periodicity. This is impossible, since two tracks can
intersect at most once. In conclusion, tracks intersect if and only if they are not parallel.

Let ty and sj be two intersecting tracks of G. Orient each of them in some arbitrary direc-
tion. Write ..., t_q,t,t1,... for the tracks parallel to t;, ordered by their intersections with
So. Similarly, let...,s_1,50,51,... be the tracks parallel to s, in the order of their intersections
with to.
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Then, the two families (s,,),cz and (t,),cz defined above form a grid for G: the tracks of
each family do not intersect each other since they are parallel, but intersect all other tracks,
since these have distinct asymptotic directions.

The second point of the lemma is straightforward. O

In an isoradial graph G with grid (s,),cz and (t,),cz, write R(i, j; k,€) for the region
enclosed by s;, Sj» tk and t,, including the four boundary tracks. We say that R(i, j; k,{) has
a square lattice structure if it is the subgraph of some isoradial square lattice. This will be
applied to local modifications of bi-periodic graphs, thus inside R(i, j;k,{) there may exist
tracks not belonging to (s,)i<u<; which do not intersect any of the tracks (s,)i<u<j- Such
tracks would be vertical in a square lattice containing R(i, j; k,€), but are not vertical in G.
See the right-hand side of Figure 3.7 for an illustration.

A A A A A A A A A A A A
ts JFPJFJFJF> 12 7 - >
" Jf Jf Jf Jf Jf . Jf N
_ J
w L (LT T, a .
s_1 1 sg s1 ‘ So ‘ s3 ‘ 84 s_1 | s 51 2 ‘ 83 sS4
§_95_18y §1 So S3 S4 S5 Sg S7 Sg §_95_18y S§1 So S3 S4 S5 Sg S7 Sg

Figure 3.7 — Left: The train tracks of a portion of a doubly-periodic isoradial graph G. A
grid of G is given by horizontal tracks (s,) and vertical tracks (t,). We denote by (s,,) its
non-horizontal tracks. We want to make the region R(0, 2; 0; 2) have a square lattice structure
by removing all the black points using star-triangle transformations. Right: The black points
are removed (from the top) from the region R(0, 2;0;2), making a square structure appear
inside. This region contains tracks 57 and s3 which would be vertical in a square lattice
containing R(0, 2;0, 2) but are not vertical in the original graph G on the left.

In the second stage of our transformation from the regular square lattice to arbitrary
doubly-periodic isoradial graphs, we use star-triangle transformations to transfer crossing
estimates from isoradial square lattices to periodic graphs. To that end, given a doubly-pe-
riodic isoradial graph, we will use star-triangle transformations to construct a large region
with a square lattice structure. The proposition below is the key to these transformations.

A star-triangle transformation is said to act between two tracks t and t’ if the three
rhombi affected by the transformation are all between t and t’, including potentially on t
and t’.

Proposition 3.9. Let G be a doubly-periodic isoradial graph with grid (s,) ez, (tn)nez. There
exists d > 1 such that for all M, N € IN, there exists a finite sequence of star-triangle transfor-
mations (0x)1<k<k» each acting between s_(y1,aN) and syran and between ty and ty, none of
them affecting any rhombus of ty and such that in the resulting graph (oy o --- o 01)(G), the
region R(—M, M;0, N)) has a square lattice structure.

This is a version of [ , Lem. 7.1] with a quantitative control over the horizontal
position of the star-triangle transformations involved. Obviously, the lemma may be applied

also below the base level f;, by symmetry.
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Proof. We only sketch this proof since it is very similar to the corresponding one in [ ].
We will only refer below to the track system of G; we call an intersection of two tracks a
point. Fix M,N € IN.

Index all non-horizontal tracks of G as (5,,),cz, in the order of their orientation with ¢,
such that'sy = sg. Then the vertical tracks (s,,),cz of G form a periodically distributed subset
of (5,)nez- Let M, and M_ be such that sy = sy and s =s_.

We will work with G and transformations of G by a finite number of star-triangle trans-
formations. The tracks of any such transformations are the same as those of G, we therefore
use the same indexing for them. Call a black point of G, or of any transformation of G, an
intersection of a track s, with M_ < k < M, with a non-horizontal track, contained between
ty and fp. See Figure 3.7 for an example.

Observe that, if in a transformation (oy o --- 0 07 )(G) of G there are no black points, then
(0x 0---007)(G) has the desired property. The strategy of the proof is therefore to eliminate
the black points one by one as follows.

Orient all non-horizontal tracks of G upwards (that is from their intersection with ¢, to
that with #;). We say that a black point is maximal if, along any of the two tracks whose inter-
section gives this black point, there is no other black point further. One may then check (see
the proof of [ ]) that if black points exist, then at least one maximal one exists. More-
over, a maximal black point may be eliminated by a series of star-triangle transformations
involving its two intersecting tracks and the horizontal tracks between it and f). Thus, black
points may be eliminated one by one, until none of them is left (by the fact that (s,,),cz and
(t,)nez form a grid, only finitely many black points exist to begin with). Call o7, ..., ok the
successive star-triangle transformations involved in this elimination. Then (og o -+ 0 77 )(G)
has a square lattice structure in R(—M, M;0,N).

We are left with the matter of controlling the region where star-triangle transformations
are applied. Notice that oy,..., 0 each involve exactly one horizontal track t; with 0 < k <
N. Thus, they all only involve rhombi between t; and tj;, but none of those along t.

Also observe that, due to the periodicity of G, between t, and ty, a track sy intersects
only tracks 5; with |j — k| < ¢cN for some constant ¢ depending only on the fundamental
domain of G. It follows, by the periodicity of the tracks (s,),cz in (5,),cz, that all black
points are initially in R(-M — dN, M + dN;0, N) for some constant d > 0 depending only
on the fundamental domain of G. Finally, since all star-triangle transformations (0y)o<k<k
involve one horizontal track and two others intersecting at a black point, each o acts in the
region of (0y_1 o --- 0 01)(G) delimited by s_p_inm> Sm+dN» fo and £y O

3.3 Proofsforl<g<4

Starting from now, fix g € [1,4] and let G be a doubly-periodic graph with grid (s,,) ,ez, (t1) nez-
Recall that G € G(¢) for some ¢ > 0. All the constants below depend on the value of €. Write

qoé = (Pé,l, g for the random-cluster measure with parameters g and g = 1 and boundary
conditions £ € {0,1} on G.

3.3.1 Notations and properties

For integers i < j and k < ¢ recall that R(i, j; k,€) is the subgraph of G contained between
tracks s; and s; and between f; and f, (including the boundary tracks). Write R(i; k) for the
centred rectangle R(—1i,7;k, k) and A(n) = R(n; ). The same notation applies to G° and G*.
We define R and A in the same way using Euclidean distances. Note that R and A are domains
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with respect to a grid of G whereas R and A are Euclidean ones and they should all be seen
as subregions of IR?.
Similarly to the crossings events defined in the introduction, set

« Culi,];k,€): the event that there exists an open path in R(i, j; k,£) with one endpoint
left of the track s; and the other right of the track s;. This is called a horizontal crossing
of R(7, j; k, €).

« Cy(i,];k,€): the event that there exists an open path in R(i, j; k,€) with one endpoint
below t; and the other above t,. This is called a vertical crossing of R(i, j; k,€).

The crossings Cj, and C, can also be defined for symmetric rectangular domains R(m; 1), in
which case we write C,(m;n) and C, (m; n). Also write C;l(i,j;k,f), Cy(i,];k,0), C;l(m; n) and
C; (m;n) for the corresponding events for the dual model.

To abbreviate the notation, we will henceforth say that G satisfies the RSW property if
the random-cluster model on G with = 1 satisfies this property. It will be easier to work
with the crossing events defined above, rather than the one of the introduction, hence the
following lemma.

Lemma 3.10. Fix p > 1 and v > 0. Then, G has the RSW property if and only if there exists
0:=01(p,v) > 0 such that foralln > 1,

0 . 1 .
(pR((p+v)n,(l+v)n)[Ch(pn’n)] >0, (PR((pw)n,(lw)n)[Ch(P”'”)] >0,
)]> o )] >0 (BXP(p, v))

0 . 1 TP
qDR((1+1/)11,(p+v)n)[CV(H’pn ’ (PR((1+v)n,(p+v)n)[CV(n’pn

In other words, crossing estimates for Euclidean rectangles and rectangles in G° imply
each other. Moreover, the aspect ratio p and distance v# to the boundary conditions is irrel-
evant; indeed it is a by-product of the lemma that the conditions (BXP(p, v)) with different
values of p > 1 and v > 0 are equivalent (obviously with different values for 6 > 0).

In general, one would also require crossing estimates as those of (BXP(p, v)) for translates
of the rectangles R(#; pn) and R(pn; n). This is irrelevant here due to periodicity.

The proof of the lemma is elementary. It emploies the quasi-isometry between Euclidean
distance and the graph distance of G°, the FKG inequality and the comparison between
boundary conditions. A similar statement was proved in [ , Prop. 4.2] for Bernoulli
percolation. Since the boundary conditions matter, additional care is needed here, and the
proof is slightly more technical. Details are skipped here and are given in Appendix B.

It is straightforward (as will be seen in Section 3.3.4) that the RSW property implies the
rest of the points of Theorem 3.1 for 1 < g < 4. The following two sections will thus focus
on proving the RSW property for isoradial square lattices (Section 3.3.2), then on general
doubly-periodic isoradial graphs (Section 3.3.3), when 1 < g < 4.

3.3.2 Isoradial square lattices

The relevant result for the first stage of the proof (the transfer from regular to arbitrary square
lattices) is the following.

Proposition 3.11. Let G = Ga’ﬁm and G2 = Ga’ﬁm be two isoradial square lattices in
G(e). IfGY) satisfies the RSW property, then so does G'?).

The proposition is proved in the latter subsections of this section. For now, let us see how
it implies the following corollary.
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2(p+v)n

Figure 3.8 - Crossing events in the condition (BXP(p, v)). The dotted lines represent the
tracks enclosing the domain in which the event takes place, the dashed lines represent the
domain in which the random-cluster measure is defined.

Corollary 3.12. For any 1 < q < 4 and any isoradial square lattice G € G(¢), G satisfies the
RSW property.

Proof of Corollary 3.12. For the regular square lattice Go,z, the random-cluster measure as-

sociated by isoradiality (see (2.2)) is that with edge-parameter p, = V9 1t is then known

1+4/49
by [ ] that Go,z satisfies the RSW property.

It follows from the application of Proposition 3.11 that for any sequence € [¢, 71 — ¢
the graph G g also satisfies the RSW property.

17,

Let Gg,p € G(¢) be an isoradial square lattice. Below B stands for the constant sequence
equal to By. Then, G, 4, is the rotation by g of the graph G g, 17, where & is the sequence
a with reversed order. By the previous point, Gog-g,+, satisfies the RSW property, and
hence so does G, g,. Finally, apply again Proposition 3.11 to conclude that G, g also satisfies
the RSW property. O

The rest of the section is dedicated to proving Proposition 3.11.

3.3.2.1 RSW: an alternative definition

Fix an isoradial square lattice G = G, g € G(¢) for some ¢ > 0. Recall that g € [1,4] is fixed;
the estimates below depend only on g and ¢. Let x; ; be the vertex of G° between tracks
si-1,5; and t;_1, ;. Suppose that G is such that its vertices are those x; ; with i + j even. The
base of G is then the set {(x; ¢ : i € Z}. Moreover, G is translated so that x o is the origin 0
of the plane.

Define C(my,m;;n) to be the event that there exists an open (primal) circuit contained in
R(m3;n) that surrounds the segment of the base between vertices x_,, o and x,, o ! Write
C*(.,.;.) for the same event for the dual model. See figure 3.9 for an illustration.

1Formally, we allow the circuit to visit vertices of the base, but it is not allowed to cross the base between
X_my,0 and Xy, 0.
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t, —~—r——-r--—-—---- r—--r-
I I I
I I
I I
to —-—r -r-
I I
I I
I I I I
t_, " r———"r—-———---- r——--r-
I I I I
S—moy S—my Sma Smo

Figure 3.9 — The event C(m, m,;n). Such a circuit should not cross the bold segment.

The following two results offer a convenient criterion for the RSW property. The advan-
tage of the conditions of (3.2) is that they are easily transported between different isoradial
square lattices, unlike those of (BXP(p, v)). The main reason is that, due to the last case of
Figure 2.10, paths may shrink at their endpoints during star-triangle transformations. Cir-
cuits avoid this problem.

Lemma 3.13. Suppose G is as above and suppose that the following conditions hold. There
exists 0, > 0 such that for any oy, > 0, there exist constants a > 3 and b > 3a such that for all n
large enough, there exist boundary conditions & on N(bn) such that

@k om[CBan bibn)] > 1-8, and @, [C*(Gan,bu;bn)] > 15,
(pf\(b”)[CV(an; 2n)] >0, and (plé\(bn)[(,’;(an; Zn)] > Oy,
(P/(E(bn)[c(an’ 3“”2”)] >0, and @K(bn)[C*(an, 3an;n)] >5,. (3.2)

Then G has the RSW property.

Let us mention that the boundary conditions £ above may be random, in which case
gof\(bn) is simply an average of random-cluster measures with different fixed boundary con-
ditions. The only important requirement is that they are the same for all the bounds.

Again, if we were to consider also non-periodic graphs G, we would require (3.2) also for
all translates of the events above.

The conditions of the lemma above should be understood as follows. The last two lines
effectively offer lower bounds for the probabilities of vertical and horizontal crossings of
certain rectangles. For Bernoulli percolation, these estimates alone would suffice to prove
the RSW property; for the random-cluster model however, boundary conditions come into
play. The first line is then used to shield the crossing events from any potentially favorable
boundary conditions. Notice that the fact that 6, > 0 is fixed and 6y, may be taken arbitrarily
small ensures that events such as those estimated in the first and second (or third) lines must
occur simultaneously with positive probability. This is the key to the proof.

Even though the proof is standard (and may be skipped by those familiar with the RSW
techniques for the random-cluster measure), we present it below.

Proof. Suppose to start that the condition (3.2) is satisfied. Let o, > 0 be fixed. Choose
o < 0,/2. Fix a, b as given by the condition. Then, for n large enough, by assumption and
the inclusion-exclusion formula, there exists & such that

@i(bn)[(j*@an,bn;bn) ﬂCv(an;2n)] > 6, — O = O
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Notice that the vertical path defining C, (an; 2n) is necessarily inside the dual circuit defining
C*(3an, bn; bn), since the two may not intersect. Also, notice that C,(an; 2n) induces a verti-
cal crossing of R(an;2n). Thus, we can use the following exploration argument to compare
boundary conditions.

For a configuration w, define I'*(w) to be the outmost dually-open circuit as in the defi-
nition of C*(3an, bn; bn) if such a circuit exists. Let Int(I'*) be the region surrounded by I'*,
seen as a subgraph of G. We note that I'"* can be explored from the outside and as a con-
sequence, the random-cluster measure in Int(I'*), conditionally on I'*, is given by (pfnt(r*).
Thus,

(pi(bn)[&@an,bn;bn) ﬂC,,(an;zn)] = Zﬁofwn)[cv(a"ﬂn)
>

=y Jopen [T = 7]
=) @t [Colam 2m)] ol [T = 7]

-
<) Phm|Colam2m]er, [T = 7]

—

< (pR(bn)[Cv(an; 2n)],

where the summations are over all possible realisations y* of I'*. The first inequality is based
on the comparison between boundary conditions and on the fact that Int(y*) C A(bn) for all
7*. Hence, we deduce that,

@R(bn)[cv(an;2n)] > Oy,

Similarly, observe that
(Pi(bn)[C*(3an, bn;bn) N C(an, 3an; n)] > 0.

Again, the circuit defining C(an, 3an; n) is necessarily inside the dual circuit defining C*(3an, bn; bn)
and it therefore induces a horizontal crossing of R(an;n). Using the same exploration argu-
ment as above, we deduce that

@R(bn)[ch(an; n)] > 5 (3.3)

The same may be performed for the dual model. Since these computations hold for arbitrary
n large enough, we obtain for all n > 1

Prom[Colan2m]|> o @fy[Chlansm)]> 6, and
>0

Prum|Colam2m] > 0n  Prgy[Cilamm)]> o

We claim that (BXP(p, v)) follows from the above. Indeed, the inequalities above for
horizontal crossing are of the desired form. However, vertical crossings are only bounded
for short and potentially wide rectangles. Notice however that, by combining crossings as in
Figure 3.10 and using the FKG inequality,

a’-1 -1 52
@R(abn)[cv(an;azn)] > go/o\(bn)[cv(an;Zn)] (p/(i(bn)[ch(an;n)] > Oﬁ“ 2 (3.4)

Equations (3.3) and (3.4) imply (BXP(p, v)) with p = a and v = a(b — a), and Lemma 3.10
may be used to conclude. O
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2an

<4 >
2an

Figure 3.10 — A vertical crossing in R(an;a®n) created by superimposing shorter vertical and

horizontal crossings. The distance between two consecutive horizontal dotted lines is 2.

As the next lemma suggests, condition (3.2) is actually equivalent to the RSW property.
The following statement may be viewed as a converse to Lemma 3.13.

Lemma 3.14. Assume that G has the RSW property. Fix a > 1. Then, there exists 0, > 0 such

that for any 6y, > 0, there exist b > 3a such that for all n large enough, the following condition
holds,

@R(bn)[C(San, bn;bn)] >1-0,/2 and (p}\(bn)[c*(?)an,bn;bn)] >1-0/2,

@R(bn)[cv(%; %)] > 20, and (p}\(bn)[c;(%; %)] >26,,
(PR(bn)[C(an, 2an; %)] >20, and (p/l\(bn)[c*(an,Zan; %)] > 20,. (3.5)

The proof is a standard application of the RSW theory and is deferred to Appendix B. Let
us only mention that it uses the fact that

@R(bn)[C(?}an, bn; b”)] o I, uniformly in 7.

This is a typical consequence of the strong RSW property; it appears in other forms in various
applications.

3.3.2.2 Transporting RSW: proof of Proposition 3.11

Fix G = Ga,ﬁ(” and G = Ga,ﬁ(z) two isoradial square lattices in G(e). Suppose G(!)
satisfies the RSW property.

Let G be the symmetric mixed graph of G and G constructed in Section 3.2.1,
where the width of each strip is 2M + 1 and the height is N = N; = N, (for M and N
to be mentioned below). We use here the construction both above and below the base,
where each side is convexified separately. Let émix = ZT(GmiX) = El(GmiX) be the graph
obtained after exchanging the tracks t,...,ty of Gy With tn41,...,ton41 and t_q,..., t N

with t_(n41),-.., f_on. Write g and PG, for the random-cluster measures on Gp;, and

Gmix» respectively, with parameters g € [1,4], f = 1 and free boundary conditions.
The estimates below are the key to the proof of Proposition 3.11. They correspond to
similar statements in [ ] for Bernoulli percolation.
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Proposition 3.15 (Prop. 6.4 of [ 1). There exist A,ny > 1, depending on € only, such that,
forall pyys > pin >0, 1> ng and sizes M = (0o + A)n and N > An,

QDGW[C(Pin”: (pout+ /\)n; /\1’[)] 2 (1 - poute_n)(PGmix C(pinni Pouttt; H)]

Proposition 3.16 (Prop. 6.8 of [ 1). There exist 6 € (0, %) and c,, > 0 satisfying ¢, — 1
as n — oo such that, for all n and sizes M > 4n and N > n,

(pgmix[C,,(4n;6n)] > cn(meix[CV(n;n)].

The proofs of the two statements are similar to those of [ ]. They do not rely on the
independence of the percolation measure, they do however use crucially the independence of
the randomness appearing in the star-triangle transformations. More details about this step
are given in Section 4.3 when we will treat the quantum case, since more explicit estimates
will be needed. However, we will not provide full proofs since they are very similar to the
corresponding statements in [ ]

Let us admit the two propositions above for now and finish the proof of Proposition 3.11.

Proof of Proposition 3.11. Fix parameters 1y, A > 1 and 6 > 0 as in Propositions 3.15 and 3.16.

Since GV satisfies the RSW property, Lemma 3.14 applies to it. Choose @ = max{J, %, 1} and

an arbitrary oy, > 0. By Lemma 3.14, there exist b > 3a and 0,, > 0 such that, for all n large
enough,

(pR(bn)[C(?)an,bn;bn)] >1-0,/2,

(P/(i(bn)[CV(%; %)] > 20y,

PR om|Clan, 2am 1) > 25,. (3.6)
‘We will prove that G2 satisfies (3.2) for these values of a, &, and &), with b replaced by
b = (1+ A)b. The boundary conditions & will be fixed below. We start by proving (3.2) for
the primal events.

Take M = N > (A+1)bn for constructing G,;;. Then, since the balls of radius b#n in G,
and in GV are identical, we deduce from the above that

(meix[C(3an,bn;bn)] >1-04/2,
PG, [Co(45 4| > 26,
(meiX[C(an, 2an; %)] > 20,.

We used here that the boundary conditions on A(b#n) in (3.6) are the least favorable for the
existence of open paths.
For n > an, Propositions 3.15 and 3.16 then imply

P, [C(Ban, (A+ 1)bm Abn)| > (1 -e7")(1 - 5,/2),
(pgm[cv(an; gan)] > 2c¢,0,,

95, |Clam (2a+ Zym 3] > 2(1 2473,

Now, take n large enough so that 2e7bm < op, 2¢, > 1 and a?e ™% < 1/4. These bounds
ultimately depend on ¢ only. Observe that this implies (3.2) for the primal model. Indeed, set
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b= (A + 1)b, then, due to the choice of a,
¥, [C(3an,771n;ﬁb’n)] >(1-06,/2)%21-0y,

‘Pémix[cv(an;n)] >0,
(Pz;‘mix[C(an, 3an;n)] >06,.

The same procedure may be applied for the dual model to obtain the identical bounds for
C*(.,.;,)and Cy(.;.).

By choice of M and N, the region A(En) of Gy is also a subgraph of G?). This im-
plies (3.2) for G(). The boundary conditions & appearing in (3.2) are those induced on /\(gn)
by the free boundary conditions on Gmix- These are random boundary conditions, but do
not depend on the events under study. In particular, they are the same for all the six bounds
of (3.2). O

3.3.2.3 Sketch of proof for Propositions 3.15 and 3.16

The proofs of Propositions 3.15 and 3.16 are very similar to those of Propositions 6.4 and
6.8 in [ ], with only minor differences. Nevertheless, we sketch them below for com-
pleteness. The estimates in the proofs are specific to the random-cluster model and will be
important in Chapter 4.

We keep the notations G;, and Emix introduced in the previous section.

Proof of Proposition 3.15. We adapt the proof from Proposition 6.4 (more precisely, Lemma
6.7) of [ ] to our case.

Recall the definition of !, the sequence of star-triangle transformations to consider here:
above the base level, we push down tracks of G'? below those of G1) one by one, from the
bottom-most to the top-most; below the base level, we proceed symmetrically. Let IP be a
probability measure defined as follows. Pick a configuration w on G, according to ¢g__ ;
apply the sequence of star-triangle transformations ¥ to it using the coupling described
in Figure 2.8, where the randomness potentially appearing in each transformation is inde-
pendent of w and of all other transformations. Thus, under IP we dispose of configurations
on all intermediate graphs in the transformation from G, to Gumix. Moreover, in light of
Proposition 2.12, 2} (w) has law Pz -

We will prove the following statement

IP[):l(a)) € C(pint (Pout + A)11; An) | w € C(ppmn, poutn;n)] >1-poue ", (3.7)

for any values pyt > pin > 0, 1 > 1y, M > (pout + A)n and N > An, where A, 1y > 1 will be
chosen below. This readily implies Proposition 3.15.

Fix pout, Pin, 1, M and N as above. Choose wg € C(pin#, Pout?; 1) and let 7 be an wy-open
circuit as in the definition of C(pi,7, pout; 7). As the transformations of Y =0go-o0y
are applied to wy, the circuit y is transformed along with w(. Thus, for each 0 < k < K,
(o) 0---001)(y) is an open path in (0y 0 -+ 0 07)(wy) on the graph (oy o -+ 0 01 )(Gpix)-

Since no star-triangle transformation of L affects the base, X!(y) remains a circuit sur-
rounding the segment of the base between x_, ,, o and X, ; 9. Therefore, the only thing that
is left to prove is that

IP[Zi(y) € R((pOut + /\)n;/\n) | W= wo] >1-poue " (3.8)
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Set
k) _(vd l ! l
7,( ) — <ZN1+k OZ—(N1+k)) 00 ():N1+1 o ):—(N1+1))’

where X = 0--0%y y fori>0and X} =3,y 00X, fori<0. The path y®

thus defined is the transformation of y after the first k tracks of G(?) above the base were
sent down, and the symmetric procedure was applied below the base.

In [ ], the vertices of G, visited by y(k) were shown to be contained in a region
whose evolution with k = 0,..., N, + 1 is explicit. This is done separately above and below
the base level, and we focus next on the upper half-space.

Let H = {(i,j) € ZXxIN : ~(poue + 1)n < i—jandi+j < (pou + 1)1 and j < n}. Then,
H**1 is defined from H* as follows. If (1,j) € Zx NN is such that (i,j),(i—1,j) or (i + 1,7)
are in H¥, then (i,7) € H**1. Otherwise, if (i,j—1)e HF, then (1,7) is included in H* with
probability 77 € (0, 1), independently of all previous choices. We will see later how the value
of 7 is chosen using the bounded-angles property.

In consequence, the sets (H k)0<k<N are interpreted as a growing pile of sand, with a
number of particles above every i € Z. At each stage of the evolution, the pile grows laterally
by one unit in each direction; additionally, each column of the pile may increase vertically
by one unit with probability 7 (see Figure 3.11).

o

o L] [e] o

o (] L] L] (] L] [ ] o

[e] [ ] [ ] L] [ ] [ ] o [ ] [ ] [e]

Figure 3.11 - One step of the evolution of H: H* is drawn in black, H**! contains the ad-
ditional blue points (since they are to the left or right of vertices in H¥) and the red points
(these are added due to the random increases in height).

Loosely speaking, [ , Lem. 6.6] shows that, if # is chosen well, then all vertices Xj j
visited by (¥ have (i, j) € H* 2. More precisely, the process (H*)o<r<n may be coupled
with the evolution of (y(k))0<k< N so that the above is true. This step is proved by induction
on k, and relies solely on the independence of the star-triangle transformations and on the
estimates of Figure 3.5. Then, (3.8) is implied by the following bound on the maximal height
of HN:

P[max(j: (i,§) € H"} > An| < poue™ (3.9)

for some A > 0 and all n large enough. The existence of such a (finite) constant A is guar-
anteed by [ , Lem. 3.11]. It depends on 7, and precisely on the fact that # <1 [ ,
Lem. 6.7]. The choice of # < 1 that allows the domination of (Y o<ken by (H )o<ken is
done as follows.

We proceed in the same way as in the proofs of Lemmas 6.6 and 6.7 of [ ]. We shall
analyze the increase in height of portions of y(k) as given by Figure 3.5. Essentially, the only
cases in which y%) increases significantly in height are depicted in the third and the last line
of Figure 3.5.

2This is not actually true, since there is a horizontal shift to be taken into account; let us ignore this technical
detail here.
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Figure 3.12 — Star-triangle transformations between tracks t and t’ corresponding to the third
line of Figure 3.5. The tracks t and t” have transverse angles A and B respectively. We assume
that a portion of the path y(k) reaches between the tracks t and t’ as shown in the figure.
Moreover, if the dashed edge is open on the left, with probability 174 g = Yr_aVr—(B-a)/q, the
path y(k) drifts upwards by 1 after the track exchange.

Let us examine the situation which appears in the third line of Figure 3.5 and consider
the notations as in Figure 3.12. Using the notation of Figure 3.12 for the angles A and B, the
probability that the height of such a y(k) increases by 1 is given by

_ Yn-AYn—(B-A) _ sin(rA)sin(r(B - A))

aB = q ~ sin(r(r = A))sin(r(r — (B - A)))
_ cos(r(2A - B)) —cos(rB)
~ cos(r(2A - B)) —cos(r(2m — B))’

where we recall that r = cos_l(g) < % and that, due to the BAP(¢), A, B € [¢, 7t — €].
The same computation also applies to the last line of Figure 3.5. Then, 1y may be chosen
as

n:= sup #Hup<l. (3.10)
A,Be[e,t—¢]

The domination of the set of vertices of y¥) by H¥ is therefore valid for this value of 7,
and (3.8) is proved for the resulting constant A.
O

Remark 3.17. When we deal with the quantum model in Chapter 4, it will be important to
have a more precise estimate on 7/(¢). In particular, we will show that, in this special case,
1 -1n(e) ~ 7(q)e as € — 0 for some constant 7 := 7(q) depending only on g € [1, 4].

Proof of Proposition 3.16. We adapt Proposition 6.8 of [ ] to our case. Fix n and N,M >
2n, and consider the graph G, as described in the previous section. We recall the defini-
tion of X', the sequence of star-triangle transformations we consider here: above the base
level, we pull up tracks of G!) above those of G(?) one by one, from the top-most to the
bottom-most; below the base level, we proceed symmetrically.

As in the previous proof, write IP for the measure taking into account the choice of a
configuration w according to the random-cluster measure @ __ as well as the results of the
star-triangle transformations in >t applied to the configuration wy.

The events we are interested in only depend on the graph above the base level, hence we
are not concerned with what happens below. For 0 < i < N, recall from Section 3.2.1 the
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notation
T_
):i - Zti't2N+1 0---0 ztirtN+l"

for the sequence of star-triangle transformations moving the track t; of G(!) above G(?). Then
T =xlo-0xl.

First, note that if w € C,(n;n), we also have ZIHI 0---0 ):IT\](a)) € Cy(n;n), since the two
configurations are identical between the base and t,,. We will now write, for 0 <k <n+1,

Gk=x! o o%(Gu)
ok = 211—k+1 0 oEIT\,(a)),
D* ={xu0 eGri|lul<n+2k+v,0<v<N+n),

k . Dk, wk
h* =sup{h <N :3Ju,v € Z with x,, o —— x,, 1,}.

That is, h* is the highest level that may be reached by an w*-open path lying in the trape-
zoid D¥. We note that G"*! = G, and w"*! follows the law of P .

With these notations, in order to prove Proposition 3.16, it suffices to show the equivalent
of [ , (6.23)], that is

IP[h”+l > 6n] > cnIP[hO > n], (3.11)

for some 6 € (0, %) to be specified below and explicit constants c¢,, with ¢,, —» 1 as n — oo.
Indeed,

P10 > n] > Pla® € C,(m;m)] = g, [Cu(m )]

Moreover, if K1 > on, then w"™*! € C,(4n;6n), and therefore we have PG [C,(4n;0n)] >
P(h"1 > on).

We may now focus on proving (3.11). To do that, we adapt the corresponding step
of [ ] (namely Lemma 6.9). It shows that (hk)0<k<n can be bounded stochastically from
below by the Markov process (Hk)ogkgn * given by

k
HY=HO + ZAZ" (3.12)
i=1

where H? = 1 and the A; are independent random variables with common distribution
P(A=0)=25 PA=-1)=1-29, (3.13)

for some parameter 0 to be specified later. Once the above domination is proved, the inequal-
ity (3.11) follows by the law of large numbers.

The proof of (3.13) in [ ] (see Equation (6.24) there) uses only the independence
between different star-triangle transformations and the finite-energy property of the model.
Both are valid in our setting. We sketch this below.

Fix 0 < k < 1 and let us analyse the (N — (1 — k) + 1) step of X1, that is El_k. Write
W= EtH’tNH, 00X for 0 < j < N.Inother words, \¥; is the sequence of star-triangle

transformations that applies to G¥ and moves the track t,_; above j tracks of G, namely
tN+1,--- tN+j. Moreover, Wy = El*k; hence, Wy (G¥) = GF+1.

n-k/EN+1

3To be precise, it is shown that for any k, the law of hj, dominates that of H k 1t is not true that the law of
the whole process (hk)oskgn dominates that of (Hk)oskgn- This step uses [ , Lem. 3.7].
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22(n+ k) + N)
B I

J

Dy . ~
D11 n—k+j=:j

-
2(n + 2k)

Figure 3.13 — The evolution of DF (red) to D¥*! (blue) via intermediate steps D]]f (black).

Let D]]f be the subgraph of\I’j(Gk) induced by vertices x,, , with 0 < v < N +n and

n+2k+v+2 ifv<j,
lu|<{ n+2k+v+1 ifv=j+1, ,
n+2k+v ifv>j+2

where we let j = 1 — k + j. Note that D¥ C D’g c---C D'Iﬁ, C D1, see Figure 3.13 for an
illustration. Let a);‘ = \Ifj(a)k). Ifyisa wf—open path living in D]'-‘, then ztn—kftN+j+1 (y)is a
a);.‘ ,1-open path living in Dl.‘+1. This is a consequence after a careful inspection of Figure 3.5,
where blue points indicate possible horizontal drifts. Define also

D]}-‘,w;‘

h;? =sup{h <N :3Ju,v € Zwith x,, g «<—— x, p,}.

Then, h* < hlé and hﬁ <KL Asin [ ], we need to prove that for 0 < j < N -1,
Wy = H ifhE =77+ 1, (3.14)
hj;l - hﬁ? =0orl if h;? =7, (3.15)
h;;l —h;? =—1or0 if hj? =7+1, (3.16)
P(hS,) > h|H =h) > 26 ifh=j7+1. (3.17)

The four equations above imply the existence of a process H¥ as in (3.13).

As explained in [ ], (3.14), (3.15) and (3.16) are clear because the upper endpoint of
a path is affected by X := 2t71—krtN+j+ , only if it is at height Tor 7+ 1. And the behavior of the
upper endpoint can be analyzed using Figure 3.6. More precisely,

+ when it is at height 7+ 1, the upper endpoint either stays at the same level or drifts
downwards by 1;

« when it is at height Z it either stays at the same level or drifts upwards by 1.
Hence, the rest of the proof is dedicated to showing (3.17).

We start with a preliminary computation. Fix j and let P; be the set of paths y of ‘I’]-(Gk),
contained in D]’-‘, with one endpoint at height 0, the other at height h()), and all other vertices

with heights between 1 and h(y) - 1.
Assume that in ¥, the additional rhombus is slid from left to right and define I to be the
left-most path of P; reaching height h;‘ %, (Such a path exists due to the definition of h;() This

4Otherwise I’ should be taken right-most.
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choice is relevant since later on, we will need to use negative information in the region on
the left of the path y. Moreover, for y,y’ € P;, we write y’ <y if y" =y, h(y’) = h(y) and
¥’ does not contain any edge strictly to the right of y.

Denote by I' = I’(a)j-‘ ) the a);-‘-open path of P; that is the minimal element of {y € P; :
h(y) = h;?, y is a);-‘—open}. Given a path y € Pj, we can write {[' = y} = {y is a);‘—open} NN,
where N,, is the decreasing event that

(a) there is no y’ € P; with h(y’) > h(y), all of whose edges not belonging to  are

a);‘-open;

(b) there is no ¥’ < y with h(y’) = h(y), all of whose edges not belonging to y are
a);-‘—open.

Let F be a set of edges disjoint from 3, write Cr for the event that all the edges in F are
closed. We find,

IP[N,, N Cp|y is open]
IP[N,, |y is open]

P[Cp|IT =y]=

IP[Cp |y is open]
Pk[Cr, (3.18)

where the second line is given by the FKG inequality due to the fact that IP[-|y is open] is
still a random-cluster measure and both N,, and C are decreasing events. And in the last
line, we compare the boundary conditions, where K is the subgraph consisting of rhombi
containing the edges of F.

&8

Figure 3.14 — Three star-triangle transformations contributing to X slid the gray rhombus
from left to right. The dashed edges are closed, the bold edges are open and the state of
dotted edge e, does not really matter. The first and last passages occur with probability 1,
and the second with probability v, v.,/4.

2
2

Now, we are ready to show (3.17). Let € P; with h(y) = j+1 and assume I‘(w}‘) =.
Now, it is enough to show that

P[R(Z(y) >j+1|T=y]> 25 (3.19)
Letz=x,7, denote the upper endpoint of y and let z’ denote the other endpoint of the
unique edge of y leading to z. Either z’ = x| 41,701 Z' = Xy q7In the second case, it is always

the case that h(X(y)) > j +1.
Assume that 2’ = Xy41,73S in Figure 3.14 and consider edges ¢; for i = 1,...,4 as follow,

€= <xu,j~+1’xu—l,j~+2>’ € = <xu—1,j~+2’ xu—z,j~+1>’

€3 = <xu—2,7+1’xu—1,7>’ €4 = <xu—1,}'7 xu,7+1>'

Let us now analyse the star-triangle transformations that affect ey, ..., ey; these are depicted
in Figure 3.14. We note that conditioning on the event Cr N {I' = ¥}, where F = {e3, 4}, we
have:
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(a) The edge e; must be closed due to the conditioning {I' = y}.
(b) Whichever the state of e, is, the edge ¢5 is always closed.
(c) The second passage occurs with probability v, v.,/4.

(d) The third passage is deterministic.
Thus,

IP[h(Z)>}'+1|r=y]>y"lqﬂ-lp[(?ﬂrzy],

Moreover, the preliminary computation (3.18) gives that

P[CEIT = y]> @[Crl = (1 - pe,)(1 - pe,),

where K consists only of the two rhombi containing e3 and e4 and we use the fact that in the
random-cluster measure g011<, these edges are independent (the number of clusters is always
equal to 1). Finally,

yelpe4(1 _pe3) S Vr—ePr—e(1 = p¢)
q q

P[h()>j+1|T=y]> > 26, (3.20)

where

6:%min{yn_fp"_qg(l_pf),l}>0. (3.21)

To conclude, we have

>P[H" > 6n|H > n] =: ¢, (9),

P[n" > on] _ P[H"
P[0 >n] ~ IP[HO

and since H"/n — 206 as n — oo due to the law of large numbers, we know that ¢, — 1 as
n— oo. O

3.3.3 Doubly-periodic isoradial graphs

Now that the RSW property is proved for isoradial square lattices, we transfer it to arbitrary
doubly-periodic isoradial graphs G. We do this by transforming a finite part of G (as large
as we want) into a local isoradial square lattice using star-triangle transformations. The
approach is based on the combinatorial result Proposition 3.9.

Proposition 3.18. Any doubly-periodic isoradial graph G satisfies the RSW property.

Proof. Let G be a doubly-periodic isoradial graph with grid (s,),cz and (¢,),cz. Fix a con-
stant d > 1 as given by Proposition 3.9 applied to G. In the below formula, C}}llp (n;n) denotes

the horizontal crossing event in the half-plane rectangular domain R"(1; n) := R(=n,1;0, n).
We will show that

h
(pR(édn)[Chp(n;n)] = (pR(6dn)[Ch(—n, n; O,n)] >0, (3.22)

for some constant 6 > 0 which does not depend on n. Moreover, a careful inspection of the
forthcoming proof shows that 6 only depends the bounded angles parameter ¢ > 0 and on
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the size of the fundamental domain of G. The same estimate is valid for the dual model, since
it is also a random-cluster model on an isoradial graph with g =1.

The two families of tracks (s,,),,ez and (t,,),cz play symmetric roles, therefore (3.22) may
also be written

¢R(6dn)[cv(0; n;—n, ”)] > 0. (3.23)

The two inequalities (3.22) and (3.23) together with their dual counterparts imply the RSW
property by Lemma 3.10 °.

The rest of the proofis dedicated to (3.22). In proving (3.22), we will assume # to be larger
than some threshold depending on G only; this is not a restrictive hypothesis.

Let (0x)1<k<k be a sequence of star-triangle transformations as in Proposition 3.9 such
that in G := (0g o -+- 0 01)(G), the region enclosed by s_g;,, S45, t_7,, and t,, has a square
lattice structure. Recall that all the transformations oy act horizontally between s_g;, and
Sedn and vertically between t, and t_,,.

Consider the following events for G. Let C be the event that there exists an open circuit
contained in the region between s_,, and s,, and between ¢_,/, and t,, surrounding the
segment of the base between s_,, and s,,. Let C* be the event that there exists an open circuit
contained in the region between s_j3, and s3,, and between t_3,,/, and t3,,/, surrounding the
segment of the base between s_,,, and sy,,.

Let G be the subgraph of G contained between s_ 4ns Sans t_py, and ty,. Then G is a finite
section of a square lattice with 4n + 1 horizontal tracks, but potentially more than 8n + 1
vertical ones. Indeed, any track of G that intersects the base between s_g,,, 54, is transformed
into a vertical track of G.

Write (5,,),,cz for the vertical tracks of G, with'sy coinciding with s (this is coherent with
the notation in the proof of Proposition 3.9). Then, the tracks (s,,),cz are a periodic subset
of (5,) ez, with period bounded by the number of tracks intersecting a fundamental domain
of G. It follows that there exist constants 4, b depending only on G, not on 7, such that the
number of tracks (5,),cz between any two tracks s; and s; (with i < j) is between (j—i)a—b
and (j—i)a+b.

By the above discussion, for some constant ¢ > 1 and # large enough (larger than some
no depending only on a and b, therefore only on the size of the fundamental domain of G),
the events C and C* may be created using crossing events as follow:

HinH,nV NV, cC and HyNnHyNV;NY; CC,
where
Hy = Ch(—(c+1)n, (c+1)m;0,%), H; =C(—(2c+ 1)n, (2c+ 1)m;m, 3),
Hz—Ch( (c+1)n,(c+1)n;-5,0), H5 = C(—(2c+ )n, (2c + 1)m; =32, —n),
=Cy(—(c+1)n,—cn; -7, 7), Vi = Ci(—(2c + 1)n,—2cn; 37 37”)
VZ_CV(CnI c+1)m;-3,3), Vs =Cy(2cm, (2c+ 1)m; =32, 32,

are defined in terms of the tracks (5,),cz and (f,,),,cz- These horizontal and vertical crossing
events are shown in Figure 3.15.

>The conditions of Lemma 3.10 differ slightly from (3.22) and (3.23) in the position of the rectangle and the
domain where the measure is defined. Getting from one to the other is a standard application of the comparison
between boundary conditions.
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S—3n S—2n S—n Sn Son S3n

Figure 3.15 — The crossing events 7:?1, 7:22, 171 and 172 are depicted in red; they induce a
circuit around the segment of the base between s_, and s,,. The events H7, H5, V] and V,
are represented in blue.

Notice that all events above depend only on the configuration in G. Let ¢g denote some
infinite-volume measure on G. By the RSW property for the square lattice G (that is, by
Corollary 3.12), the comparison between boundary conditions and the FKG inequality,

ve|C']> eel M JogFalocWegl ] = o

for some 6; > 0 independent of n. Moreover, by the same reasoning,
v U R 0 Y D R R

for some 9, > 0 independent of n, where R =R(2cn; n) is defined with respect to the tracks
(Sp)nez and (t,,),ez- We conclude that

(p@[gﬂ§]>5152>0.

Let IP be the probability that consists of choosing a configuration @ on G according to P&
then applying the inverse transformations Ulzl, ey 0] !to it. Thus, @ := (o7 oo 0121)(5)
is a configuration on G chosen according to some infinite-volume measure @g.

Let @ € C N C*, and write y and y* for two circuits as in the definitions of C and C*
respectively. The two circuits j and y* are transformed by (o looiio UIzl) into circuits on
G;cally = (o7 o--00g!)(¥) and y* = (07! 0-+- 0 0! )(7") their respective images. Then,
Y is w-open and y* is w*-open.

Since the transformations o 1,...,(7121 only affect the region between s_g4,, Sein> t—on
and t,,, both y and y* are contained in this region of G, that is in R(6dn; 2n). Additionally,
since the transformations do not affect the base, y* surrounds the segment of the base be-
tween s_;,, and s,,, while y surrounds the segment of the base between s_, and s, but only
traverses the base between s_,,, and s,,,.

Write C for the event that a configuration on G has an open circuit contained in R(6dn; 2n),
surrounding the segment of the base between s_,, and s,, and traversing the base only between
S_o, and sy,. Also, set C* to be the event that a configuration on G has a dually-open circuit
contained in R(6d#; 2n), surrounding the segment of the base between s_,, and s,,,.
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Both C and C* are reminiscent of the > events C and C* , in spite of small differences. Indeed,
the discussion above shows that if o € C NC*, then w € C N C*. Thus,

pclcnC|=PlwecnC]>PlaelnC|=pg[CnC]> 66

For a configuration w on G, write I'*(w) for the exterior-most dually-open circuit as in
the definition of C* (that is contained in R(6d; 2n) and surrounding the segment of the base
between s_,, and s;,,), if such a circuit exists. Let Int(I'"*) be the region surrounded by I'*,
seen as a subgraph of G.

It is standard that I may be explored from the outside and therefore that, conditionally
on I'*, the random-cluster measure in Int(I'™*) is (pIOnt(I'*)'

Observe that for w € C N C*, due to the restrictions over the intersections with the base,
any circuit in the definition of C is surrounded by any in the definition of C*. Thus, if for
w € C*, the occurence of C only depends on the configuration inside Int(I'*). Therefore,

pclCnC|=pglc|c]ps|c]
= ;Q’G[CW = V]@G[F* = 7/*]

= )Py [Clea[T =]
—

<) PRisanzn|Cloc[l = 7]
~

= (Plg(6dn;2n) [C](PG [C* ]'

where the sum above is over all deterministic circuits * on G*, as in the definition of C*. In
the before last line, we used the fact that Int(y*) C R(6dn;2n), where R(6dn; 2n) is defined
using tracks in G, and the comparison between boundary conditions to say that the free
boundary conditions on dInt(y*) are less favorable to the increasing event C than those on
the more distant boundary dR(6dn; 2n).

Due to the previous bound on ¢g [C N C*], we deduce that

(Pg(6dn;2n)[c] > 0105

Finally, notice that any circuit as in the definition of C contains a horizontal crossing of
RPP(11;11). We conclude from the above that

0 hp(,,. ]
(PR(edn;zn)[R p(n;ﬂ)] > 610;.

This implies (3.22) by further pushing away the unfavorable boundary conditions. O

3.3.4 Tying up loose ends

As mentioned already, Theorem 3.1 and Corollary 3.3 for 1 < g < 4 follow directly from the
RSW property (i.e., from Proposition 3.18). We mention here the necessary steps. They are all
standard for those familiar with the random-cluster model; detail are provided in Appendix C.

Fix G a doubly-periodic isoradial graph and g € [1, 4]. We start with the following lemma
which is the key to all the proofs.
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Lemma 3.19. For j > 1, define the annuli A; = [—27*1, 277112\ [-2/,2/12. Then, there exists
¢ >0 such that forallj > 1 and & = 0,1, we have

(pf\j [there exists an open circuit surrounding 0 in Aj] >c. (3.24)

By duality, the same also holds for a dually-open circuit.

Proof. This is proved by combining crossings of rectangles via the FKG inequality, as in Fig-
ure 3.15. =

The estimates of the Lemma 3.19 for the dual model imply an upper bound on the one-arm
probability under (p(};, as that in the second point of Theorem 3.1. Indeed, if a dually-open
circuit occurs in A; for some j < log, 1 — 2, then the event {0 < dB,,} fails. The fact (3.24)
is uniform in the boundary conditions on A; allows us to “decouple” the events of (3.24),
and proves that the probability of no circuit occurring in any of Ay,... s Alog, n—2 is bounded
above by (1 —c)°82"2,

The converse bound is obtained by a straightforward construction of a large cluster using
crossings of rectangles of the form [0, 2/]x[0,2/*!] and their rotation by 7, combined using
the FKG inequality.

From the above, we deduce that (pqls(O <> 00) = 0. The uniqueness of the critical infinite
volume measure (the first point of Theorem 3.1) follows using a standard coupling argument.

Finally, to prove Corollary 3.3, we use the differential inequality of [ ], as done

in [ ].

3.3.5 Universality of arm exponents: Theorem 3.4

The proof of universality of arm exponents (Theorem 3.4) follows exactly the steps of [ ,
Sec. 8]. Arm events will be transferred between isoradial graphs using the same transforma-
tions as in the previous sections. As already discussed in Section 2.6, these transformations
alter primal and dual paths, especially at their endpoints. When applied to arm events, this
could considerably reduce the length of the arms. To circumvent such problems and shield
the endpoints of the arms from the effect of the star-triangle transformations, we define a
variation of the arm events. It roughly consists in “attaching” the endpoints of the arms to a
track which is not affected by the transformations. Some notation is necessary.

Fix € > 0 and a doubly-periodic isoradial graph G € G(¢) with grid (s,),cz and (t,),cz-
Recall that the vertices of G that are below and adjacent to f; form the base of G. Also,
recall the notation x <> y and write x S vy for connections in the dual configuration.

For n < N and k € {1} U 2N, define the event Ay (1, N) as

1. for k = 1: there exist primal vertices x; € A(n) and y; € A(N), both on the base, such

2. for k = 2: there exist x1,x] € A(n) and v;,v] € A(N), all on the base, such that x; <> y;
and x] S 2

3. fork=2j>4: Xk(n,N) is the event that there exist X1,...,Xj € A(n) and V- Yj €
A(N), all on the base, such that x; <> y; for all i and x; «» x; for all i # j.

Notice the resemblance between Xk(n, N) and Ay (n, N), where the latter is defined just
before the statement of Theorem 3.4. In particular, observe that in the third point, the ex-
istence of j disjoint clusters uniting dA(n) to JA(N) indeed induces 2j arms of alternating
colours in counterclockwise order. Two differences between Xk(n,N ) and Ag(n, N) should
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be noted: the fact that in the former arms are forced to have extremities on the base and that
the former is defined in terms or graph distance while the latter in terms of Euclidean dis-
tance. As readers probably expect, this has only a limited impact on the probability of such
events.

For the rest of the section, fix q € [1,4] and write ¢ for the unique infinite-volume
random-cluster measure on G with parameters f =1 and q.

Lemma 3.20. Fix k € {1} U 2IN. There exists c > 0 depending only on ¢, q, k and the funda-
mental domain of G such that

cpglAk(n N)] < @g[Ak(n, N)] < ¢ g [Ar(n,N)] (3.25)
for all N > n large enough.

The above is a standard consequence of what is known in the field as the arm separation
lemma (Lemma D.1). The proofs of the separation lemma and Lemma 3.20 are both fairly
standard but lengthy applications of the RSW theory of Theorem 3.1; they are discussed in
Appendix D (see also [ , Prop. 5.4.2] for a version of these for Bernoulli percolation).

We obtain Theorem 3.4 in two steps, first for isoradial square lattices, then for doubly-pe-
riodic isoradial graphs. The key to the first step is the following proposition.

Proposition 3.21. Let G\ = Ga,ﬁ‘” and G\? = Ga,ﬁ(z) be two isoradial square lattices in
G(¢). Fixk € {1} U2IN. Then

(Pé(l)[gk(niN)] = (Pé(z) [Ek(nlN)]:
foralln <N.

Proof. Fix k € {1} U 2IN and take N > n > 0 and M > N (one should imagine M much larger
than N). Let G, be the symmetric mixed graph of Section 3.2.1 formed above the base
of a block of M rows and 2M + 1 columns of G(? superposed on an equal block of G'!,
then convexified, and symmetrically in below the base. Construct émix in the same way,
with the role of G(!) and G'? inversed. Recall, from Section 3.2.1, the series of star-triangle
transformations X! that transforms Gpix into émix.

Write ¢ . and ¥g.. for the random-cluster measures on G;, and émix, respectively,

with g =1 and free boundary conditions. The events /Tk(n,N ) are also defined on G,,;, and
GmiX' ~

Let w be a configuration on Gy such that Ax(n,N) occurs. Then, under the config-
uration El(a)) on Gy, Ag(n,N) also occurs. Indeed, the vertices x; and y; (and x] and

v] when k = 2) are not affected by the star-triangle transformations in »! and connec-
tions between them are not broken nor created by any star-triangle transformation. Thus,
¢G,. [Ak(n,N)]| < pz [Ar(n,N)]. Since the roles of G, and Gp;y are symmetric, we find

¢c.. [Ax(n,N)] = Pz [A(n,N)] (3.26)

Observe that the quantities in (3.26) depend implicitly on M. When taking M — oo, due to
the uniqueness of the infinite-volume random-cluster measures in G!) and G(%), we obtain

(meix[Zk(H,N)] m (pGu)[Xk(n,N)] and
PG [Ak(n,N)] o oo [Ar(n,N)].

Thus, (3.26) implies the desired conclusion. O
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Corollary 3.22. Let G = Gg,p be an isoradial square lattice in G(¢) and fix k € {1} U 2IN.
Then, there exists ¢ > 0 depending only on €, q and k such that,

cpglAr(n N) < 9 [Ar(n, N)] < ¢ pg[Ar(n,N)),
foranyn <N.

Proof. Fix G4, and k as in the statement. The constants ¢; below depend on ¢, g and k only.
Let Ek = a_j — Po + 1 and write F for the sequence (E()kez. Due to the choice of G,,g.

we have B € [¢, 7 — £]%. Proposition 3.21 and Lemma 3.20 applied to Z2 = Go,z and GOF
yield a constant ¢; > 0 such that

€1 P, Ak N)] < @ Ak N) < ¢ o _[Ak(n, N (3.27)

As in the proof of Corollary 3.12, G, g, is the rotation by 8y of the graph GO,F' This
does not imply that the arm events have the same probability in both graphs (since they are
defined in terms of square annuli). However, Proposition D.2] about arms extension provides
a constant ¢, > 0 such that

2 9g, , [AnN)] < og A N)] <& pg,, [Ax(mN)] (3.28)

Finally apply Proposition 3.21 and Lemma 3.20 to G5, and G, g to obtain a constant
c3 > 0 such that

39, , [k N) < pg, [Ax(nN) < c5' g, [Ax(nN)] (3.29)

Writing (3.27), (3.28) and (3.29) together yields the conclusion with ¢ = ¢y ¢;c3. O

Theorem 3.4 is now proved for isoradial square lattices. To conclude, we extend the result
to all doubly-periodic isoradial graphs.

Proof of Theorem 3.4. Consider a doubly-periodic graph G € G(¢) for some ¢ > 0, with grid
(51)nez and (t,),ez. Fix k € {1} U 2IN. The constants ¢; below depend on ¢, g, k and the size
of the period of G.

Choose n < N and M > N (one should think of M as much larger than N). Propo-
sition 3.9 (the symmetrized version) provides star-triangle transformations (o) <x<x such
that, in G = (og 0---001)(G), the region A(M) has a square lattice structure. Moreover, each
oy acts between s_ s and sz, (for some fixed d > 1) and between t); and t_j, none of them
affecting any rhombus of ¢.

In a slight abuse of notation (since (5,),cz, (t,)nez is not formally a grid in E) we define
Ak(n,N) for G as for G.

Let w be a configuration on G such that Kk(n, N) occurs. Then, the image configuration
(0go-+-001)(w) on G is such that Xk( n, N) occurs. Indeed, the transformations do not affect
the endpoints of any of the paths defining Ax(n,N). Thus,

PclAr(n,N)] < g[Ax(n,N)].

The transformations may be applied in reverse order to obtain the converse inequality. In
conclusion,

PclAx(n,N)] = pg[Ax(n,N)]. (3.30)
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3.4. Proofs for g >4

The right-hand side of the above depends implicitly on M. Write G*? for the isoradial
square lattice such that the region A(M) of G is a centered rectangle of G®1. (It is easy to see
that there exists a lattice that satisfies this condition for all M simultaneously). The vertical
tracks s of G correspond to vertical tracks in G0 with an index between k and dk, where d
is the maximal number of track intersection on fy between two consecutive tracks s;, s;,1 in
G.

In conclusion, taking M — oo and using the uniqueness of the infinite-volume measure
on G%4, we find

Pl Ar(n,dN) < lim @=[Ar(n,N)] < @l Ar(dn, N)]. (3:31)

M—co

Due to Lemma 3.20 and to the extension of arms (Proposition D.2),
€196 [Ak(1 N)] < @[ Ax(n,dN)] < @[ Ar(dn, N)] < €7 @ Ax(,N))

for some constant ¢; > 0. Using this, (3.31) and Lemma 3.20, we find

Cz(Pqu[Ak(”’N)] < @glAr(n,N)] < C;(Pq;sq[Ak(”:N)];

for some ¢, > 0. Using Corollary (3.22), we obtain the desired result. O

3.4 Proofs forg>4

Fix g > 4 and G a doubly-periodic isoradial graph with grid (s,,),cz, (,)scz. Unless oth-
erwise stated, write (pq‘g3 for the isoradial random-cluster measure on G with parameters g,
p =1 and free (¢ = 0) or wired (£ = 1) boundary conditions. We will use the same notation
as in Sections 3.3.1 and 3.3.2.1.

The main goal of this section is to prove that there exist constants C, ¢ > 0 such that

(p(%[o < 8/\(11)] < Cexp(—cn), Vnzl. (3.32)

As we will see in Section 3.4.3, Theorem 3.2 and Corollary 3.3 follow from (3.32) through
standard arguments °.

The strategy used to transfer (3.32) from the regular square lattice to arbitrary isoradial
graphs is similar to that used in the previous section. However, note that the hallmark of
the regime g > 4 is that boundary conditions influence the model at infinite distance. The
arguments in the previous section were based on local modifications of graphs; in the present
context, the random-cluster measure in the modified regions is influenced by the structure of
the graph outside. This generates additional difficulties that require more careful construc-
tions.

We start with a technical result that will be useful throughout the proofs. For N,M > 1,
write R"’(N; M) = R(-N, N;0, M) for the half-plane rectangle which is the subgraph of G
contained between t_y;, ty, So and sp.

Proposition 3.23. Suppose that there exist constants Cy,cy > 0 such that for all N > n,

(Pghp(N;N)[O > 8/\(11)] < Coexp(—con). (3.33)

%When the graph is not periodic, a condition similar to (3.32) should be shown for all vertices of G, not just
0. It will be apparent from the proof that the values of ¢ and C only depend on the parameter in the bounded
angles property and on the distance between the tracks of the grid. It is then straightforward to adapt the proof
to graphs with the conditions of [ 1.
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3. UNIVERSALITY OF THE RANDOM-CLUSTER MODEL

Then, there exist constants C,c > 0 such that (3.32) is satisfied. The constants C,c depend only
on Cy, cq, on the parameter ¢ such that G € G(&) and on the size of the fundamental domain of
G.

Observe that (3.33) may seem weaker than (3.32). Indeed, while go% is the limit of (pR( N) S

N — oo, the limit of the measures (pghp ( is what would naturally be called the half-plane

N;N)
infinite-volume measure with free boundary conditions. Connections departing from 0 in
the latter measure are (potentially) considerably less likely than in (p% due to their proximity

to a boundary with the free boundary conditions.

Figure 3.16 — Left: The event of (3.33). Right: If X ;, is the lowest point of the cluster of
0 in A(N), then the environment around X,,;, is less favourable to connections than that of
the left image.

Proof. Fix N > 1. We will prove (3.32) for the measure @R( N) instead of (p%. It will be apparent
from the proof that the constants ¢, C do not depend on N. Thus N may be taken to infinity,
and this will provide the desired conclusion.

For simplicity of notation, let us assume that the grid (s,,), (t,,) of G is such that R(0, 1,0, 1)
is a fundamental domain of G. Recall that x; ; denotes the vertex of G just to the left of s;
and just below ¢;. Then, all vertices x; ; are translates of 0 by vectors that leave G invariant.
Write ||x; j|| = max{|i,|j|}, in accordance with the notation A(-).

For a random-cluster configuration w on A(N), let C(0) denote the connected component
of the origin. Let Xiyjn = Xmin(w) be a point x; ; of minimal index j such that C(0) intersects
Xj i+ R(0,1;0,1). If several such points exist, choose one according to some rule (e.g., that of

minimal 7). We will estimate the connection probability (pR( N)[O o 9/\(11)] by studying the
possible values of X i, (w):

P[00 ] = Y @0 e ) and Xy = x; ] (3.34)

-N<i<N
~-N<j<0

Fix i, ] as in the sum and write C(x; ;) for the connected component of x; ;. By the finite
energy property, there exists 17 depending only on the bounded angles property and the size
of the fundamental domain of G such that

(pR(N)[O < dN\(n) and X, = x,-,]-] <7 @R(N)[O X o JN\(n) and X, = xi,j].

Notice that if the event on the right-hand side above occurs, then Xi is connected to “dis-
tance” r := max{||x; ;||, 7}; that is x; ; < x; ; + JA\(r). Moreover, the connected component of
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3.4. Proofs for g >4

x;,j is contained above track ¢;. By the translation invariance and the comparison between
boundary conditions,

qu(N)["l)j o x; i+ JdN\(r) and C(x;,j) contained above t]-]

< (pR(ZN)[O <> d/\(r) and C(0) contained above to]

Let I'* be the lowest dual left-right crossing of A(2N) contained above t (actually we allow I'*
to use the faces of G°® below t, but adjacent to it). If C(0) is contained above t(, then I'* passes
under C(0). By conditioning on the values y* that I'* may take and using the comparison
between boundary conditions we find

(PR(QN)[O <> d\(r) and C(0) contained above to]

< Z(Pl?(zN)[O < d\(r) and C(0) contained above y*|I"* = y*] (P/?(zN)[F* = y*]
=

S Z(PghP(ZN;ZN)[O < aA(r)](pXQN)[F* = 7’*] < Cexp(—cr).
>

The last inequality is due to (3.33). Inserting this into (3.34) (recall that r = max{||x; ;||, 3})
we find

P (0 © ) = NZNnC exp(-cmax{lx; il n/2))
—-N<i<
—N<Zj<0
< %quexp(—%n) + Z2k11Cexp(—ck)
k>n

< C'exp(—c'n),

for some adjusted constants ¢’,C’ > 0 that do not depend on n or N. Taking N — oo, we
obtain the desired conclusion.
O]

The following result will serve as the input to our procedure. It concerns only the regu-
larly embedded square lattice and is a consequence of [ ] and [ ]. For coher-
ence with the notation above, we consider the square lattice as having edge-length V2 and
rotated by T with respect to its usual embedding. This is such that the diamond graph has
vertices {(a,b) : a, b € Z}, with those with a + b even being primal vertices. In a slight abuse
of notation, write Z?2 for the lattice thus embedded.

Write (Péég(N;N
B =1, free boundary conditions on [-N, N | x {0} and wired boundary conditions for the rest

of the boundary. Also define IH = Z x N to be the upper-half plane of Z?. Write (P]%{/O for
1/0
RBP(N;N)

) for the random-cluster measure on the domain RPP(N;N) of Z? with

the half-plane random-cluster measure which is the weak (decreasing) limit of ¢ for

N — oo.

Proposition 3.24. For the regular square lattice and q > 4, there exist constants Cy,cy > 0
such that, foralln > 1,

(p%o[o o 8/\(11)] < Coexp(—con). (3.35)
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3. UNIVERSALITY OF THE RANDOM-CLUSTER MODEL

Proof. Fix g > 4. It is shown in [ ] that the phase transition of the random-cluster
measure on Z? is discontinuous and that the critical measure with free boundary conditions

exhibits exponential decay. That is, (p%2 satisfies (3.32) for some constants C, ¢ > 0. To prove

(3.35), it suffices to show that the weak limit (p&{/o of the measures (péﬁg(N;N) has no infinite
1/0

cluster almost surely. Indeed, then ¢y} is stochastically dominated by (p%z.

The rest of the proof is dedicated to showing that (p&{/O[O o oo] = 0, and we do so by

contradiction. Assume the opposite. By ergodicity of (p&{/o, for any € > 0, there exists N > 0
such that

Pir [AN) & 0] > 1. (3.36)

Furthermore, @I}{/O is also the decreasing limit of the measures goéi 0, where S, = Z x [0,{]
and 1/0 refers to the boundary conditions which are wired on the top and free on the bottom
of the strip $, (boundary conditions at infinity on the left and right are irrelevant since the
strip is essentially one dimensional). Therefore,

P8 [MN) & top of Syn|>1-e. (3.37)
In [ ], Lemma 2 7 shows that
1/0 *
P [Ch(—4N, 4N;N, 3N)] >y,

for some constant ¢; > 0 not depending on N. If C;(-4N,4N;N,3N) occurs, denote by
I'* the top-most dual crossing in its definition. Moreover, let A be the event that I'* is con-
nected to the line Z x {0} by two dually-open paths contained in R(—4N,-N;0,3N) and
R(N,4N;0,3N), respectively (see Figure 3.17). Then, using the comparison between bound-
ary conditions and the self-duality of the model, we deduce the existence of ¢, > 0 such
that

1/0 * .
04" [A|C;(-4N,4N;N,3N)| > cs. (3.38)
3N
\x\ _e="TT "= e « 2N
~— - - S L
1 1 -
- ! N
- =~ 1 LY
’ <~/ Mo
\\ \\ N

0

Figure 3.17 — The strip Sy with wired boundary conditions on the top and free on
the bottom. If C;(-4N,4N;N,3N) N A occurs, then A(N) is disconnected from the top
of the strip. Due to the self-duality, both C;(—4N ,4N;N,3N) and A conditionally on
C,(=4N,4N;N,3N) occur with positive probability.

7 Actually a slight adaptation of [ , Lem. 2] is necessary to account for the rotation by % of the lattice.
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3.4. Proofs for g >4

Notice that, if CZ(—4N, 4N;N,3N) and A both occur, then A(N) may not be connected
to the top of S4p by an open path. Thus

(Pslsig, [/\(N) < top of S4N] <1-cqcy.
This contradicts (3.37) for € < ¢; ¢y, and the proof is complete. 0

The proof of (3.32) is done in two stages, first it is proved for isoradial square lattices,
then for arbitrary doubly-periodic isoradial graphs.

3.4.1 Isoradial square lattices

The proof of (3.33) for isoradial embeddings of square lattices follows the procedure of Sec-
tion 3.3.2. That is, two lattices with same transverse angles for the vertical tracks are glued
along a horizontal track. Track exchanges are performed, and estimates as those of (3.33) are
transported from one lattice to the other.

Transforming the regular lattice Z? into an arbitrary isoradial one is done in two steps:
first Z? is transformed into a lattice with constant transverse angles for vertical tracks; then
the latter (or rather its rotation) is transformed into a general isoradial square lattice. For
technical reasons, we will perform the two parts separately.

We should mention that some significant difficulties arise in this step due to the long-range
effect of boundary conditions. Indeed, recall that in order to perform track exchanges, the
graph needs to be convexified. This completion affects boundary conditions in an uncon-
trolled manner, which in this case is crucial. Two special arguments are used to circumvent
these difficulties; hence the two separate stages in the proof below.

Recall the notation G, g for the isoradial square lattice with transverse angles a = (@) ez
for the vertical train tracks (s,),cz and p = (p;)necz for the horizontal train tracks (t,),cz.
Write 0 (also written xq o) for the vertex of G, g just below track #y and just to the left of s¢.
We will always assume that G, g is indexed such that 0 is a primal vertex.

The result of the first part is the following.

Proposition 3.25. Let Gy g be an isoradial square lattice in G(¢) for some € > 0, with transverse
angles O for all vertical tracks. Then, there exist constants C,c > 0 depending on € only such
that

qoghp(N;N)[O - 8A(n)] < Cexp(—cn), Vn <N. (3.39)
Proof. Fix a lattice Go,g as in the statement. For integers 21 < N, let Gyyjx be the mixture of
Gy, and Z?, as described in Section 3.2. Notice that here the order of the regular block (that
of Z?) and the irregular one (that of Gy, p) is opposite to that in the previous section.

In this proof, the mixed graph is only constructed above the base level; it has 2N + 1
vertical tracks (s;)_n<i<n of transverse angle 0 and 2N + 2 horizontal tracks (¢;)o<j<on+1
the first N + 1 having transverse angles S, f1,..., fn, respectively and the following N + 1
having transverse angles 7. Finally, Gy, is a convexification of the piece of square lattice
described above.

Set Emix to be the result of the inversion of the regular and irregular blocks of G, using
the sequence of transformations X'. Let $G,;, and @  be the random-cluster measures

with the free boundary conditions on G, and émix respectively. The latter is then the
push-forward of the former by the sequence of transformations X
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3. UNIVERSALITY OF THE RANDOM-CLUSTER MODEL

Let ¢ € (0,1) be a constant that will be set below; it will be chosen only depending
on ¢ and g. Write dy, dg and dr for the left, right and top boundaries, respectively, of a
rectangular domain RPP(.;.).

Consider a configuration w on Gy, such that the event {0 <> dA(n)} occurs. Then, 0 is
connected in w to either d; RPP(11; 6¢n), IgRM™(11;60n) or TR (11;6n). Thus,

P (11,6 1)

(meix[O o 8/\(11)] <@g, [0 — 8Lth(n; 6011)]

;0
+c,,[0 Z00, 5 R 5om)]

RPP (1136
+(melx[0 (——u—) 8TR p(n 6071)]

(3.40)
Moreover, since the graph Gy,x and Gy g are identical in the ball of radius N around 0 for
the graph-distance,

PRy [0 = N < 9, [0 = IA(m)] (3.41)

where in the left-hand side RPP(N;N) denotes the rectangular domain of Go,p- We used
above the comparison between boundary conditions.

In conclusion, in order to obtain (3.39), it suffices to prove that the three probabilities of
the right-hand side of (3.40) are bounded by an expression of the form Ce™"
N. We concentrate on this from now on.

, uniformly in

Let us start with the last line of (3.40). Recall Proposition 3.16; a straightforward adapta-
tion reads:

Adaptation of Proposition 3.16. There exist 6 > 0 and c,, > 0 satisfyingc, > 1 asn — oo
such that, for all n and sizes N > 4n,

4m; R0
05, [0 N, 5 R 4 500m)] > upc, [0 S p R (msogm)]. (342

mix

The proof of the above is identical to that of Proposition 3.16. The constant ¢ and the
sequence (c,), only depend on ¢ and g.
By the comparison between boundary conditions,

ROP (411,55 11)

aTRhP(4n;550n)] 1/0 [oHa/\(aéon)]

g, S Pruv(N;N)

mix

< Coexp(—coodgh).

The second inequality is due to Proposition 3.24 and to the fact that the rectangle RIP(N;N)
of Gpix is fully contained in the regular block. Thus, from (3.42) and the above, we obtain,

P (4n;0
96, [0 2, GRS exp(-cydion). 6.49)

n

For n large enough, we have c¢,, > 1/2, and the left-hand side of (3.43) is smaller than 2Cy exp(—co0gn).
Since the threshold for n and the constants ¢y, 0 and 9y only depend on ¢ and g, the bound
is of the required form.
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3.4. Proofs for g >4

We now focus on bounding the probabilities of connection to the left and right boundaries
RPP (1136 )
of RPP(11;64n). Observe that, for a configuration in the event {0 <M> IrRPP(1; bon)},

it suffices to change the state of at most 0¢n edges to connect 0 to the vertex x; ,, (we will
assume here 7 to be even, otherwise x , should be replaced by x ,,.1). By the finite-energy
property, there exists a constant = 7/(&,g) > 0 such that

th(n don) B
PGy |0 > IRR™ (1; 50”)] <exp(noon) g, |0 © xO,n]'

The points 0 and x , are not affected by the transformations in »1, therefore

(melx[O < Xq, n] (melx[O o xO,n]
g [0 oAm)
< <p§££ N[0 © IAm)] < Coexp(—con),

where in the last line, R*’’(N; N) is a subgraph of Gpnixs OT equivalently of Z? since these two
are identical. The last inequality is given by Proposition 3.24. We conclude that,

RYP (11,6 1)

@Gmlx[O —— 8RR P(n; 60n)] <Gy exp[— (co— 6017)11], (3.44)

RYP (11,6 1) h
The same procedure also apphes to {0 «———— d R"P(n;09n)}.

Suppose now that oy = b e is chosen such that
c:=Cy —507’] = C0560 > 0.

Note that 0 € (0,1) since 1 > ¢ and that ¢ depends only on ¢ and g. Then, (3.40), (3.43)
and (3.44) imply that for n larger than some threshold depending only on ¢,

(meiX[O - 8/\(71)] < 4Cyexp(—cn).

Finally, by (3.41), we deduce (3.39) for all N > 2n and n large enough. The condition on n may
be removed by adjusting the constant C; the bound on N is irrelevant, since the left-hand
side of (3.39) is increasing in N. O

The same argument may not be applied again to obtain (3.39) for general isoradial square
lattices since it uses the bound (3.35), which we have not proved for lattices of the form G g.
Indeed, (3.35) is not implied by (3.39) when no rotational symmetry is available. A different
argument is necessary for this step.

We draw the attention of the reader to the fact that the lattice of Proposition 3.25 was
not assumed to be doubly-periodic, neither will be the following one.

Proposition 3.26. Let G, g be an isoradial square lattice in G(¢) for some € > 0. Then, there
exist constants C,c > 0 depending only on ¢, such that

PR |0 © INM)| < Cexp(=en),  Vn<N. (3.45)

Proof. Fix a lattice G4 g as in the statement. The proof follows the same lines as that of
Proposition 3.25, with certain small alterations.
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SetO = %(inf{/}n :n € Z}+supla,, : n € Z}) and write G, g for the lattice with transverse
angles a for vertical tracks and constant angle 6 for all horizontal tracks. We will refer to
this lattice as regular.

For integers 2n < N < M, define Gp, to be the mixture of G, g and G4 as in the
previous proof, with the exception that, while both blocks have width 2N +1 and the irregular
block (that is that of G, g) has height N +1, the regular block (that of G, g) has height M +1.
Precisely, Gy is the convexification of the lattice with 2N + 1 vertical tracks (s;)_n<i<n Of
transverse angles (a_y;,...,ay) and M + N + 2 horizontal tracks (#;)o<j<m+n+1, the first
N + 1 having transverse angles Sy, ..., By and the following M + 1 having transverse angle
0.

Recall that émix, which is the result of the inversion of the regular and irregular blocks of

Gix by >, may be chosen to be an arbitrary convexification of the lattice G(4 ... ay),(0,...0,...

More precisely, once such a convexification Emix is chosen, a series of star-triangle transfor-
mations ¥! may be exhibited. This fact will be useful later.
Write as before ¢ and ¢z for the random-cluster measures with free boundary

conditions on G,;, and émix, respectively. Then, by the comparison between boundary con-
ditions,
0 0o IN(n)| < 0 & dA(n)
(Pth(N;N) « Tl) = qumix (n 4
where RPP(N; N) refers to the domain in Gg,p, or equivalently in Gy since the two are
equal. Notice that the above inequality is valid for all M.

Let 9y € (0, 1) be a constant that will be set below. Using the same notation and reasoning
as in the previous proof, we find

1 R (211;6041)
(meiX[O o 8/\(11)] <o¢s [0— aTR(2n;560n)] + 2exp(1760n)<p5mix[0 o Xo,n]

<295 [0 IN©G3on)|+ 2exp(non) g [0 < IA(m))] (3.46)

where 0 > 0 and # > 0 are constants depending only on ¢ and g. The latter inequality is only
valid for n above a threshold also only depending on ¢ and g.

At this point, the previous proof used (3.35) to bound the right-hand side. Since this is
no longer available, we will proceed differently.

As previously stated, we may choose the convexification for Emix. Let it be such that the
tracks with transverse angle 6 are as low as possible. That is, Gniy is such that, for any track ¢
with transverse angle 0, any intersection below ¢ involves one track with transverse angle 6.
The existence of such a convexification is easily proved; rather than writing a formal proof,
we prefer to direct the reader to the example of Figure 3.18.

Write t, ..., fys for the tracks of transverse angle 0 of émix, indexed in increasing order.
Call S_yn_1,...,Sy the tracks intersecting #,, ordered by their intersection points from left
to right. Denote by @_n_1,..., @y their transverse angles.

The family 5”5y _1,...,Sy contains all vertical tracks of the original graph G, g (that is
those denoted by s_y;,...,sy) but also the horizontal tracks of G, g with transverse angles
different from 6. Since O < B; for all 0 < j < N, the latter intersect £ left of the former.
Thus, s; = s; for —N < i < N, hence the indexing.

The region of émix contained below f); is a (finite part of a) square lattice. Precisely,

it is the square lattice G(&)72N71<i<N,(9)0<]_<M. Complete the sequence (a;)_,n_1<i<n into a

bi-infinite sequence @ = (a;);cz by declaring all additional terms equal to a. Write R(,...)
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Figure 3.18 - Left: The diamond graph G obtained by superposing a block of G, , to

mix
one of Gfx, B The convexification is drawn in gray. Right: The diamond graph Efnix with
convexification (gray) chosen such that the tracks fy, ..., fys (blue) are as low as possible. This

ensures that the region below f,; (delimited in bold) has a square lattice structure.

for the domains of Gz g defined in terms of the tracks (s;);cz and (tvj)jez. Also write R(., .;.,.)
for the domains of the original lattice G, .

By the comparison between boundary conditions, for any increasing event A depending
only on the region of Emix below ts,

_ 3
PG [Al< (Pﬁ(-2N—1,N;0,M)[A]’

where & are the boundary conditions which are wired on the top of ﬁ(—ZN —1,N;0,M) and
free on the rest of the boundary. Thus, (3.46) implies that

(pghp(N;N)[O o a/\(n)]

)[O o 8/\(66011)] + 2exp(1760n)(p£ )[0 o 8/\(71)].

13
<202
S “PR(-aN-1,N;0,M R(-2N-1,N;0,M

Since the above is true for all M, we may take M to infinity. Then, the measures (pg (CINZLN;0M)

tend decreasingly to the measure (pg ( with free boundary conditions in the half-in-

~2N~-1,N;0,00)
finite strip. 8. We conclude that

(Pghp(N;N)[O < 9/\(11)]
< 2@%(_2N_1’N;0’00>[0 > 8/\(66071)] + 2exp(nogn) (Pg(—zN—l,N;O,oo)[O o 9/\(”)]
< 2<pga’9[o o 8/\(66011)] + 2exp(1160n)(p0035’9[0 o 8/\(11)]. (3.47)

8This step is standard. Let A be an increasing event depending only on the state of edges in R(—2N —
1,N;0, M) for some M. Then, for any M > My, denote by T'* the highest dually-open horizontal crossing of
R(-2N —1,N;0, M) and set H to be the event that I* does not intersect R(—2N — 1, N; 0, My). Then, I'* may be
explored from above, and standard arguments of comparison between boundary conditions imply that

¢ [A] < 92

3 3 c
(pﬁ(—zN-LN;o,M) ﬁ(—ZNfl,N;O,oo)[A] (pﬁ(—zN—LN;o,M)[H] * ‘pﬁ(—zN-LN;o,M)[H }

By the finite energy property and the fact that R(—2N —1, N; 0, o) has constant width, (pg [H]—1

(-2N-1,N;0,M)
as M — oo. This suffices to conclude.
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3. UNIVERSALITY OF THE RANDOM-CLUSTER MODEL

Finally, the square lattice Gz ¢ has constant transverse angle O for all its horizontal tracks
and, by choice of 6, is in G(&/2). Thus, Proposition 3.25 applies to it (or rather to its rotation
GO,(ZE/-—GHI)/-)- We conclude the existence of constants Cy, ¢y > 0 depending on € only, such
that

qogm[o o INk)| < Coexp(-cok),  Vk>1.

< _ ¢
Set bo = Cob_-H] and

c= CO_6077 = 60560 > 0.

Then c only depends on ¢ and g and the right hand side of (3.47) is bounded by 4C exp(—cn),
which provides the desired conclusion. O

The second proposition (Proposition 3.26) appears to use a weaker input than the first.
One may therefore attempt to use the same argument for Proposition 3.25, so as to avoid
using the more involved bound (3.35). Unfortunately, this is not possible, as the sequence
of angles @ in the second proof may never be rendered constant, since it contains all the
horizontal and vertical tracks of G g.

3.4.2 Doubly-periodic isoradial graphs

Let G be an arbitrary doubly-periodic isoradial graph in some G(¢), with grid (s,,) ez, (t1)nez-
Denote by 0 the vertex just below and to the left of the intersection of f; and sy. We will
assume that it is a primal vertex. The goal of this section is the following.

Proposition 3.27. There exist constants c, C > 0 depending only on ¢ and on the size of the
fundamental domain of G, such that

PR |0 © INM)| < Cexp(-en),  ¥n<N. (3.48)

Again, some care is needed when handling boundary conditions. Rather than working
with G and modifications of it, we will construct a graph that locally resembles G, but that
allows us to control boundary conditions.

Proof. For p € [0, 7t), write TG(p) for the set of tracks of G with asymptotic direction p (recall
the existence of an asymptotic direction from the proof of Lemma 3.8). By periodicity, there
exists a finite family 0 < py <--- < pr < 7 such that

T
(
To=| |75".
(=0

Assume that the lattice is rotated such that the horizontal tracks (t,,),cz have asymptotic
direction py = 0. Fix constants 7 < N.

Let 7; be the right-most track in TépT) that intersects f( left of 0 and does not intersect

R'P(N; N). Similarly, define 7y as the left-most track in TG(pl) that intersects f right of 0 and
does not intersect R"?(N; N'). Denote by D the domain of G bounded by t,, below, above by
tn, to the left by 7; and to the right by 7z. One may imagine Dy as a trapezoid with base ¢,
and top ty. By definition of 7; and 7y,

RPP(N;N) C D. (3.49)
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Complete D, to form a bigger, finite graph D as follows. Let sk ,..., sk, be the tracks of
Dy that intersect f(, ordered from left to right, with 55 = sq. Orient these tracks upwards.
Orient the remaining tracks t,..., tN from left to right.

In D, we will make sure that t,...,ty intersect all tracks (5;)x_<i<k,, but that no addi-
tional intersections between tracks (s;)x_<i<k, are introduced. One should imagine that the
track t1, after exiting Dy, “slides down” on the side of Dy; t, does the same: it slides down
along the side of D until reaching f;, then continues parallel to t;, etc. The same happens
on the left side. Finally, on top of the graph obtained above add a number of parallel tracks
tN+1s---, Ep adjacent to each other, with constant transverse angle, for instance, that of ¢y,
for some M > N. Call the resulting graph D. In D, each track t; with 0 < j < M intersects
all tracks (5j)x_<i<k,- We do not give a more formal description of the construction of D; we
rather direct the readers attention to Figure 3.19 for an illustration.

R el el e
LR :.'4"',’,“"
71 1/ /’

> é"‘

/] L] ..§

TN ONAL
CRUR R R RS

Figure 3.19 — A graph D (the delimited region) and the completion D - only the diamond

graph is depicted. The vertical tracks (s;) are red, horizontal tracks (t;) blue, and the others

purple. The rectangle R"™’(N; N) (in reality it should be wider) is delimited by dotted lines.
The tracks delimiting Dy are 7;, Tg and ty; they are marked in bold.

TR

25
=

In light of (3.49),

P[0 > I < pp|0 & IA(m)] (3.50)
where RPP(N; N) refers to the region of the graph G.

Next, we transform D to create a square lattice. Call a black point of D any intersection
of two trackss; ands;. Then, by a straightforward modification of Proposition 3.9, there exist
star-triangle transformations oy, ..., 0x applied to D such that, in (o o --- 0 01)(D), there is
no black point between t; and ¢;. Moreover, all transformations o7,...,0g act between t;
and t;.

The existence of oy,...,0k is proved by eliminating one by one the back points of D
between t; and t;, starting with the top most. The main thing to observe is that, by the
construction of D, any black point between t; and t; is the intersection of two tracks’s; and
E}, both of which intersect f; above.

Set 31 = og o--- 0 07. Then, one may define recurrently sequences of transformations
(Xj)1<j<m such that

« each ¥;actson (X;_j o---0X)(G) between t;_; and t;;
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3. UNIVERSALITY OF THE RANDOM-CLUSTER MODEL

« in(Xj0-+-0%1)(G), there are no black points below ¢;.

Let D = (Zp 0+ 0 X1)(G). Below tyg, D is a rectangular part of a square lattice with
width K, — K_ + 1 and height M.

Let @ = (a;)x_<i<k, be the transverse angles of the tracks (s;)x_ <i<K,- Also, denote by
B =B i)j>0 the sequence of angles constructed as follows: for 0 < j <N, ﬁ] B which is the
transverse angles of t;; for j > N, set B i = Bn- Then, the part of D below t); is a rectangular
domain of the vertical strip of square lattice G’o?,}f?' Moreover, also let us denote by GE:E any
completion of Gﬁ,ﬁ into a full plane square lattice. We note that the angles @ and ﬁ also are
transverse angles of tracks in G, therefore Ga,’ﬁ € G(¢) as does G.

By the same argument as for (3.47), for any fixed j < N

hﬁljup P[0 & ()] < gﬁ[o < NG| (3.51)

In the above inequality, A denotes a square domain defined in terms of tracks (s;) and (¢;)

whereas A is defined in terms of tracks (s;) and (t;). We also notice that the box defined in
terms of (s;) is larger than that of (5s;). Propos1t10n 3.26 applies to G’&,ﬁ and we deduce the
existence of constants ¢, C > 0, depending only on ¢, such that, for all j < N

limsup (pQ[O H 8/\(]')] < (p%~~[0 <—> 8/\(]')] < Cexp(—cj). (3.52)
M—>oo D ap
_Let us now come back to connections in D. These can be transformed into connections
in D via the sequence of star-triangle transformations (¥;)1<j<ym. We use the same decom-
position as in the proofs of Section 3.4.1 to transfer the exponential decay in D to that in
D.

Let w be a configuration on D such that 0 <> JdA(n). Then, either 0 is connected to the
left or right sides of R™P(11; 6 n1) or it is connected to the top of R"™(11; 61 inside RPP(11; 5o 11).
The constant o, used in this decomposition will be chosen below and will only depend on ¢
and g. Thus, we find,

93[0 < anm)] <30 <ﬂ> LR (1; 50m)|

(n;00n)

+(pD[0 IRRP (1; 5011)]

RYP (11,8 1)

+(pD[0 — " 9rRMYP(i; 5011)] (3.53)

Let us now bound the three terms above separately. We start with the first two. By the
finite-energy property, there exist a constant 7; > 0 depending only on ¢ and the fundamental
domain of G and primal vertices x_ and x, just below t; (thus on the boundary of D) left of
s_, and right of s,,, respectively, such that

(n;001n)

goD[O —— 9 R (n; 5011)] < exp(qéon)(p%(o —x_) and

(n;00m)

goD[O ——— IrR™(1;501)| < exp(15on) PH(0 — x,). (3.54)

Since the transformations ¥4, ..., X preserve connections between points on the boundary
of D,

oo = ofo = x ] < afo < non)]. 69
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3.4. Proofs for g >4

The same holds for (p%[O — x+].
Since each sequence of transformations ¥ only acts below #;, an open path connecting
0 to d7RMP(11;5¢1) in D is transformed into an open path connecting 0 to ts,n—1 (Figure 3.5).

P (11,6 1)

(pD[O — " 9rRMP(1; 60n)] < (p%[O — téon_l]
< P[0 IN(5en-1)]
< Cexp(—c(ogn —1)). (3.56)
By injecting (3.54), (3.55) and (3.56) into (3.53), then further into (3.50), we find

(PghP(N;N)[O < 9/\(11)] < 2exp(169n) (P%[O A 8/\(11)] + QD%[O «— dN\(6gn — 1)]

The above is true for all M, and we may take M — oo. Using (3.52), we find

(Pth N;N [0 < IN( )] < 2CeXP[— (C—néo)n] + Cexp[—c(éon— 1)].

Set 6y = ﬁ so that ¢’ := ¢ — g1 = cd( > 0. Then, we deduce that

(pth NN [0 < I\ )] <3Cef exp(—c'n).

Since ¢ and 77 only depend on ¢, q and the size of the fundamental domain of G, we obtain
the desired result. O

3.4.3 Conclusion

Below, we show how the previous two parts imply Theorem 3.2 and Corollary 3.3 for g > 4.
Fix a doubly-periodic isoradial graph G and one of its grids.

Proof of Theorem 3.2. Due to (3.48) and Proposition 3.23, G satisfies (3.32). Since G satisfies
the bounded angles property for some ¢ > 0 and due to its periodicity, there exists a constant
a > 0 such that A(n) C B, for all n > 1. Then, (3.32) implies

(p(%[OeaBn] <(p003[0<—>8/\(§)] <Cexp(—§n). (3.57)

This implies the second point of Theorem 3.2 with an adjusted value for c.

Let us now consider the model with wired boundary conditions. Recall that if w is sam-
pled according to (pé, then its dual configuration follows (pq%*. Since G* is also a doubly-pe-
riodic isoradial graph, (3.57) applies to it.

For a dual vertex y € G*, let C(y) be the event that there exists a dually-open circuit
going through v and surrounding the origin. The existence of such a circuit implies that the
dual-cluster of y has radius at least |y|. Thus,

go(};[C(y)] < (p(%* [y v+ aB|y|] < Cexp(—clyl),

for some ¢, C > 0 not depending on y . Since the number of vertices in G* N B,, is bounded
by a constant times 72, the Borel-Cantelli lemma applies and we obtain

(pqlg[C(y) for infinitely many y € G*] =0.

The finite-energy property of (pg} then implies %[0 o oo] > 0. O

9We implicitly used here that (3.57) applies to (p%* and to any translate of it. This is true due to the periodicity
of G*. A multiplicative constant depending on the size of the fundamental domain is incorporated in C.
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3. UNIVERSALITY OF THE RANDOM-CLUSTER MODEL

Proof of Corollary 3.3 for g > 4. 1t is a well known fact that (p(%, Baq = (pé’ 8. for all but count-
ably many values of g (see for instance [ , Thm 1.12] for a recent short proof that can
be adapted readily to isoradial graphs). Thus, by the monotonicity of the measures (pg’ B0
for any < 1, (p(%’l’q dominates (Pcls,ﬁ,q' Theorem 3.2 then implies (pé’ﬁ’q(o < o0) = 0 and
[ , Thm. 5.33] yields (pé, Ba = (p%} B This proves the uniqueness of the infinite volume
measure for all § < 1. The first point of the corollary follows directly from Theorem 3.2 by
the monotonicity mentioned above.

Since measures with g > 1 are dual to those with < 1, the uniqueness of the infinite
volume measure also applies when p > 1. The second point of the corollary follows from
Theorem 3.2 by monotonicity. O
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CHAPTER 4

Behavior of the quantum
random-cluster model

4.1 Results

The random-cluster model admits a quantum version, as described in [ , Sec. 9.3] for
q = 2. Consider the set Z x R as a system of vertical axis. Let C and B be two independent
Poisson point processes with parameters A and p respectively, the first on Z X IR, the second
on (% + Z) x R. Call the points of the former cuts and those of the latter bridges. For any
realisation of the two processes, let w be the subset of IR? formed of:

« the set Z x R with the exception of the points in B;
+ a horizontal segment of length 1 centered at every point of C.

For a rectangle R = [a,b] x [c,b] C R? with a,b € Z, define the quantum random-cluster
measure on R by weighing each configuration w with respect to the number of clusters
in w. More precisely, we define g r 1, to be the quantum random-cluster measure with
parameters A, y and g > 0 by

dpQ g 1 (@) o< AP, ()

where IP) , is the joint law of the Poisson point processes 5 and C, and k(w) is the number
of connected components of w N R (notice that this number is a.s. finite).

Similarly, one may define measures with wired boundary conditions (pé’ R by altering
the definition of k. Infinite-volume measures may be defined by taking limits over increasing
rectangular regions R, as in the classical case.

As will be discussed in Chapter 4, the quantum model may be seen as a limit of isoradial
models on increasingly distorted embeddings of the square lattice. As a result, statements
similar to Theorems 3.1, 3.2 and Corollary 3.3 apply to the quantum setting. In particular,
we identify the critical parameters as those with % = gq. This critical value has already been
computed earlier in [ , ] for the case of the quantum Ising model (g = 2).

Theorem 4.1. Ifq € [1,4] and p/A = q, then
. %M[o < 00] =0 and (pg,/\,y = (pé’/\’ﬂ;
e there exist a,b > 0 such that foralln > 1,

n < <ng[o - 3Bn] <nb;
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4. BEHAVIOR OF THE QUANTUM RANDOM-CLUSTER MODEL

e forany p > 0, there exists c = c¢(p) > 0 such that foralln > 1,

<P5,R,A,,4[Ch(9”: n)] >,
where R = [—(p + 1)n,(p+ 1)n] x [-2n, 2n] and Cy(pn, n) is the event that there exists a
path in w N [—pn, pn] x [-n,n] from {—pn} x [-n, n] to {pn} x [-n,n].
Ifqg>4 and /A = q, then
. (péw[o < 00| >0;
e there exists ¢ > 0 such that foralln > 1, gog,/w[o < dB,] < exp(—cn).

Finally, if u/A # q, then (p&/w = (pé}/w and
e when u/A < gq, there exists Cu/a > 0 such that for any x,y € Z xR,

P9 41X © p] < exp(=c,allx =),

» when u/A>q, (pg'/w[O < 00| >0.

Notice that multiplying both A and p by a factor « is tantamount to dilating the configu-
ration w vertically by a factor of 1/a. Hence it is natural that only the ratio /A plays a role
in determining criticality.

However, for g € [1,4], there are reasons to believe that for the specific values

4
/\:L and }4: r\/ﬁ]

q(4-q) 4-q

the model is rotationally invariant at large scale, as will be apparent from the link to isoradial
graphs.

4.2 Discretisation

Fix ¢ > 0 and consider the isoradial square lattice G° := G, g where a;, = 0 for all n and
B, = ¢ if nis even and f,, = 1w — ¢ if n is odd. This was also defined in Section 1.2.4. See
Figure 1.7 for an illustration.

Recall the notation x; ; with i+j even for the primal vertices of G* (while x; ; withi+j odd
are the dual vertices). Also, recall the notation R(i, j; k,£) for the domains of G* contained
between the vertical tracks s; and s; and the horizontal tracks t; and f.

Remind that G¢ contains two types of edges: those of length 2sin(5) and those of length
2cos(5). As we will take ¢ to 0, we call the first short edges and the latter long edges. And
the associated critical parameters used to define @ge are given by (2.2) where we take 6, = ¢
if e is a short edge; 6, = ©— ¢ if e is a long edge.

When ¢ — 0, we have the following asymptotic behaviors,

2 2re
ifl<g<4, 1—pS~L, Pr—e ™~ \/ﬁ;
q(4-9) 4-¢
. & 2
ifg=4, 1—p€~g, Proc~ —¢
. 2re 2renq
ifg>4, 1-p.~—F——, pnfe’”—\/_~
q(q—4) q-4
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Moreover, the length of a long edge converges to 2, while that of short edges decreases
as € + o(¢). Thus, in the limit ¢ — 0, the measure converges to the quantum FK model on a
dilated lattice 2Z x IR with parameters

2r 2r+/q
) Mo = ;
Va(4-q) 4-¢

. 1
lfq:4, /\OZZ, Ho =

1f1<q<4, /\0:

ifq>4, /\0:

2r "
e o= .
valqg—4) q—4

Note that Ay and y are continuous in g: when q goes to 4 either from above or from below,
the common limits of Ay and p are exactly the values given by g = 4. A precise statement
is given below in Proposition 4.2.

For the rest of the section, unless otherwise stated, we consider the quantum random--
cluster model (pg on Z x R with parameters A = 21y and p = 2y, and boundary conditions
& = 0,1. This is simply the limiting model discussed above rescaled by a factor 1/2. The
infinite-volume measures with free and wired boundary conditions can be defined via weak
limits as in the classical case. The quantum model with these parameters enjoys a self-duality
property similar to that of the discrete model on G* with § = 1.

To distinguish the subgraphs of G* from those of Z xR, we shall always put a superscript
¢ for those of G® and those of Z x IR are always written in calligraphic letters.

For any subgraph R of Z x R, we write goé’R for the quantum random-cluster measure
on R with boundary conditions £ =0, 1.

For 1 < g < 4, we need to consider the counterparts of the horizontal and vertical crossing
events given in Lemma 3.10, which can be studied via the convergence given in the following
proposition.

Proposition 4.2. Fora,b,c,d > 0, let R® = R(2c, 2€—d) be a subgraph of G* and R = [—c,c]| x
[—d,d] be a subgraph of Z x R. Consider £ = 0,1, then

or:[Cn(2a:20)| — @5 p[Cu(a:b)], (4.1)
¥re[Co(20;30)] — WG R[Culaib)] (42)

For g > 4, the event to consider is that given by (3.33), which is given as follows.

Proposition 4.3. Forany N,n > 0, letR® = R(2N, %) be a subgraph of G and R = A(N) =
[-N,N1? be a subgraph of Z x R. Then,

5[0 IR(21;22)] — P[0 < IA(m)] (4.3)

Proof of Propositions 4.2 and 4.3. As we described above, short edges in G* are of length 2sin(5),
2r

Va(4-q)

collection of N = % such consecutive edges. Consider (X;);<;<n a sequence of i.i.d. Bernoulli
random variables of parameter Age: X; = 1 if the i-th edge is closed and X; = 0 otherwise.
Denote S = Zf\il X;, which counts the number of closed edges in this collection of edges.

each of whom is closed with probability A&, where Ay = . Given L > 0 and consider a
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4. BEHAVIOR OF THE QUANTUM RANDOM-CLUSTER MODEL

Then, for any fixed k > 0 and ¢ — 0, we have that

P[S =k] = (IZ)(Aos)k(l —Xge)N 7k

where the quantity in the last line is the probability that a Poisson variable of parameter LA
takes the value k. As a consequence, when ¢ — 0, the N vertical short edges will converge
to a vertical segment of length L, among which closed edges will give us cut points that can
be described by a Poisson point process with parameter 1.

The same reasoning applies to the long edges too. This shows that the measures (plig

converge weakly to gog ®> UP to a scaling factor of 1/2. O

Let us discuss the case g < 4 for illustration. In order to prove the RSW property for ¢g,
one needs to bound uniformly the left hand sides of (4.1) and (4.2) for a = n and b = pn for
any fixed quantity p. By duality, we may focus only on lower bounds.

Notice that for any fixed € > 0, the RSW property obtained in Theorem 3.1 provides us
with bounds for (plgg [Ch(2n; Zpg)] and (plgg [CV(2n; 2?”)] which are uniform in n. However,
these are not necessarily uniform in €. Indeed, all estimates of Section 3.3 crucially depend
on angles being bounded uniformly away from 0.

Removing this restriction in general is an interesting but difficult problem. However, in
the simple case of the lattices G¥, this is possible, and is done below.

4.3 Thecasel <g<4

To show Theorem 4.1 for 1 < g < 4, it is enough to show the RSW property for the quantum
model, the rest of the proof follows as in Section 3.3.4. To this end, we proceed in the sim-
ilar way as for isoradial graphs. More precisely, the following proposition provides us with
uniform bounds in ¢ € (0, 7t) for crossing probabilities in G*. Then Proposition 4.2 transfers
these results to the quantum model and the same argument as in Lemma 3.13 yields the RSW
property for the quantum model.

Propos1tlon 4.4. There exist 0 > 0, constants a > 3 and b > 3a and ny such that, for all
€ (0,7t) and n > ny, there exist boundary conditions & on the region R® = R(bn; b;’) of G*
such that

Pge [Ch (3an, bn; & )] >1-6/2 and (pgg [C; (3an, bn; bé—”)] >1-9/2,
PR [C an, —)] >0 and Qg [C an; —)] >0,
PRe [Ch (an,3an; ;)] >0 and Qg [Ch an, 3an; %)] > 0. (4.4)

For the rest of the section, we focus on proving Proposition 4.4; the rest of the arguments
used to obtain the RSW property for ¢ are standard.

By symmetry, we may focus on € < 1t/2; thus, difficulties only appear as ¢ — 0. Fix € > 0.
We shall follow the same ideas as in Section 3.3.2. Recall the construction of the mixed lattice
Gpix: for M, N1, N, > 0, consider the graph obtained by superimposing a horizontal strip of
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4.3. Thecase1<g<4

G¢ of height N, + 1 and width 2M + 1 over a horizontal strip of regular square graph GO,%
of height Ny + 1 and same width. Let the lower vertices of this graph be on the line R x {0},
with xg g at 0. Convexify this graph. The graph thus obtained, together with its reflection
with respect to R x {0}, form G ;.

Write Gy for the graph with the regular and irregular blocks reversed. See Sections 3.2.1
and 3.3.2 for details on this construction and the track exchanging procedure that allows us
to transform G, into Emix. Figure 4.1 contains an illustration of G;, and Emix.

Lo o el
FXRIRIZE
L S
PO00:0:0:0:0:¢
A A
CEEEEEEE

G* N2

Figure 4.1 — Left: The graph G,,;;. Right: The transformed graph émix.

Write g and ¢z for the random-cluster measures with f = 1 on Gy, and émix,
respectively, with free boundary conditions. The following adaptations of Propositions 3.15
and 3.16 imply Proposition 4.4 as in Section 3.3.2.2.

Proposition 4.5. There exist Ay := Ag(q) > 0 and ng
Pout > Pin > 0, n = ng and sizes M > (p oy + %)n Ny

> 1 such that forall A > Ay, € € (0,71/2],
>nand N, > %n,

Q"@mix[ch(Pin”z (pout+ %)nl/\%)] > (1 - poute_n)(PGmix Ch(pinn' Pout™; Yl)] (4-5)

The quantities 1y and A above have no relation to the intensity of the Poisson point
process used in the definition of ¢g.

(0, 1]1N with ¢,, — 1 such that, for
n
PR

Proposition 4.6. There exists 11 > 0 and a sequence (c,,), €
alle € (0,7t/2],n > 1 and sizes M > 3n, N; > N and N, >

(pgmix[cv(3n;17§)] > chGmix[Cv(n;n)]. (4.6)

Proposition 4.5 controls the upward drift of a crossing: it claims that with high probability
(independently of ¢), this drift (in the graph distance) is bounded by a constant times % As
a result, due to the particular structure of G¥, the upward drift in terms of the Euclidean
distance is bounded by a constant independent of €. The proof follows the same idea as
that of Proposition 3.15 with the difference that it requires a better control of (3.9), which is
obtained by a coarse-graining argument.

Proposition 4.6 controls the downward drift of a vertical crossing. The proof follows the

same lines as that of Proposition 3.16, with a substantial difference in the definition (3.12) of
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4. BEHAVIOR OF THE QUANTUM RANDOM-CLUSTER MODEL

the process H which bounds the decrease in height of a vertical crossing when performing a
series of track exchanges. In the proof of Proposition 3.16, H was a sum of Bernoulli random
variables; here the Bernoulli variables are replaced by geometric ones. This difference may
seem subtle, but is essential in obtaining a bound on the Euclidean downward drift which is
uniform in ¢.

Proof of Proposition 4.5. We keep the same notations as in the proof of Proposition 3.15. We
remind that the process (H k)0<k<n is coupled with the evolution of ()/(k))0<k<n in such a way
that all vertices x; ; visited by y®) have (i, j) € H*. Moreover, (HX) can be seen as a growing
pile of sand which grows laterally by 1 at each time step and vertically by 1 independently at
each column with probability 7. The goal here is to estimate # in the special case of G,y as
illustrated in Figure 4.1. More precisely, we want to improve the bound given in (3.10). Let
A > 0 denote a (large) value, we will see at the end of the proof how it needs to be chosen.

|
/ "
t ~ () K C

Figure 4.2 — Figure 3.12 adapted to the case of G,;, defined above. When we perform star--
triangle transformations, we exchange two tracks, one of transverse angle 7 and the other
7 — ¢ or €. We assume that we are in the case A= 7 and B=m —«¢.

In the special case of G, described above, a track exchange is always between tracks

with transverse angles A = 7 and B = 7 — ¢ or ¢. This is illustrated in Figure 4.2. The

parameter 1]4 p is the probability that the path yk)as shown in the figure, drifts upwards
by 1 when the dashed edge on the left of the figure is open. This can be estimated as follows
for1<g<4,

sin(r(%_g))
_eaVeewn) | Sy ST
MA,B p %_S o
%‘Ff q==*

A quick computation then shows that we have

242 ++/q
n:= sup nap=1-C(q)e, where((q)= —2\/_
A,Be[e,t—¢] TC

Thus, this value may be used in the process (H¥) bounding the evolution of (¥)). Hence,
we obtain, for 0 < k <

IP[h(;/(k)) < %n] > IP[max (i, j) € Hk ]

A straightforward application of (3.9) is not sufficient to conclude, as it would provide a
value of A of order log(%) rather than of constant order. We will improve (3.9) slightly by
revisiting its proof (given in [ , Lem. 3.11]).

We are interested in the time needed to add a neighboring block from those which are
already included by H*. To be more precise, with each edge e of Z x IN, we associate a time
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t,: if e is horizontal, set t, = 1; if e is vertical, set t, to be a geometric random variable with
parameter C(q)e. Moreover, we require that the random variables (¢,) are independent.

For x,y € Z x N, define P(x,v) to be the set of paths going from x to y, containing no
downwards edge. For a path y € P(x,y), write 7(y) = }_.¢, t., which is the total time needed
to go through all the edges of y. Also write 7(x, ) = inf{tr(y) : ¥ € P(x,v)}. As such, the
sets (Hk)k>0 can be described by

H={yeZxN:3xe H’ 1(x,y) <k}, (4.7)
where we recall the definition of HY:
HY={(i,j) € ZXIN: ~(poue + 1)1 <i—jand i +j < (pout + 1) and j < 1}

Thus, our goal is to prove that the time needed to reach any point at level %n is greater than
%n with high probability.

Let P, be set of all paths of P(x,y) with x € H?, y = (i, j) with j = %n and which contain
at most n horizontal edges. Then, (4.7) implies

P[max{j: (i, j) € Hi" > dn) =PIy e P, i t(y) < 2] (4.8)

Next comes the key ingredient of the proof. We define the notion of boxes as follows. For
(k,€) € Z x N, set
— ; L -1 4
B(k,t)={(k,j) € ZxIN: == <j<}.

We note that different boxes are disjoint and each of them contains % vertical edges. A
sequence of adjacent boxes is called a box path. Note that such a path is not necessarily
self-avoiding. Set P, to be the set of box paths from some B(k,#) to some B(¢, A1), where
k and € are such that —(poy; + 1)1 < k < (pout + 1)1 and |k — €| < n, and in which at most n
pairs of consecutive boxes are adjacent horizontally.

With any path y € P,, we associate the box path y € P, of boxes visited by ¥ (above
level n/¢). Notice that, since y has at most 7 horizontal edges, so does y.

Given a box path y = (¥;) € P,, call ; a vertical box if ;_1,Y; and ;1 have the same
horizontal coordinate. Since any path y € P, can only have at most n pairs of consecu-
tives boxes that are adjacent horizontally, there are at least (A — 3)n vertical boxes in y. See
Figure 4.3 for an illustration of the above notions.

A box is called bad if it contains a vertical edge e such that f, > 2. We can estimate the
probability that a box is bad:

IP[a given box isbad] =1 —(1-Ce)/¢ 51— ase — 0.

Notice that for a path y € P, such that 7(y) < %n, there are at most #n vertical bad boxes in
7. Indeed, due to the definition, in any bad vertical box of ),  crosses an edge e with ¢, > 2.
Therefore,

IP[EI)/ eP,:t(y) < %n] < IP[377€ P, : there are at most n vertical bad boxes in 77]
< Z IP[there are at most n vertical bad boxes in 57] (4.9)
7eP,
Let us now bound the above. First, note that any path y € P, has length at most An and
can have at most n horizontal displacements, which gives
D n An n
|Pn| < 2(pout + 1)112 n < pout(C/\) ’ (4-10)
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Figure 4.3 — A path y € P, and its associated box path y € P,. Note that the box path
might not be self-avoiding. The blue box in the figure is a vertical box for .

for a constant ¢ > 0 independent of all the other parameters. Secondly, recall that any 7 € P,
has at least (A — 3)n vertical boxes. Let Xj,..., X()1_3), be i.i.d. Bernoulli random variables

with parameter 6 = 1 — (1 — Ce)!/¢ that indicate whether the (A — 3)n first vertical boxes of
y are bad (X; = 1 if the i? vertical box of y is bad and X; = 0 otherwise). Then,

IP[there are at most 1 vertical bad boxes in 77] < IP[Xl o+ X(ao3)n S n]

(5=

n

)H(A ~3)(1 - 5)] @)

The last inequality is obtained by large deviation theory.
Finally, put (4.8)-(4.11) together, as in [ , Lem. 3.11]. It follows that if A is chosen

larger than some threshold g > % that only depends on 0, then

.. A -
P[max(j: (i, j) € H") > 2n] < poue ™.

Recall that o 0 1 — e is uniformly bounded in ¢ > 0, hence A, may also be chosen
uniform in e.

Remark 4.7. We point out that the coarse-graining argument above is essential to the
proof due to the reduced combinatorial factor (4.10). In effect, the computation in [ ,
Lem. 3.11] would have given us a combinatorial factor (cA/€)"”, and due to the additional ¢
in the denominator, one can only show that A should grow as log(%). This improvement
is made possible because when, ¢ goes to 0, paths in the directed percolation take % more
vertical edges than horizontal ones, and bad edges (those with passage-time greater than 2)
are of density proportional to €. We can therefore “coarse grain” a good number of paths to
a unique one, which improves the bound.

O]

Proof of Proposition 4.6. We will adapt the proof of Proposition 3.16 to our special setting.
The goal is to have a better control of the downward drift of paths when track exchanges are
performed. There are two significant differences: (i) a better description of the regions DX in
which vertical paths are contained; (ii) a (stochastic) lower bound on #* by a sum of geometric
random variables rather than a sum of Bernoulli variables as in the aforementioned proof.
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4.3. Thecase1<g<4

In this proof we are only interested in events depending on the graph above the base
level, and we will only refer to the upper half-plane henceforth.

Fixe>0andneIN. Let M > 4n, N; =2 nand N, > g where, as illustrated in Figure 4.1,
2M + 1 is the width of the blocks of G(!) = Z? and G'? = G¢, N; + 1 is the height of the
block of Z? and N, that of G¢. Recall that the sequence of star-triangle transformations we
consider here is X1, which consists of pulling up tracks of G!) one by one above those of
G'?), from the top-most to the bottom-most. We write IP for the measure taking into account
the choice of a configuration w according to the random-cluster measure @ . as well as the
results of the star-triangle transformations in X applied to the configuration w.

For 0 <i < Ny, recall from Section 3.2.1 the notation

ZlT = Zfi;fN, Ny ©777° ZtirtN1+l’
for the sequence of star-triangle transformations moving the track t; of G(!) above G(?).
Then, 2T =%} 00X} .

We note that w € C,(n; n) if and only if y!

ne1 OO ZIT\]l (w) € C,(n;n), since the two con-

1

figurations are identical between the base ¢y and t,,. Thus, we can assume that ZT R Y

are performed and look only at the effect of 22, e, Zg on such a configuration. Let us define
for0<k<<n+1,

Gk = 2T—k+1 00 le(GmiX),

n
wk = Zlfkﬂ 0---0 ):IT\Il(“))'

Dk:{xu,veGk:|u|<n+2k,O<v<N2+n},
k Dk,a)k
h* =sup{h < N, +n—k:3u,v e Z with x,, ) —— x, ,}.

That is, h¥ is the highest level that may be reached by an w*-open path lying in the rectan-
gle DX. These notions are illustrated in Figure 4.4
Due to the above definitions, if w® € C,(n;n), then h® > n. Hence,

P[h° > n] > Plw’ € C,(m;n)] = g [Cy(1m;1)].

Moreover, using the fact that @"*! follows the law of @5 and the definitions of D"*! and

h"*1 above, we obtain

¢z [Co(3mnl)] > P! > nl).

mix

Therefore, it is enough to show
P[A"! > 2| > ¢, P[h0 > n], (4.12)

for some 7 € (0, %) to be specified below and constants ¢, with ¢,, — 1 as n — oo, all inde-
pendent of €.

Fix 0 < k < # and let us examine the (N; — (n—k) + 1) step of »', that is El—k' Write

W = Etry—krtl\l1+j for 0 < j < N + 1. In other words, \; is the sequence of

star-triangle transformations that applies to G¥ and moves the track t,_; above j tracks of

o0 Ztn—krtNl-H

G, namely N +1---r IN,+j- Moreover, Wy, = Zl_k; hence, \I’Nz(Gk) = G**1 and \I’Nz(a)k) =

a)k+1.
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Figure 4.4 — Several stages in the transformation of G, (only the outlines of the diamond
graphs are depicted). Pulling up the top N; —n tracks of the regular lattice does not affect the
event C,(n; n). The red vertical crossing is then affected by the track exchanges. However, it
remains in the hashed domains (Dk)0<k<n+1, and (D]]f)osjsNz- Its height evolves according

to (3.14)—(3.16), (4.13) and (4.14). Notice the asymmetric shape of D]]-‘ in the fourth diagram,
where j is even.

For 0 < j < N, write j := 1 —k + j and define D]l.‘ as the subgraph of‘I’j(Gk) induced by
vertices x,, , with 0 <v < N, +n and

lul <n+2k+2 ifv<7j,
~(n+2k)< u <n+2k+1 if v=7+1andjodd,
-(n+2k+1)< u <n+2k if v=7+1and j even,
lu| <n+2k ifv>7+1.

We note that D C D]O< c---C D’Iﬁ, C D**1 Let * = W;(w*) and
2 ] ]

D].‘,a)’f
h;‘ =sup{h < Np+n—k:3Ju,veZwithx,, PEEEN Xy n)-

Due to inclusions between the domains, we have k¥ < hlé and hlk\,2 < HF*L. Next, we aim to
obtain similar equations to (3.14)—(3.17).

Fix 0 < j < N, and let ¥ := %, be the track exchange to be applied to ‘I’j(Gk).

Moreover, let P; be the set of paths y of \¥; (G¥), contained in D]’-‘ , with one endpoint at height
0, the other at height h(y), and all other vertices with heights between 1 and h(y) - 1.

First we claim that, if y is an a);-‘ -open path of P;, then X(y) is a);-{ ,1-open and contained
in D]l‘(+1 (hence contains a subpath of P, reaching the same height as 3())). Due to the
specific structure of G¢, we prove this according to the parity of j. For j even, the transverse

angle of the track ty, 4,1 is 77— ¢. Thus, as shown by the blue points in Figure 3.5, & induces
a possible horizontal drift of y of +2 at level j and +1 at level j + 1. By its definition, D]'.‘Jrl

n—krtN1+j+l
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4.3. Thecase1<g<4

indeed contains (). For j odd, the figure is symmetric, thus we get horizontal drifts of —2
and —1 at levels Tand 7+ 1, respectively.

Let us briefly comment on the differences between the above and the general case ap-
pearing in Proposition 3.16. In Proposition 3.16, since the directions of the track exchanges
are not necessarily alternating, we may repeatedly obtain horizontal drifts of the same sign.
This is why the domains D]k in Proposition 3.16 grow with slope 1 (see Figure 3.13), and

eventually induce a different definition of D¥ than the one above. In the present case, due to
alternating transverse angles which create alternating positive and negative drifts, D¥ may
be chosen with vertical sides and D¥*! is obtained by adding two columns on the left and
right of D¥. While this may seem an insignificant technicality, it allows to bound the hori-
zontal displacement of the vertical crossing by 27 rather than a quantity of order 7, and this
is essential for the proof.

As a consequence of the discussion above, equations (3.14)—(3.16) hold as in the classical
case. For this proof, we will improve (3.15) and (3.17) to

Py, > h+ 1| hf=h]>1-Ce if h =7, (4.13)
P[AY, ) > h|hf =h]>1-Ce ifh=7+1, (4.14)

for some constant C > 0 that does not depend on ¢, only on g.
Before going any further, let us explain the meaning of (3.14)-(3.16), (4.13) and (4.14)

through a non-rigorous illustration. In applying ):l_k, the track f,,_j (of transverse angle
711/2) is moved upwards progressively. Let us follow the evolution of a path y reaching height
h* throughout this process. As long as the track t,_; does not reach height /¥, the height
reached by ¥ is not affected. When t,_ reaches height ¥ (as in Figure 4.5; left diagram),
the height of  may shrink by 1 or remain the same; (4.14) indicates that the former arrises
with probability bounded above by Ce. If y shrinks, the following track exchanges do not
influence y any more, and we may suppose hk+1 = pk — 1. Otherwise, the top endpoint of
y at the following step is just below ¢,_j (as in Figure 4.5; centre diagram). In the following
track exchange, y may increase by 1 in height. By (4.13), this occurs with probability 1 —Ce.
If the height of ¥ does increase, then it is again just below t,_, and it may increase again.
In this fashion, y is “dragged” upwards by t,,_¢. This continues until y fails once to increase.

After this moment, y is not affected by any other track exchange of ):Il_k.

The reasoning above would lead us to believe that h¥*! > hk — 2+ Y stochastically, where
Y is a geometric random variable with parameter Ce. This is not entirely true since the
conditioning in (4.13) and (4.14) is not on a);.(, but only on h¥. However, this difficulty may be
avoided as in the proof of Proposition 3.16. Let us render this step rigorous and obtain the
desired conclusion (4.12), before proving (4.13) and (4.14).

Let (Yx)o<k<n be ii.d. geometric random variables of parameter Ce. Define the Markov
process (H )g<k<ns1 by H® = h® and H**! = min{H* + Y} - 2,n— k + N,}. Then, the com-
parison argument of [ , Lem. 3.7] proves that h* dominates H¥ stochastically for any
k. Precisely, for any k, the processes (Hj)0<j<n+1 and (hj)0<j<n+1 may be coupled such that
H* < hF as.. We insist that we do not claim that there exists a coupling that satisfies the above
inequality simultaneously for all k. We do not provide details on how to deduce this inequal-
ity from (3.14)-(3.16), (4.13) and (4.14), since this step is very similar to the corresponding
argument in [ , Lem. 6.9]. Let us simply mention that the cap of n—k + N, imposed on
H* comes from the fact that a path may not be dragged upwards above the highest track of
the irregular block.
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4. BEHAVIOR OF THE QUANTUM RANDOM-CLUSTER MODEL

By comparing h"*! and H"*!, we find
B IP[hn+1 > 17%]

Cpi= 5] >P[H" > 02| HO > n]|>P[Yo+-+ YV, — (n+2) > 2]

I

The last inequality is due to that, if H* + Y, — 2 = n—k + N, at any point during the process,
then h™*! > 52 is sure to arrises. Finally notice that IE[Y} — 1] = 125 > yy/e for ny < 1/C
and € small enough. The same large deviation argument as in the final step of the proof of
Proposition 3.16 allows us to conclude that ¢,, — 1, uniformly in ¢. Thus, we are only left

with proving (4.13) and (4.14), which we do next.

First we prove (4.14). This is similar to the argument proving (3.17), with a slight improve-
ment on the estimate of the parameter 6. Fix 0 < j < N, and use the notation introduced
above. Without loss of generality, assume also that j is even so that the track exchange
Y= Etn—k’tNlJerrl is performed from left to right. Denote by I' = I‘(w;{) the w;.(—open path of P;

that is the minimal element of {y € P; : h(y) = h?, y is a);(—open} as in Proposition 3.16.

- €2 - €2
= / A\ €3 = /
7 \ 7
s, €1 N €1
2 2 2

Figure 4.5 — Three star-triangle transformations contributing to X slide the gray rhombus
from left to right. If the three edges in the middle diagram are all closed, then e4 is open with
probability %.

Fix some y € P; of height j+1. Letz = X, 741 denote the upper endpoint of y and let

T or

z’ denote the other endpoint of the unique edge of y leading to z. Then either z’ = x, ;

4 —_ —~
Z=x, 7

Conditioning on I' = y. If 2 = x_, 7 then it is always the case that h(X(I)) > 7+ 1.

u-1,
Assume that z’ = Xyp1,7 8S in Figure 4.5]and consider the edges ey,..., e, depicted in the
image. If e; is open in ! then it is easy to see that h¥ 1= 7+ 1, for any outcome of the
star-triangle transformations. The same is valid for the edge e3 appearing in the second
diagram of Figure 4.5. Assume that both e; and e; are closed in the second diagram. Then, if
in addition e, is also closed, by the randomness appearing in the star-triangle transformation

leading to the fourth diagram,

B Ve, y€3-

q
This is due to the transition probabilities of Figure 2.8. Finally, if ¢4 is open in the last diagram,
then the height of I remains at least j + 1 for the rest of . In conclusion,

IP[ey is open|ey, e;, e3 are closed

]P[h;-ﬂrl > 7+ 1T=y]> %H’[ez is closed|I' = ¥ and ey, e3 closed]

Notice that the edge e, is above level Zhence the conditioning I' = y and ey, e3 closed affects
it negatively. Thus, IP[e; is closed|I' = p and e;, e3 closed] > 1 — p,,. Using the fact that
Ve, = V9> Ve, — /g and p,, ~ C’¢ as ¢ — 0, with C’ > 0 depending only on g, and summing
over all possibilities on ), we obtain

P[Af,, > j+11H =j+1]>1-Ce,
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4.3. Thecase1<g<4

for some constant C depending only on g.

Now let us prove (4.13). The argument is very similar to the above. Assume again that
the track exchange ¥ = ¥; is performed from left to right. Let I' be defined as

n—k/INy +j41
above and call z its top endpoint. Condition on Wk = ]~ Then, as the vertical rhombus is
slid through #,,_t, N, 4j11, it arrives above z as in the second diagram of Figure 4.5. Let
e1, €y, ez and e4 be defined as in Figure 4.5. If ¢ or e; are open in the second diagram,
then h;( = 7+ 1 for any outcome of the star-triangle transformations . Assume that e,
and e3 are both closed at this stage. Moreover, since the conditioning only depends on
edges below level 7+ 1, it influences the state of e, only via boundary conditions. Hence,
IP[e, is closed|I" and ey, e3 closed] > 1 — p,,. As discussed above, when e, e, and e3 are all
closed, the final star-triangle transformation of Figure 4.5 produces an open edge e4 with
probability bounded below by 1 — Ce. We conclude as above.

O

4.3.1 The case g >4

We will adapt the proof of the exponential decay of Section 3.4 to the quantum case. More
precisely, we only need to do so for the case of isoradial square lattices, that is Section 3.4.1.
The argument is very similar to that of Section 3.4.1, with the exception that Propositions 4.5
and 4.6 are used instead of Propositions 3.15 and 3.16.

We recall the notation RPP for half-plane rectangles and the additional subscript & for
domains defined in G¢. The key result is the following.

Proposition 4.8. There exist constants C,c > 0 depending only on q such that, for any € > 0
small enough,

@thp,é.(N;Q)[O & IR (p; %)] < Cexp(-cn), ¥n<N. (4.15)

The above has the following direct consequences.

Corollary 4.9. There exist constants C, c > 0 depending only on q such that for € small enough,
(pgg(N;%)[O < JdR®(n; g)] < Cexp(—cn), ¥n<N. (4.16)

Corollary 4.10. There exist constants C,c > 0 depending only on q such that,
qo&A(N)[O <—> aA(n)] < Cexp(—cn). (4.17)

Corollary 4.9 is an straightforward adaptation of Proposition 3.23. Corollary 4.10 is a
consequence of the fact that the constants in (4.16) are uniform, thus we can take ¢ — 0 and
apply Proposition 4.3.

To conclude, as in Section 3.4.3, Corollary 4.10 implies Theorem 4.1 for g > 4.

We will not give more details on the proofs of Corollaries 4.9 and 4.10 and Theorem 4.1.
For the rest of the section, we focus on showing Proposition 4.8.

Proof of Proposition 4.8. We follow the idea of the proof of Proposition 3.25.
Fix ¢ > 0 as in the statement. For N > 1, let G,;,, be the mixture of G(!) = G¢ and G1?) =
Z?, as described in Section 3.2. In this proof, the mixed lattice is only constructed above

IDue to the conditioning, ] or e3 may only be open if their top endpoint lies outside D]k.
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the base level; it has 2N + 1 vertical tracks ( Si)_N<i<n of transverse angle 0 and +N+2
horizontal tracks (¢;)o<;< <NUN+D the ﬁrst - + 1 having alternate angles ¢ and 7w — ¢ (we call
this the irregular block) and the following N + 1 having transverse angle 5 (we call this the
regular block). Finally, G,,;, is a convexification of the piece of square lattice described above.

Set émix to be the result of the inversion of the regular and irregular blocks of G,;, using
the sequence of transformations X.1. Let ©G,;, and @ be the random-cluster measures with

free boundary conditions on G,;, and émix, respectively. The latter is then the push-forward
of the former by the sequence of transformations X'

Let 0 € (0,1) be a constant that will be set below; it will be chosen only depending on
q. Write dy, dg and dr for the left, right and top boundaries, respectively, of a rectangular
domain RPP(.;.).

Consider a configuration w on G such that 0 «— IRPP (1 2). Then, as in (3.40), we
have

thé Vl ()0

PG, [O & IRPP (1; )] <@g, . [0 — 5 9;RWPE (g 5()%)]

tha(n bO”) hpg Y
PGy |0 > IR (156 2)]

RO (1;00 %) hoe/ <
G [0 ——— ITR™< (1,502 | (4.18)
Moreover, since the graphs G,;, and G¢ are identical in RP® (NG X)) we obtain,

P [oHaRhPf( )| <@g, [0 RPE(m; 1) (4.19)

where we use the comparison between boundary conditions.

In conclusion, in order to obtain (4.15) it suffices to prove that the three probabilities of
the right-hand side of (4.18) are bounded by an expression of the form Ce™"
constants C and ¢ depend only on g. We concentrate on this from now on.

, where the

Let us start with the last line of (4.18). Recall Proposition 4.6; a straightforward adaptation
reads:

Adaptation of Proposition 4.6. There exist T > 0 and c,, > 0 satisfying ¢, — 1 asn — oo
such that, for all n and sizes N > 4n,

RHPE (41130 R (136
oz [0 EET, 5 Rine (41;8071)| > cupg, [0 ZLOD), R (3 50 )] (420

mix

Indeed, the proof of the above is identical to that of Proposition 4.6 with the only differ-
ence that the position of the two graphs are switched, thus the factor ¢! becomes ¢. The
constant 7 and the sequence (c,), only depend on g.

Observe that, in Gmlx, the domain RPP(N; N) is fully contained in the regular block and
contains RPP(41; 67n) if 537 < 1. Thus, by comparison between boundary conditions,

4n;s
vz ﬂ) JrRMP (4n; 60111)]

RMP (411;6T1)
(péﬁSNN [0 <—> IR (47; boTn)]

D (prlzﬁr?N iN) [0 — 9/\(507”)] < Coexp(—coogTn).
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where RPP(N; N) is the subgraph of Z? and the last inequality is given by Proposition 3.24.
Note that ¢y and 7 depend only on q. Thus, from (4.20) and the above we obtain,

P(4n;00TH) ]

(me[ <—> d7RP (41;50Tn) Coexp( Co0gTH). (4.21)

For nlarge enough, we have c,, > 1/2, and the left-hand side of (4.21) is smaller than 2Cy exp(—cgoyTn).
Since the threshold for n and the constants c(, T and 0, only depend on g, the bound is of
the required form.

We now focus on bounding the probabilities of connection to the left and right boundaries

of RMP (1; 00%)-
th ¢ (Vl 60% h

Observe that, for a configuration such that the event {0 «——— JrR™¢(1;00%)} oc-
curs, it suffices to change the state of at most 0y % edges to connect 0 to the vertex x , (We will
assume here 7 to be even, otherwise x ,, should be replaced by x ,,,1). Moreover, these edges
can be chosen to be vertical ones in the irregular block, thus they are all “short” edges with
subtended angle ¢. By the finite-energy property, there exists a constant T = 7(¢,q) € (0,1)
such that

Rbpé ( (1;00%) hp,¢ " o,
(PGmlx[O > IRR™(n; 505)] ST Ve qumix[O AN xO,n]r

where T can be estimated as follows,

Pe _ Ve
pe+(1-p)q g+

>1—C1€,

where ¢; > 0 is a constant depending only on 4.
The points 0 and x ,, are not affected by the transformations in ¥7, therefore

P[0 o] = 05, [0 < 0]
<gg, [0 Nm)
(péﬁij a0 anm)]
< Coexp(—con),

where in the last line, R"(N; N) is the subgraph of Gmix> OT equivalently of Z? since these
two are identical. The last inequality is given by Proposition 3.24. We conclude that,

ths(fl (50 hi 5
QDGW[O 5 JRR™ (n; 002 )] < Coexp[— (co+ ?Ologf)n]
< Cpexp [ —(co + % log(1 - cle))n]. (4.22)
REPE (11350 )
The same procedure also applies to the event {0 —— 5 9 R (y; d0% )}
Now let 61 = #gé(l_cls) and 9g = mm{él,z}. Notice that 07 — m > 0 when
¢ — 0, which gives the following relation,
c +5olo (I-cre)=c¢ +6110 (1-c1e)=cgo1T— CST >0
0+ 108 1€) 2 Co+ 7108 1€) = €01 CoT+0; .
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as € — 0. Thus, for € small enough, we can pick a uniform constant 6, such that
0 1
co+ —Olog(l —c1€) = §C051T =c
€

Then, Equations (4.18), (4.21) and (4.22) imply that for n larger than some threshold depend-
ing only on g,

qumiX[O <—> aA(n)] <4Cyexp(—cn).
=

Finally, by (4.19), we deduce (4.15) for all N > 4n and n large enough. The condition on n
may be removed by adjusting the constant C. U
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CHAPTER 5

Semi-discrete complex analysis

In this chapter, we construct the main tool of our study: the semi-discrete complex analysis.
There is a number of papers dealing with this, see for example [ , , ]. How-
ever, they do not go far enough for our needs. Thereforem, we will investigate deeper and
construct the theory needed to study the quantum Ising model.

Pretty often, the notions defined on the square lattice or isoradial graphs [ , ,

, , , ] can be generalized easily, such as derivatives, holomorphicity
and harmonicity (Section 5.1.1), Brownian motion (Section 5.2), Dirichlet boundary problem
(Section 5.3) and other related objects.

The integration on the primal or dual lattice of a semi-discrete function can also be de-
fined similarly (Section 5.1.2). A minor difficulty could arise when it comes to integrating the
product of two semi-discrete functions. We will explain in Section 5.1.3 how to define this so
as to have expected properties as in the continuous setting.

Another difficulty appears in the construction of the semi-discrete Green’s function (Sec-

tion 5.4). This can be done by modifying the approach from [ ], which makes use of
discrete exponential functions. In the discrete case, the Green’s function can also be seen as
an isomonodromic discrete logarithm [ ].

The notion of s-holomorphicity was defined in (2.9) and will allow us to show the con-
vergence stated in Theorem 6.1, using the fact that the observable defined in Section 6.2 is
s-holomorphic.

5.1 Basic definitions

5.1.1 Derivatives

Let ()5 be a primal semi-discrete domain. A function f defined on Q) is said to be contin-
uous if y — f(x,v) is continuous for all x € {x,(x,v) € QO5}. The same definition applies to
functions defined on a dual domain Q’g, a medial domain Qg or a mid-edge domain Qg. We
then define in the same way a differentiable function on these domains, or even C k functions,
by demanding the property on all the vertical intervals.

Given a vertex p € IL§, we denote by p* the right and left neighboring vertices in I3, i.e.,
pti=p+ 2. Similarly, we may write e* := ¢ + g for neighboring mid-edge vertices of e € IL%.

If p € IL§, we denote by e;; the right and the left neighboring mid-edges, or e, := p+ %. In
the same way, given a mid-edge ¢ € ILI()S, we denote by p the right and the left neighboring

medial vertices, or p¥ := e+ 3.
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5. SEMI-DISCRETE COMPLEX ANALYSIS

Figure 5.1 — Illustration of the definitions above. Left: neighboring mid-edges and vertices of
a vertex. Right: neighboring vertices and mid-edges of a mid-edge.

Fore e IL%, we may also write u, (resp. w,) the neighboring primal (resp. dual) vertex. In
other words,

{ue} ={pc,pe} N Ly,
{we} = {p,pe NI,
See Figure 5.2 for an illustration.
(& (&
&—O o—e

Ue We We Ue

Figure 5.2 — Illustration of the neighboring primal and dual vertices.

The derivatives D(®) and 5(5) of a differentiable function on IL§ or IL% can be defined by
taking the “semi-discrete counterpart”. Thus, the notion of holomorphicity and harmonicity
will be defined in the same way.

Definition 5.1. Let f : IL§ — C be a complex function defined on the medial lattice. Let
p € IL§. The x-derivative at p is given by

f(p?) —f(p‘)‘

DV f(p):= 5

If p € ILY, we define the second x-derivative at p by

S +f(p)-2f(p)
52

DY f(p):= DY o D' f(p) =

where p™* = (p*)" and p™" = (p7)".

Definition 5.2. Let f : IL{ — C be a differentiable complex function defined on a medial
lattice ILS. Its derivatives at p € IL® are given by

DO f(p) = %[fo’)f(ph w] _ % [f(p+) gf(p‘) .\ 8{(;7)]} 5.1)
(S 0 +y - 9
D" f(p) = 3 [ ipy - 2L | LS SRR

A semi-discrete function f is said to be (semi-discrete) holomorphic at p € ILg if D f(p)=

0, and is said to be holomorphic in Qg, where Qg is a medial domain, ifﬁ(b)f(p) =0 for all
p € IntQ5.

106



5.1. Basic definitions

The same definitions (5.1) and (5.2) could also be used for functions defined on mid-edge
domains. Let f : ILES — C be a differentiable complex function defined on the mid-edge
lattice, then

DUIf(e) = 1 [f(e+) ;f(e‘) s 9{ <e>], (53)
5% f(e) - %[f(e*) ;f(e‘) _ %f: <e>] (5.4)

Consider a twice differentiable function f defined on a primal (or dual) lattice. We can
define its Laplacian by

AOf = 4ap@D f = 4B DO F = DY) f 4, . (5.5)

A twice differentiable function f defined on the primal domain Q) is said to be
+ harmonic if A(é)f(‘p) =0, for all p € Int?Qy;
« subharmonic if A®) f(p) > 0, for all p € Int?> Q;;
« superharmonic if A®) f (p) <0, for all p € Int> Q5.

Here, we take twice interior because in the definition of the Laplacian, the second x-derivative
is involved. We extend these definitions to a twice differentiable function defined on a dual
domain in the same way.

5.1.2 Integration on primal and dual lattices

Now, we define the notion of (semi-discrete) complex line integral for a semi-discrete function
f living on IL§. Let P = [ko +1ia,ko +1ib] be a vertical primal (resp. dual) segment, meaning
that k € Z (resp. k € Z + %) and a < b. If the segment P is oriented upwards, we write

b b
| slonzi [ piokipay =i [ sy (56)

to be the complex line integral along the vertical segment P, where we define fi(-) = f(ok +
i-). Both primal and dual vertical segments are called medial vertical segments.
Let P = {0k +it,m < k < n,k € Z} be a horizontal primal segment for m,n € Z. We

define - -
Lf(z)dz:zéZf(é(kJr%)Jrit):6ka+;(t) (5.7)
k=m k=m

to be the complex line integral along the horizontal primal segment P oriented to the right.
If we have a horizontal dual segment P = {o(k + %) +it,m < k < n,k € Z}, we define in a
similar way

n n
Jf(z)dz::é Z f(ok+it)=5 Z filt) (5.8)
P k=m+1 k=m+1
the complex line integral along the horizontal dual segment. Both primal and dual horizontal
segments are called medial horizontal segments.
In both vertical and horizontal cases, we define the semi-discrete complex line integral of
a reversed path to be the opposite of the semi-discrete complex line integral of the original
path.
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5. SEMI-DISCRETE COMPLEX ANALYSIS

The integrals above are called “semi-discrete complex line integrals” is for the following
reason: we take into account the direction in which the segment goes, giving factors +1
(horizontal segments) or +1i (vertical segments). We may also define the integration against
|dz|, removing thus these factors. Moreover, our integrals shall be defined additively.

Given a semi-discrete primal domain ()5 and a semi-discrete function f on it, we may
write its integral on the domain by

) jﬁk f(y)dy,

Int Q‘g Xk

f(y)dy =06
Qs

where the sum is taken over all the dual vertical lines in Int () 5. This can be seen as a double
integral, in which one involves horizontal segments and the other one vertical segments. And
the complex line integral along horizontal segments gives the factor 6. We may also deduce
the same formula for a dual domain (O}. Here, we note that the integration against dy should
be seen as classical real integration.

An elementary primal (resp. dual) domain is given by
Bi(a,B) ={x+ip, 0k <x<o(k+1),a <y <p}

for @ < B integers and k € Z (resp. k € Z + %) Its boundary consists of four primal (resp.
dual) segments, two vertical ones and two horizontal ones. By convention, we will always
orient the boundary counterclockwise. An elementary medial domain is either a primal or a
dual elementary domain which shall be denoted by B (a, ) for k € %Z in the rest of this
article.

From the complex line integrals along horizontal and vertical segments given by Equa-
tions (5.6), (5.7) and (5.8), we can also define the complex line integral along the boundary of
any primal or dual domain by linearity. Let us consider an elementary primal or dual domain
By(a, B) as an example. Denote by C its boundary which is oriented counterclockwise. If f
is a semi-discrete function which is piecewise continuous, then its integral along the contour
C is given by

B
P = 0 fs() s ] 41 [ [fir) =ty )

consisting of the four integrals coming from the four sides of the elementary domain. More-
over, if f is piecewise differentiable, this can be rewritten as

R L
9gcf(z)dz:6[fk+;]ﬁ+15j Dy fk%(y)dy (5.10)
R
:215I D f1 (v)dy. (5.11)

where in D) f. the term d f is given in the sense of distributions.

Given a primal semi-discrete domain ()5, we define the integral of a semi-discrete func-
tion f along its counterclockwise-oriented contour by decomposing its boundary into verti-
cal and horizontal segments and adding them up.

The integral along the contour of a dual domain is defined in a similar way and the
corresponding properties can be obtained as well. We note that here we do not define the
integral along the contour of a medial domain.
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5.1. Basic definitions

Proposition 5.3 (Green’s formula). Consider a primal domain ()s. Denote by C its boundary
which is oriented counterclockwise. Take a semi-discrete function f which is piecewise differen-
tiable, then its integral along the contour C satisfies the following relation

P feriz=2i [ sy
c Qs

Proof. We decompose the primal or dual domain into elementary ones and sum up Equa-
tion (5.10) corresponding to each of them. On the right hand side, some integrals along the
boundary of elementary domains appear twice with opposite sign and cancel out, therefore,
the only remaining terms sum up to the complex line integral along the contour C. U

o . C
Define a vector operator V = (D,(C ) , 93,) called nabla. The following statement is similar to
Green’s formula in the continuous setting. This allows us to reduce a 2-dimensional integral
into a contour integral on a more general (primal) domain.

Proposition 5.4 (Divergence theorem). Let ()5 be a primal domain with contour C which is
%

oriented counterclockwise. Let F = (Fy, F,)) be a semi-discrete function which is continuous and

takes values in IR?>. We have the following equality,

j V-F(y)dy = 96 F(2)-7(2)|dzl, (5.12)
Q,

c

where 77 (z) is the vector obtained after a rotation of =% from the tangent vector (oriented coun-
terclockwise) to C at z with norm 1.

Proof. As usual, it suffices to show this for an elementary domain, and then sum up over
a decomposition of ()5 into elementary domains. Let Bi(a, ) be an elementary domain.
Write Fy () = Fy(0k +1-) and Fy , = F,(6k +1i-). The left-hand side of Equation (5.12) can
be rewritten as

P )
6\[ (Dx Fk,x"'aypk,y)(y)dy

B
= [ e B 0y + 81Fiy ()~ Fey @)

[24

which is exactly the right-hand side of Equation (5.12). O

H
We note again that this proposition is still valid even if F is only piecewise differentiable,
as long as we interpret derivatives in the sense of distributions.

5.1.3 Integration of a product of functions

Here, we define the integration of a product of functions and establish the equivalent of
Green’s theorem in the semi-discrete case.

Let us start again with integration along elementary segments. Consider two functions
defined on the semi-discrete lattice f and g, a vertical primal (resp. dual) segment P = [k +
ia, ko+ib]withk € Z (resp. k € Z+ %) and a < b. Recall that fi(-) = f(ko+i-). If the segment

P is oriented upwards, we write

b
L[f ;8ldz:= _f (-3 9Dk 1 (9) = i 1 (9)8-1 (¥)]dy (5.13)
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5. SEMI-DISCRETE COMPLEX ANALYSIS

to be the integral along P. If the segment is oriented downwards, we take the opposite of the
above quantity.

Form,ne€ Z,let P = {k6 +it,m < k < n,k € Z} be a horizontal primal segment. We
define

n-1
L[fig]dz =06’ Z(gk+%ayfk+% ~ fr+ 198k 1)(t) (5.14)
k=m

the integral along the horizontal primal segment P, oriented towards the right.

In the same way as integration of a semi-discrete function along the (counterclockwise-ori-
ented) contour of a semi-discrete domain, we define the counterpart of a product of functions
by decomposing the contour into vertical and horizontal segments and adding them up.

Proposition 5.5 (Green’s theorem). Consider a primal (or dual) domain Q) s and denote by C
its counterclockwise-oriented boundary. Given two semi-discrete functions f and g which are
piecewise differentiable in Q) such that Q5 C IntQ), we have

96(; [ g)dz = 5f i@, — g AD 1) dy.

o
Proof. As usual, we start by showing this for an elementary domain since we can super-
impose these domains to obtain more general domains and the integration terms simplify.
Consider B;_1(a, f) a dual elementary domain and denote C its contour with counterclock-
wise orientation. By definition, we have

B B
99 [fsgldz = f [feeor — finngi] (9)dy —f oot~ frget )y
C o

+87 (840 fi~ 2,801

p 3
- f (0D g+ 2g0) - (6D fi + 2£0)1(w)dy
B
. 62f 2, (fdy 8k — 949, fi) (D)

o (P 0 () > (7
=0 J [kaxxgk_ngxxfk](y)dy"'é J (fkay;ugk_gkayyfk)(t)dt

a a

B i
_ (Vf (iA® g, — AP f)(p)dy.

5.2 Brownian motion, harmonic measure and Laplacian

Let o > 0. The standard Brownian motion on the semi-discrete lattice ILs = 0Z x R can be
seen as a continuous-time random walk in the horizontal direction; and a standard Brownian
motion on R in the vertical direction. We give a more precise description below.

Definition 5.6. Let (T;);cn be a family of ii.d. exponential random variables of rate 1 and
(D;)ien be a family of i.i.d. uniform random variables taking value in {+1,—-1}. We define

N(t)
i=1
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5.2. Brownian motion, harmonic measure and Laplacian

where
N(t)=sup{fn e N, T} +---+ T, < t}.
The continuous-time process (S;);cR is the standard continuous-time simple random walk on

Z.

Remark 5.7. We can easily compute the expectation and variance of S; which are respec-
tively 0 and f. It also has good scaling properties and one can show that (8S;/s2) converges
to (B;) in law when 0 goes to 0, where (B;) is a standard one-dimensional Brownian motion.
Here, the process (0S;/s52) can be seen as the continuous-time random walk with symmetric
jumps +0 at exponential rate %

We can now define the semi-discrete standard Brownian motion on IL;.
Definition 5.8. A semi-discrete standard Brownian motion on ILg is given by
B = (X, ;) = (8S,/52,B;), Vt>0

where (S;) is a standard one-dimensional continuous-time simple random walk and (B;) is a
standard one-dimensional Brownian motion, both of them being independent of each other.
The starting point Bg)) is arbitrary, which is given by the starting points of (S;) and (B;).

As in the discrete and continuous cases, we can define the notion of harmonic measure
via the standard Brownian motion.

Definition 5.9. Given a primal domain Q 5 and (B(té)) a Brownian motion on ()4 starting at
some point (x,y) € (5, we define

To, = inf{t > 0,B)” € Int Q) (5.15)
The harmonic measure of ()5 with respect to (x,y), denoted by dwq,((x,),"), is the law of
BY .

o

Here, we are interested in the harmonic measure on centered elementary rectangular
domains R, = {-0, 0,0} x [—¢, €]. On such domains, the harmonic measure with respect to 0,
denoted by p,, is the sum of two Dirac masses at +i¢ and two density measures which are
symmetric in both discrete and continuous directions on {+0} X [—¢, €].

We will write gs5(¢) for the probability that the Brownian motion ng) leaves R, (the first
time) from its left or right sides. This can be expressed by using the harmonic measure on
R, as follows,

& &
gs(€) = J- Pe(=06,9)dy +J. P:(6,)dy. (5.16)
—¢ e
Thus, we can write the Dirac masses at +i¢ in this way:

: 1-gs(e)
pelti) = pe(0,26) = ——552 6.
Definition 5.10. Given a primal domain (, a function f : Q5 — IR is said to satisfy the
mean-value property on elementary rectangles if for all (x,y) € Q5 and € > 0 such that R} =
(x,v)+ R, € Qs, we have
9)

F(5,9) =gy [ f (B(TRQ )] (5.17)
0

Here, B, " is the standard Brownian motion starting at (x,y) and T, the stopping time defined
in Equation (5.15).
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Remark 5.11. In terms of harmonic measure, Equation (5.17) can be reformulated as (with-
out loss of generality, we take (x,y) = (0,0))

£(0,0)= LR £ (2. (2)ldz)

=f_ f(—é,y)pe(—&y)dwf_ f(0,9)pe(0,v)dy

278 i)+ fie).

The following proposition computes the existing probability from the left or right bound-
ary of R,. This will be useful later in Proposition 5.13 to show that the mean-value property
implies that the Laplcian of a harmonic function is zero.

Proposition 5.12. The probability that the Brownian motion B(té) leaves R, (the first time) by

the left or right boundary is

el L (Y o (e
sl)=1 cosh(V2¢e/8) _(6) +Ob(€ )’

where the asymptotic behavior is given for e — 0.

Proof. Fix (Bgé) = (8Sy/s, Bt))t>0 as in Definition 5.8. This probability is exactly IP[6%T; < 7]
where Tj is an exponential law with parameter 1, which is independent of the stopping time
T = T, A T_; for the standard 1D Brownian motion. Here

. inf{t, B; > x} if x>0,
7] inf{t,B; < x) if x <0.

By Fubini, we have
1-gs(e) =P[6°Ty > 7] = E[P[T; > 1/6% | 7]] = E[exp(-1/6%)],

which is the Laplace transform of .
To calculate this, we note that the continuous-time process

M, = exp(\/EBt/é - t/52)

is a martingale with respect to the canonical filtration. Moreover, by the definition of the

stopping time 7, the process (M;); is a martingale bounded by eV2e/5 The stopping time
being finite almost surely, we can apply Doob’s optional stopping theorem, giving us:

1= E[Mo] = E[M,]

1 1
= EIE[M'ElT =T+ EIE[MrlT =T ¢]

5.18
= lexp(\/Es/é)lli[exp(—T/éz)IT = ’L’g] (518)
2
+ %exp(—\/ze/é)lE[exp(—T/éz)lr = T_g].
Since (B;); and (—B;); are equal in law, we have

lE[exp(—T/éz)IT = T€] = IE[exp(—T/62)|T = T_E].
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Moreover,
N 2\[ 1 2\ —
IE[exp(—T/é )] = EIE[exp(—T/é )T = Tg] + EIE[exp(—T/é )T = T,g],
giving

E [exp(-1/6°)| = E[exp(~1/6%)|r = 7| = B [exp(~1/6°)|7 = 7_].
Thus, Equation (5.18) becomes

1= cosh(\/ze/é) . IE[exp(—T/éz)],

which implies
N P
IE[exp( T/ )] cosh(\/ie/é)

and

cosh(\/ie/é) -1
cosh(\/ie/é)

&e)=1-E [exp(—r/éz)] =

O]

The following proposition gives two equivalent characteristics for semi-discrete har-
monic functions: one using the mean-value property and the other using the Laplacian.

Proposition 5.13. Let Q5 be a primal domain and h: Q5 — R be a C? function defined on it.
Then, the following two statements are equivalent :

1. h satisfies the mean-value property (Definition 5.10) on elementary rectangles;

2. AP =0 onQ;.
Proof. Here, we will show that the property 1 implies the property 2. The converse will be
discussed later in Section 5.3.

Consider a function f as in the statement. We will apply the mean-value property at a

point of (25 and consider elementary rectangles with smaller and smaller height to prove the
desired property. Let € > 0 and consider an elementary rectangle R,. Let us first approximate

the contribution of [E [ f (B(Té) )] on the left boundary by h(-6,0):

| weomput-amay- £ o0

—&

=f_ [h(=5,9) — h(~5,0)]p. (-3, p)dy

&

:j_ [99,h(=5,0) + Ec(~8,9)]p(~5,9)dy.

&

The harmonic measure p, is symmetric in y, thus the integral of yd,h gives zero. The error
term can be expressed as follows

Y
Eil=0)= | a,,h-b.00 -

giving the upper bound
y?
|[E.(-6,v)|<C-Z=, Vye[-¢g¢],
y > y
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where C = sup(d,,h(-0,7),y € [-¢,¢]}. In consequence, we have

[ om0y E52 hi-s,0
€ 82

_ Ce? gs(e)
< CJ; 795(—513’)@ =T,

allowing us to write

f h(=8,9)pe(~8,y)dy = g‘f) [n-5,0)+ O(?)]. (5.19)

Similarly, we also have

th(é, )pe(8,9)dy = g";g) 5,0+ 0(e?)). (5.20)

Combining Equations (5.19) and (5.20) and inserting in (5.17), we get

0 88 [1(=5,0)+ h(5,0) = 2h(0,0) + O (¢?)]

2
+ 1‘%5(8) - [h(0, &) + h(0, ) — 21(0,0)]
=839 [52D8(0,0)+0(e2)] + 172 [e2h,, 0,00+ 0(e2)]

We divide everything by &2 to get

0= gsz(i) . I:ézD)(Ci)h(O,O) +0(€2)] + %&)(‘(:) . [hyy(010)+0(1)]

When ¢ goes to 0, using Proposition 5.12 we obtain
L (s 1 1
SA®H(0,0) = ED,(Cx)h(O,O) +5,,h(0,0)=0.

O

The semi-discrete Laplacian can also be interpreted by means of a generator. The gener-
ator of a continuous-time Markov process (X;, Y;) is the linear operator P such that

Pf(x,y)= %1_{% IE(X’}))[f(thth)] -f(xy)

for C? functions f : R*? — IR,

Proposition 5.14. The generator of B®) is %Dg) + %aw.

Proof. We omit the proof here as it is straightforward and we do not need this proposition

below. O

In IR?, the generator of the standard 2D Brownian motion is one half of the planar Lapla-
cian, so we may also expect the same connection between the semi-discrete Brownian motion
and Laplacian, which actually follows from the above proposition and Equation (5.5).
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5.3. Dirichlet boundary problem

5.3 Dirichlet boundary problem

Dirichlet boundary problems are of great importance in analysis and can be solved by the
Brownian motion. It is one of the simplest boundary value problems one can imagine: given
an open domain Q and a function f defined on its boundary dQ), we look for functions which
are harmonic in the (O which coincides with f on the boundary.

To study the convergence of the observable that we define in Section 6.2, we actually
deal with some particular boundary-value problems. Therefore, a good understanding of
the Dirichlet boundary problem is necessary. The existence of the solution is given by the
Brownian motion (Proposition 5.16) and the uniqueness is based on the maximum principle
(Proposition 5.15).

Proposition 5.15 (Maximum principle). Consider a primal semi-discrete domain (). Let u
be a subharmonic function defined on Q, i.e., A(b)u(p) > 0 for all p € Int> Q5. Then, we have

sup u(z) = sup u(z).
ZEQ@' ZE(?Q()

In other words, the maximum of u is reached on the boundary.

Proof. First of all, let us assume that u is subharmonic but not harmonic, meaning that
APy >0 on Int? Q. Take z € Int Q5 a point at which u reaches its maximum. Since it is a
maximum on vertical axes, we have d,, 1(z) < 0. And we also have D,(C?u(z) =u(z+0)+u(z—
8)—2u(z) < 0. Thus, the semi-discrete Laplacian satisfies A% u(z) = D,(Ci)u(z) + ayyu(z) <0,
leading to a contradiction.

In a more general case with APy > 0in IntQg, let us consider the family of functions
(u4g)esq defined by

u.(z) = u(z) + 5;}2,

where v is the second coordinate of z. We have APy, = APy 4 2¢, meaning that u, is
strictly subharmonic. From the first part of the proof, we deduce that

sup Ug(z) = sup u.(z).
ZGQO' zeBQb

Since both terms are finite and decreasing while ¢ decreases to 0, taking the limit implies the
desired result. O

Given a primal semi-discrete domain Q5 and a function ¢ : dQ5 — R, the associated
Dirichlet problem consists in determining a function /1 : Q5 — R such that

1. it coincides with g on the boundary, i.e., g = hlaQb,;

2. it is harmonic on IntQ, i.e., (A(é)h)untQé =0.
In such case, we say that / is a solution to the Dirichlet boundary problem.

Given a semi-discrete Dirichlet boundary problem, one can establish a solution by con-

sidering a semi-discrete Brownian motion, stopped when it touches the boundary. The state-
ment is as follows.

Proposition 5.16 (Existence of solution). A solution to the Dirichlet boundary problem is
given by
hz)=E [g(B‘T‘”)], VzeQ,, (5.21)

where
T =inf{t > 0,8 ¢ Q;).
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Proof. We note that Equation (5.21) is well defined because the trajectory of B(;S) is almost

surely continuous (in the semi-discrete sense), thus B(;) € dQs;.

If h is given by Equation (5.21), then it satisfies the mean-value property on elementary
rectangles as well. Indeed, take z € Q5 and € > 0 small enough such that z + R, C Q.
Consider the stopping time

T’ =inf(t > 0,8\ ¢ z+ R,)

IR A SN A

which is exactly the mean-value property. Moreover, one can also show that & is C? using
classical arguments (convolution for example), and the already proved first implication of
Proposition 5.13 gives A®} = 0 on Q. O]

and write

Moreover, using the maximum principle (Proposition 5.15), one can show that such a
solution is unique.

Proposition 5.17 (Uniqueness). The solution to the Dirichlet problem is unique.

Proof. By linearity, it is enough to show uniqueness when the boundary condition is 0. Con-
sider a semi-discrete domain Qg and 4 : Q5 — R which is zero on the boundary dQ and
harmonic on Q5. Applying the maximum principle to & and —h, the function h should reach
its maximum and minimum on the boundary. Therefore, it is zero everywhere. O

Proof of Proposition 5.13. Here, we finish the proof of the proposition by using the uniqueness
of the solution to the Dirichlet problem. Consider a semi-discrete domain ()5 and a function
f: Qs — R satisfying A®) f = 0. We want to show that it satisfies the mean-value property
on rectangles.

Take z € Qs and € > 0 such that z+ R, C Q4. Consider g : d(z+R,) — R which coincides
with f. There exists a unique function h : z + R, — R such that h,, 5z = ¢ and AP =0
over z+ R,. Since f satisfies exactly the same conditions, we have f = h on z+ R,.

By the construction of the solution to the Dirichlet problem (Proposition 5.16), f satisfies
the mean-value property on rectangles. O

5.4 Green’s function

A Green’s function is a function which is harmonic everywhere except at one point, where
it has a singularity described by the Dirac mass. It is closely related to the average number
of visits of a random walk in the discrete setting and the average time spent by a Brownian
motion in the continuous setting. We will explain its construction in the semi-discrete set-
ting, show that it is unique up to an additive constant and derive some of its properties and
asymptotic behavior.

Moreover, the Riesz representation (Proposition 5.26) allows us to “decompose” a func-
tion into sum of Green’s functions. This will be important for the convergence theorem
(Theorem 6.20) of semi-discrete s-holomorphic functions.

We note that this construction is the least trivial generalization among all the other no-
tions from the isoradial case. The idea is based on the use of discrete exponential functions
introduced in [ ] but the computation turns out to be more technical in our case.
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5.4.1 Construction and properties

A Green’s function is a function Gs(z, C) defined on the semi-discrete (primal) lattice satisfy-
ing the following three properties.

1. It is translational invariant, i.e., there exists a function Gy such that for any z,C € IL,

we have G4(C —z) = Gs(z,C).

2. The function { > Gs(C) is C? and semi-discrete harmonic except at { = 0, where it is
only continuous.

3. Behavior around the origin: when € > 0 is small, the quantities Gs(i¢) and Gg(—i¢)
coincide at order O (1) and order O (82),

]i%l Gslie) = lim Gs(—ie),
11r(r)1+ dyyGslie) = hm L 0y Gs(—ie),

whereas at order O (¢), we have a jump,

8},G5(i 0+) - 8be(1 0_) = 11_1’}1’(1)[ayGa(16) - 8},G5(—is)] =

| =

This is called the normalization of a Green’s function.

If G; is a Green’s function, we can apply Green’s formula (Proposition 5.3) or the Diver-
gence Theorem (Proposition 5.4) to get the usual property that, for a dual domain Q’(; such
that 0 € IntQ)%,

j APG(y)dy = 1
o

and

TG 3)dy = £(0)

where f is a semi-discrete function on Q.

We will show that there exists a unique function (up to an additive constant) having
these properties. To achieve this, we generalize the method of discrete exponential functions
from [ ]. First of all, let us define G5 for 6 = 1 (Proposition 5.18) then for general 6
(Proposition 5.21).

Consider a family of meromorphic functions on C indexed by vertices in IL; in the fol-
lowing way:

« at the origin: fy(z) = %;

« if t € R, then f;;(z) = fo(z)~exp[2it(zi—1 + %)]

o if p € IL7, then f)+(2) = fy(2)- ztl

z—1"

In other words, if C = m + it with m € %Z and t € R, we can write

fc(Z)Zé'eXp[ﬁt( Lt )]-(Z+l)2m. (5.22)

z+1 z-1 z—1

Proposition 5.18 (Green’s function). The following function is the Green’s function on 1L,

)= 8;21 L f(2)In(2)dz (5.23)
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where C is a path in C depending on , surrounding {¢'%,0 < 0 < 1t} and leaving the origin
outside the contour. For the complex logarithm, we define it in (0 — 11,0 + 11) where O is an
argument of C.

Remark 5.19. We can compute the Green’s function of Proposition 5.18 with the help of the
residue theorem. The possible poles of the function f;(z)In(z) are 1 and —1 and the choice
of the branch creates a possible discontinuity only when t = Im C = 0, since elsewhere, we
have In(—1) —In(1) = +i7 with a + sign in the upper half-plane and a — sign in the lower
half-plane.

Proof. We start by checking that G given by (5.23) is well-defined. If we change the lift of
the logarithm, (equivalent to adding 2k to log for an integer k), we need to show that this
does not change the value of G, that is to say

| fetaniz=o0
C

for all C € IL;. This is shown in Appendix, see Proposition A.5.

In each of the half-planes, the function G is C* because we integrate a smooth function
along a path and the branch of the logarithm does not cross 1 or —1 where a discontinuity
might be created.

On Z\{0}, we can expand the exponential function and see that the residues at 1 and at
—1 coincide up to the second order. It is explained in Proposition A.6, telling us that G is C?
on IL; except at 0.

Now, let us check that G is semi-discrete harmonic everywhere apart from the origin.
Actually, it is sufficient to check that f; is harmonic (with respect to C) except at the origin.
Writing ¢ = x + iy with x € Z and y € R, we find

o o
Agcx)f(, = Dy(cx) ¢t ayny

:[(Zi)z(zil +211)2+(21)2+(:1)2_2]fc

=0.

Here, it is allowed to add all the terms together since we always consider the same branch of
the logarithm.

To conclude the proof, we still need to check the behavior of G around 0. This follows
from a direct computation:

. . 1 1 1 \In(z)

lim 2,Glic) = ( )2

i yGlie) 4n2L 21 z-1) 2z ¥
i 1

= > (In(1)~In(-1)] = 5

where we use the residue theorem in the second equality. Similarly, we have

1
lim 9,G(ie) = 7.

e—0~

Lastly, to check that G(i¢) and G(—i¢) coincide at order O(1) and order O (82), we use
Lemma A.4.

As a consequence, we get all the properties we were looking for and G is indeed a Green’s
function on IL;. O
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Proposition 5.20 (Asymptotics of Green’s function). Let C € IL;. When |C| goes to infinity,
we have the following asymptotic behavior,

1 YEuler 1
G(C)=—1In(4 —_— — | 5.24
(€)= 5y Inialch) + 2 o (5:29)
Proof. The proof is similar to the one given in [ ] for the discrete Green’s function on

isoradial graphs. We need to be careful when dealing with the exponential term in f;. To get

the improved error term O (1 /|C |2), we use the method from [ ].
Consider ¢ = m+1it € IL; and write d = |C| and argC = 6. Take r = O(l/d4) and
R= % = O(d 4). We will consider the path C going as follows:

1. counterclockwise around the ball of radius R around the origin from the angles 6 — 1t
to 90 + 7T,

2. along the direction ¢1% from —R to —r;

3. around the ball of radius r around the origin from angle 6, + 7t back to 6, — 7;

4. along the direction €% from —r to —R, back to the starting point.

This path is illustrated in Figure 5.3.

Figure 5.3 — The path along which we integrate in the proof of Proposition 5.20.

We estimate these integrals separately, combining the two integrals along the direction
¢'9_ First of all, to study the integral around the ball of radius r, we start by expanding fe
for z = re'? when r is small:

1 1 1+z
1+Z—1_Z_O(r) and Z_exp((’)(r)).

Due to the invariance of these formulae (up to sign) by r <> R = % the same expansions hold
for z = Rel? as well. Thus,

fi(2) = S explO(dn) =

If we sum up the integrals around the ball of radius r and around the ball of radius R, we
obtain

Lo,

z

Op+1
S;ZiJ (1+0(dr))[(InR+i0)—(Inr+i0)]idO
0y-1

InR—-1Inr 1
et o)
am o\
On the direction e'? from —R to —r, we also add up the two integrals. Since the logarithm
differs by 27ti on the both sides, by combining we get

¢100

—-r
i J_R fe(sée! 90)ds.
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We should split this integral into 3 parts, I; for the integral from —R to —Vd, I, from —=Vd to
~1/Vd and I from —1/Vd to —r. For |z| small, we expand fc to order 0(23):

f ( ) e4EZ+O(dZ3)
c\Z)=—""

z

Thus, I5 can be rewritten (let a = 4e'% = 4|C| = 4d)

1 —r as+(9(d53) 1 —-ar s —r as
L= — SR, P (J e—ds+f O(ds3)e—ds)
)i s A \J_a/va 1/Vd s
-1 s -ar s _ -ar
:L(j e—ds+J. ¢ 1ds+j §)+O(i2)
dre\ ) o/ s -1 s 1S d

1 1
= 2= (In(@n) + Yeuter) +0( 75,

where in the first line, we expand the exponential; in the second line, the integral with O (d s3 )
gives O ( 1/d? ); and in the last line, In(ar) comes from the third integral and Euler’s constant

comes from the first two integrals by taking ar — 0 and a/ Vd - .
In a similar way (or by making the change of variable s — 1/s), we get

1 1
I = (= In(R/Q)+ Vguter) + O 25 )

To conclude the proof, we need to show that the intermediate term behaves as O(%)
Let z = se'% for s € [-Vd,—1/Vd]. For the exponential term in fc, we have

[2it( ! + 1 )]— [2tIm( 1 + 1 )]
eXPp z+1 z-1 = eXp z+1 z-1

. 1 1
= exp[2t531n90(|z+ P + -1 )]
£2
< eXp(—O(m))

Then, for the other one, assume m > 0 (so cos 6 > 0),

z+1
z—1

2’”_ s2+1+2scos6 m< 1+45c0360 "
“\s2+1-25c056, (s—1)2

4mscos B m?
<exp (s——]_)2 <exp -0 m

and we have the same bound for m < 0. After all, the intermediate term can be bounded by

I, < Ve OVd) ¢ O(%).

Finally, we sum up all the terms and take the limit » — 0 (thus R — co) to have

G(C) = %[11‘1(4|C|)+7Euler]+o(%)' -
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5.4. Green’s function

Proposition 5.21. On ILg, there exists a unique Green’s function with the following normal-
ization at 0

1
Gs(0) = %(lné —-In4- VEuler)-
Moreover, its asymptotic behavior when % goes to oo is
1 52
(C)=—1 — .

We call G the free Green’s function on L.

Proof. To construct a Green’s function with such normalization, we can consider

Go(0) = G )+ 5= (105~ 104~ yiuir)
To show the uniqueness, assume that Gs and 6; are two such functions. Let G5 = G5 —
5(;. The first order singularities at zero cancel out due to the same normalization, so the
function G is C! around 0. Since the second order terms of Gg(i¢) and Gs(—i¢) coincide
(same for E;), Gs is C? around 0. Finally, G5 is harmonic in ILs and is bounded (due to
the asymptotic behavior), it should be zero everywhere by Harnack principle (see below,
Proposition 5.25). O

Given a primal semi-discrete domain ()5, we can define the Green’s function on 5 by
Gq, = Gs—Ho,

where G is the free Green’s function on ILs and Hg, the unique solution to the Dirich-
let problem on the primal semi-discrete domain ()5 whose boundary condition is given by
Gsjan, Here, we note that G is non-positive.

5.4.2 Link with Brownian motion

In the discrete setting, the Green’s function gives the average number of visits at each site
of a simple random walk; and in the continuous setting, it tells the average time spent by
a standard Brownian motion in an infinitesimal region. In the semi-discrete setting, we can
also establish a similar result.

Proposition 5.22. Let Q; be a semi-discrete primal domain. Consider B'®) a Brownian motion
started at x € Qg as defined in Section 5.2, stopped at T, the first exiting time of the domain Q.
Then, we have the following asymptotic behavior which is independent of 0,

Ele] = [ 1Go,(xplay
Qs
where the left-hand side is the average time spent by the semi-discrete Brownian motion B?®) in

Qs; and the right-hand side is the integral of the Green’s function on the same domain.

On a discrete graph, the expectation of the number of visits of a random walk (stopped
after an exponential time if it is recurrent) is given by the negative of its associated Green’s
function. Similarly, the average time spent by a Brownian motion in a continuous space (R
for example) is also given by the opposite of its associated Green’s function (again stopped
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after an exponential time if it is recurrent). Here in the semi-discrete setting, we should
interpret the Green’s function in the continuous direction as the average time spent by the
Brownian motion; whereas in the discrete direction, the expectation of the number of “visits”,
which justifies the factor o in the definition of jQé'

Proof. The semi-discrete Brownian motion B(®) converges in law to its continuous 2D coun-
terpart, so does the semi-discrete Green’s function, which converges uniformly on every
compact not containing 0 to the 2D Green’s function. As such, the integral of semi-discrete
Green’s function converges to the integral of 2D Green’s function on every compact not con-
taining 0. Moreover, Iny is integrable on [0, €], so the integral of the semi-discrete Green’s
function on a small rectangular domain around 0 can be well controlled, and this quantity
goes to 0 when ¢ — 0. O

If the Green’s funcion is tightly linked to the Brownian motion, it is also the case for the
harmonic measure. Actually, the following proposition allows us to write down equations
associating the harmonic measure to the Green’s function.

Proposition 5.23 (Link with harmonic measure). Consider a semi-discrete primal domain Q) s
with uy € Int Q. Let a € dQ s := C;, UC, be a point on the boundary, where Cj, and C,, denote
respectively the horizontal and vertical parts. Write wq, (1, {a}) for the harmonic measure with
respect to uy. We note that it should be seen as a density when a € C,, and a Dirac mass when
a € Cy,. Then,

e ifaeC,, we have w(ug,{a}) = —%GQ(S(M(), Aint);
* ifa € Cp,, we have w(uy, {a}) = £, Gq, (1, a),

where a;,; is the unique vertex in {a + 0} NIntQ, 83, is the vertical derivative with respect to
the second coordinate and we take the + sign if the boundary is oriented to the left at a and the
— sign otherwise.

Proof. Tt is immediate from Green’s Theorem (Proposition 5.5) by taking f = wq, (-, {a}) and
g = Gq, (19, ") and the fact that fQVfA(é)g: 1. u
o

Lemma 5.24. We keep the same notation as above and take Qs = Bys(u(, R). There exist two
positive constants ¢ and c,, independent of o, such that

* ifaeC,, we have c; < w(ug,{a}) <c, ;

e ifa e Cy, we have ¢ < w(ug,{a}) < 0.

Proof. We link the harmonic measure to Green’s function via Proposition 5.23, which can be
estimated more easily by its asymptotic behavior given in Proposition 5.21. We can write

1 |u — ug) 1 1
Gq, (ug,u) - ﬂln R L [Gé(uo,u) - %lnlu - u0|] - I:HQO(U, Ug) — %lnR].
The first term is O (ﬁ ) The second term is harmonic in Bg(u, R), thus by the maximum

principle, we get

< sup
vEdBj(ug,R)

5 52
<_ e B
nR+O(R2)

1
’HQO(M,MO)—ZIHR

1
Gé(’l/, MQ) - ElnR'
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where we use the fact that R — 26 < |[v — ug| < R since v € dBg(1, R). In summary, for all
ue Bé(lxlo, R),

1 |u — ugl
Ggé(uo,u)—ﬂln R 0

S 52 52
=—+0|——+ =]
TR (Iu—uol2 Rz)

By taking u = a;,,; with a € C,,, we get the first part of the proposition. By taking u € Bg(1, R)
closer and closer to a € Cj,, we get the second part. O

5.5 Harnack Principle and convergence theorems

This part deals mostly with analysis of semi-discrete harmonic functions. We give the semi-dis-
crete version of Harnack Lemma (Proposition 5.25) which is useful to show a convergence
theorem for harmonic functions (Theorem 5.27). We also discuss the Riesz representation for
semi-discrete functions (Proposition 5.26). In Section 6.5, we will apply these propositions to
Theorem 6.1.

Proposition 5.25 (Semi-discrete Harnack Lemma). Let uy € Q5 and 0 < r < R such that
Bs(ug,R) C Q. Consider a non-negative semi-discrete harmonic function H : Bs(u,R) — R.
Let M =maxH on Qg. Ifu,u* € Bs(ug, ), then
oM
|H(u*)— H(u)| < const- ——,
R—-r

M
dyH(u) < const- o

Proof. We adapt the proof from the classical setting, which is based on the mean-value prop-
erty (5.17) and coupling between semi-discrete Brownian motions.

For the first part, we consider a semi-discrete Brownian motion (X;) issued from u and
define T to be the exiting time of (X;) from the ball Bs(u, R). Write 7; for the first moment
(before T) at which X; and u, are on the same vertical primal line:

17y =inf{T >t > 0,Re X; =Reu,}.

If ) < oo, define v = X, and [ to be the (horizontal) perpendicular bisector of the segment
[uy,v]. Write o for the reflection with respect to / and define Y; = 0(Xy, 1) up to 15, the
time at which X; touches /, and then Y; = X ,, afterwards. If 7; = oo, define (Y;) to be a
semi-discrete Brownian motion issued from u,. Finally, define T’ to be the exiting time of
(Y;) from the ball Bs(ug, R). As such, we have

|H(u") - H(u)l = |H(Yp) - H(X7)| < 2MP(X1 # Y10).

Using the coupling described above, one can compute the probability on the right-hand side.
We find

IP(XT * YT’) < IP(Tl = OO) + IP(Tz =0 | T1 < OO),

where both terms on the right-hand side are of order R%r from gumbler’s ruin theorem.

For the second inequality concerning the derivative in y, we use the same method by
taking two points # and v = u +i¢ on the same primal line which are at distance ¢ going
to 0. The difference between H(u) and H(v) can be bounded by const - % and by dividing
everything by ¢ and taking the limit, we obtain what we look for. O
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Proposition 5.26 (Riesz representation). Let f be a function on () s vanishing on the boundary
dQs. Then, for ally € Qg,

fy)= JQA(b)f(X)GQa(x,y)dx.

Moreover, if f is not differentiable, we can define the integral in the sense of distributions.

Proof. The function f — IQ AP f(x)Gg ,(x,-)dx is harmonic and zero on the boundary, thus
o
zero everywhere. 0

Theorem 5.27 (Convergence theorem for harmonic functions). Let (hs)s-o be a family of
semi-discrete harmonic functions on Q5. It forms a precompact family for the uniform topology
on compact subsets of () if one of the following conditions is satisfied.

1. The family (hg) is uniformly bounded on any compact subset of Q.
2. For any compact K C ), there exists M = M(K) > 0 such that for all 6 > 0, we have

f lhy()2dx < M
Ks

Proof. The first point comes from Arzela-Ascola since (hg) is uniformly Lipschitz (Proposi-
tion 5.25).

It remains to show that the second point implies the first one. Start by choosing a compact
subset K C Q). Denote by d = d(D, dQ) the distance between K and the boundary of Q). Let
K’ be the d/2-neighborhood of K.

Let 0 < 6 < d/2 and x € IntKgs. Choose Q to be a rectangular domain in K’ which is
centered at x. Write Qg = (x+[—19,70]x[—s,s])NLLs, r € N, for its semi-discrete counterpart.
It is possible to have ro > d/4 and s > d/4 due to the assumption on the distance, and we
assume so in the following.

If we write Hy = {kd} x [—s, 5], the hypothesis implies

;5(J.H_k+_[Hk)|ha(y)|2dy <M(K')=M

for a certain constant M which is uniform in 6. Take k € [[r/2, r] such that the summand is
minimum, and denoting this value of k by p, we get

U , ]'hb dy <5 <a

where ¢ is a uniform constant in 6.
For t € [0, 5], denote Ht {po} x [—t,t]. We can write, by linearity, h4 as linear combina-
tion of harmonic measures

-1

p
:(Ltp+JH£)ha(y)wt(x,y)dy+ Z hs(v)wi(x, ), (5.25)

k=—p+1
y=ko*it

where w; is the harmonic measure in [-pd, pd] X [—t, t].
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We integrate Equation (5.25) from ¢ = s/2 to t = s and get

2 S
=2 | Ump +fH£]h5<y>wt<x,y>dydt
1

20 hatnpe
S s/2 k=—p+1

p+

y=ko+it
We want to show that hs(x) is uniformly bounded in x and in 6. We will take its square and
apply Cauchy-Schwarz.

Below, denote respectively the first and second integrals A and B. First of all, note that

hs(x)? < 2(A% + B?), so we just need to show that A and B are bounded. We have,

w <) Lo S oo [, < Jowsran
< U - S]%(y)zdym +th]ws<x,y>2dy

where (2/s)? is distributed once in the first term and once in the second, normalizing the
integrals. (The length of the segment along which we integrate is s/2.) Then, for x and y
fixed, w(x,v) < ws(x, ) for t < s. Here, the first term is bounded by c¢; by hypothesis, and
the second by another constant ¢, from Lemma 5.24.

For the second term, Cauchy-Schwarz gives

-1 p-1

2 2 S p S g 2

B2 < (—) j ) 6h5(y)2dtf Y wdt.
s s/2 k=—p+1 s/2 k=—p+1
y=ko+it y=ko+it

On the right-hand side, the first term is bounded by M by assumption and the second term
bounded by a uniform constant c3 because w;(x,y) can be bounded by c40 uniformly (in a
similar manner as before) in ¢ and in y — x, and there are O (1/9) terms in the sum. O

Proposition 5.28 (Estimate of the derivative of the Green’s function). Let Q C Qs such that
9Q C Q. There exists C > 0 such that for all 6 > 0 and y € 9Qg, we have

o
L D) oo, (x,9)ldx < cf Goo, (x,7)ldx.

Qs

Proof. Fory € 9Q5\3Q;, we estimate the Green’s function in terms of the Brownian motion,
or more precisely, the harmonic measure. We recall that Ggg, (+,») is non positive, so that we
can write for x € 2Qs,

1
Gao,5.9) = | 160,230, (2,9l 5 | 1Goo, (2o, 29
h

v

where we denote the vertical and horizontal parts of the boundary d(2Q;) by C, and C;,. We
can assume that

Hi= L 1Goo, (292l > V = L 1Goo, (2 9)lld2].
h v
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The estimations of wgg, in Lemma 5.24 gives us the lower and upper bounds easily

Gao, 9 < s o G0 (Ed = ealH £ V) < 2
2Q;

and

1Gog, (%, V)| = ¢1 96 1Gog, (z,v)lldz]
(2Qs)

Z 0 J 1Gog, (2 p)lldz| = ¢ H.
Ch
Thus, for x,x” € 2Qs,

1 )
a|G9Qa(Xr}’)| <Gy, (", 9)| < €3Gog, (x,9)]

with ¢3 = 2¢,/c;. Knowing that G, (+,») is harmonic in Q5, we apply Proposition 5.25 and
the above inequality to get

o ,
DS )G9Q5(X:3/)| S camax |Gog, (X', )| < c3¢4|Gog, (%, 9)I-
o

For y € 3Q;, from Proposition 5.22, the average time spent by the Brownian motion,
stopped when touching d9Qs, in Qj is proportional to

| 1600, tr e

0

This quantity can be bounded from below by a constant c5 because the semi-discrete Brow-
nian motion converges to its continuous counterpart in R?.
Now it remains to show that the left-hand side can be bounded from above by a constant.
We write

Gog,(x,9) = [Gog, (%, ) = Gs(x, )] + G5(x, ),
where G; is the Green’s function on ILs defined in Proposition 5.21. The first part Gog, (+,y)—
Gs(+,v) is harmonic in 9Q; (the singularities cancel out); moreover, on the boundary 99Qs,
Goq, is zero and G; is bounded by a constant depending only on the domain Q by using the

asymptotic behavior of the free Green’s function in Proposition 5.21. The Harnack principle
(Proposition 5.25) gives

o
IDY[Gog, (%,9) - Gs(x, )]l < c.
Thus,
o C
| 101600, (591~ Gtrpllax <0 s = cacr

o

Concerning |D§5’G5(x,y)|, we can look at its asymptotic behavior and show that, for ¢ =
m+it € Qs with |C]| > 9,

5 1 0 0
DPGy(T,9) = 5| Go(C+ 5,) - GolC~ 53]

1 (m+%)?+12 (m—$5)%+1t
= In ~In|—F——
276 m? + t2 m? + t2

! [ﬂ +0(52)] LM o).

T 2mo Lm2 + 2 7T m? + 2
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Thus, by integrating along vertical axes in () 5, we get some quantity with the same asymp-
totic behavior (independent of 6 but on Qj),

o
| 1063t pex <.

Qs

The proof follows readily. O

5.6 Convergence to continuous Dirichlet problem

In this section, we study the convergence of semi-discrete harmonic functions when the mesh
size of the lattice goes to 0.

Lemma 5.29. Let Q) be a domain and (Qs) its semi-discretized approximations converging to
Q) in the Carathéodory sense. For each 6 > 0, consider a semi-discrete harmonic function hg on
Q. Assume that hs converges uniformly on any compact subset of () to a function h, then h is
also harmonic.

Proof. From Proposition 5.25 and Theorem 5.27, we know that the family (D)(Cé)hé) is precom-
pact thus we can extract from it a converging subsequence. Since d,h is the only possible

sub-sequential limit, (D)(Cé)hé) converges. Similarly, one can also prove that A®hs = 0 con-
verges to Ah, which is also zero. O

Proposition 5.30. Let Q) be a domain with two marked points on the boundary a,b € Q.
Consider f a bounded continuous function on dQ\{a, b} and h the solution associated to the
Dirichlet boundary value problem with boundary condition f. Foreach o > 0, let () 5 be the semi-
discretized counterpart of the domain Q, as and bs approximating a and b. Let f5: dQ 5 — R
be a sequence of uniformly bounded functions converging uniformly away from a and b to f
and hg be the solution of the semi-discrete Dirichlet boundary problem with fs as boundary
condition. Then,

hé — h
uniformly on compact subsets of (.

Proof. We first note that the semi-discretized domains converge in the Carathéodory sense
to (Q,4,b). Since (fs) is uniformly bounded, it is the same for the family (h;). Theorem 5.27
says that (hs) is a precompact family. Let h be a subsequential limit, which should also be
harmonic inside () by Lemma 5.29. To show that h = h, we need to prove that h can be
extended to the boundary by f in a continuous way.

Let x € dQ\{a, b} and € > 0. By uniform convergence of (f5)s-0, there exists R > 0 such
that for 6 > 0 small enough,

fo(x) = fs(x)l < €

for all x” € dQQ5 N Bs(x, R). Let r < R whose value is to be chosen later. For all y € Bs(x, 1),
we have

h5(v) = f5(x0) = E[fs(Xc) - fo(x)]
<&+ 2MP[X, € Bs(x,R)],

where X is a semi-discrete Brownian motion started at y and 7 its hitting time of the bound-
ary dQ . In the last line, we decompose according to B, the position of the Brownian mo-
tion at the hitting time: whether it is inside Bg(x, R) or not. Lemma 5.31 gives the upper
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bound P[X; € Bs(x,R)] < (r/R)* for some independent constant a > 0. We may choose
r = R(e/2M)"® and let 6 go to 0 to obtain |(y) — f(x)| < 2¢ for all y € Bs(x, 7). O

Lemma 5.31 (Weak Beurling’s estimate). Fora > 0, write ID(a) = [—a, a]?. There exists a > 0
such that for any r € (0, %) and any curve inside ID(1) from dID(1) to dID(r), the probability
that a semi-discrete random walk on Ds(1) starting at 0 exits IDs(1) without crossing vy is
smaller than r® uniformly in 6 > 0.

Proof. This proofis classical, so we do not give all the details here. The idea is to decompose
the annulus ID(1)\ID(r) into disjoint annuli A, = ID(2x)\ID(x) and use the fact that the prob-
ability that a semi-discrete Brownian motion closes the loop in each annulus is of constant
probability (which is a consequence of the RSW property, see Section 6.4.1). O

5.7 S-holomorphicity

The notion of s-holomorphicity will turn out to be important for the convergence theorem
(Theorem 6.20). Actually, the semi-discrete holomorphicity provides us only with half of
Cauchy-Riemann equations and fortunately, the rest of the information can be “recovered”
by s-holomorphicity.

Roughly speaking, in Section 6.2.3, we will define a primitive of Im f? where f is s-holo-
morphic and the convergence of this primitive provides us with additional information for
the convergence of f. We will discuss this in more details in Sections 6.2 and 6.5.

We define the notion of s-holomorphicity on the mid-edge lattice (Definition 5.32) and
on the medial lattice (Definition 5.33). And they can be proved to be equivalent in Proposi-
tion 5.34.

Definition 5.32. Let f : Qg — Cbe a function defined on the mid-edge semi-discrete lattice.
It is said to be s-holomorphic if it satisfies the two following properties.

1. Parallelism: for e € Qg, we have f(e) / t(e) where 7(e) = [i(w, — 1,)]"?, 1, and w,
denote respectively the primal and the dual extremities of the mid-edge e. In other
words,

« f(e) € vRif p} is a dual vertex, and

« f(e) eivRif p} is a primal vertex,
where v = exp(-im/4).
2. Holomorphicity: for all vertex e on the mid-edge lattice QP we have D f(e)=0.

Definition 5.33. Let g : OF — C be a function defined on the medial semi-discrete domain.
It is said to be s-holomorphic if it satisfies the two following properties.

1. Projection: for every e = [p; pf] € Qg, we have

Proj[g(p.), T(e)] = Proj[g(p;), T(e)] (5.26)

where Proj(X, t) denotes the projection of X in the direction of 7 :

1 _
Proj[X, ] = E[X+%-X].

2. Holomorphicity: for all vertex e on medial lattice QO¢, we have D f(e)=0.
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These definitions may be linked to their counterparts in the setting of isoradial graphs.
To be more precise, one can use the definitions provided in [ ] on the lattice G¢, which
is illustrated in Figure 1.7, and recover the above definitions by taking ¢ — 0.

We have a correspondence between s-holomorphic functions on Q0§ and those on Qg

Proposition 5.34. Given an s-holomorphic function f : Qg — C, one can define g : Q5 — C
by:
8(p)=fley)+flep), peQy.

Then, the new function g is still s-holomorphic.
Conversely, given an s-holomorphic function g : Q5 — C, one can define f : Qg — C by:

f(e) = Projlg(p;), 7(e)] = Projlg(py) 7(e)], e €O,
Then, the new function f is still s-holomorphic.

Proof. Assume that f : Qg — C is s-holomorphic. Let us show that g as defined above is
s-holomorphic on QOF. The projection property is satisfied from the parallelism of f and so
is the holomorphicity.

Assume that g : QF — C is s-holomorphic. Let us show that f as defined above is
s-holomorphic on Qg The parallelism is clearly satisfied by the definition. We just need to
check the holomqrphicity of f. Lete e Qg We can assume that p; is primal and p, dual
such that 7(e) / /™/*. We want to calculate dyf(e).

ayf(e) = ay Proj[g(p), T(e)]

= 29,15(p) +i3(P)
- ;[g@m -2 +i(~3 ) @ -2)

= <[fe") - £e)]

where we use 7(e)/t(e) =iand t(e")/t(e*) = t(e7)/T(e7) = —1i. O
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CHAPTER 6

Scaling limit of the quantum Ising
model

6.1 The quantum random-cluster model

We remind that the semi-discrete lattice and semi-discrete domains were defined in Sec-
tion 1.2.1. Here, we talk about the semi-discretization of domains in R?, on which we define
the quantum Ising model.

6.1.1 Semi-discretization of a continuous domain

A setin IR?, or C2, is called a domain ifitis open, bounded and simply connected. A Dobrushin
domain is a domain with two distinct marked points 4, b on the boundary. It is often denoted
by a triplet (Q,a,b) where Q) is a domain and a,b € Q).

Here, we explain how to semi-discretize such a domain to get its semi-discrete counter-
part, on which the FK-representation of the quantum Ising model will be defined. Consider
a Dobrushin domain (Q, 4, b) in C or IR? and 6 > 0. Let us denote by [ag’ag] and [bgbg’] two
mid-edges with ag, bg €Ly, a¥, by € IL} and mid-points ag- and bg given by minimizing the
distances between a and ag and between b and bg over all possible such mid-edge segments
contained in (). Once we get these two distinguished edges [a’g’ag] and [bg by'], we complete
the semi-discrete domain by making approximation with primal horizontal and vertical seg-
ment of the arc (asbs) then with dual horizontal and vertical segments of the arc (bsag).
Moreover, we ask that these segments to be inside (). This semi-discrete domain lies in )
and is denoted by ()5, a5, bs). See Figure 6.1 for an example.

We write Q) for the boundary of this Dobrushin domain. This consists of four compo-
nents:

[ag’ag an horizontal edge
(asbs) := (ag-bg) the arc going from ag to bg
[bg ag] an horizontal edge

(bsas) := (bgay) the arc going from b} to af .

They are ordered counterclockwise in Figure 6.1. Then, the quantum Ising model can be
defined on such discretized domains and we also obtain the loop representation of the model
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Figure 6.1 — An example of approximation of a continuous Dobrushin domain by a semi-dis-
crete one with mesh size 6.

at the criticality as mentioned in Section 1.2.5, adapted to the case g = 2,
I I(D,B)
d]P%M(D, B)oc V2 dP, (D, B) (6.1)

where (D, B) denotes the number of loops in a given configuration (D, B) and p = \/Ap.
Note that semi-discrete domains (25, as,bs) defined above converge to the continuous
domain (€, a,b) in the Carathéodory topology.

6.1.2 Main result

The result that we will show in this artical concerns the conformal invariance of the interface

of the loop representation of the quantum Ising model. Since the conformal invariance also

implies the rotational invariance, the parameters A and y should be chosen such that the

modellis isotropic. The good choice of such parameters are given by A = % and y = % (thus,

0= ) Inpecon 0 or e e

necessary and sufficient condition to get an observable with nice properties.
We are ready to give a formal statement of the main theorem.

. In Section 6.2, or more precisely, Equation (6.4), we will see that it is actually a

Theorem 6.1. Let (Q),a,b) a Dobrushin domain. For 6 > 0, semi-discretize the domain to get
a semi-discrete Dobrushin domain (Q3, as, bs) and consider the FK-representation of the critical
quantum Ising model with parameters A = 2% and p = % on it. Denote by Y the interface going
fromag tobs in (Q)5, as, bs), which separates the primal cluster connected to the wired boundary
(asbs) and the dual cluster connected to the free boundary (bsas). Then, the law of s converges
weakly to the chordal Schramm-Lowner Evolution SLE /3 running froma to b in Q).

6.2 Observable and properties

6.2.1 Definition and illustration

Let us take a Dobrushin domain (Q,a,b) in IR2. Consider & > 0 and the semi-discretized
domain (Q)§, as, bs) with mesh size 0, on which we put the loop representation of the critical
quantum Ising model given by (6.1) with parameter p, which is the intensity of the Poisson
point processes on both primal and dual vertical lines.
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The intensity p should be chosen to be proportional to %, which is the factor that appears
in the intensity of a Poisson point process when we scale it by ¢ in space. Moreover, we should
consider p = ﬁ, the constant \/Li being chosen to make the model isotropic. A heuristic of
such a choice is as follows.

A special case of the conformal invariance is the rotational invariance, so in particular,
the invariance by rotation of 5. The relation that we obtain later in (6.4) shows that only for
the choice of p = ﬁ, the observable defined in (6.2) is (semi-discrete) holomorphic. And the
holomorphicity should be interpreted as follows: the observable varies in the same way in
the horizontal (discrete) direction and the vertical (continuous) direction. This justifies why
the choice of p is important, and that there is only one possible value satisfying this property.

The loop representation of the quantum Ising model gives an interface going from a4 to
bs. Ife e Qg is a mid-edge vertex of the Dobrushin domain (€}, as, bs), we can define our
observable at this point by

Fs(e) := F(Qg’ambé)(e) -2 -IE[exp(%W(e, bb‘))]].eeyéjl (6.2)

Ve

where ys denotes the (random) interface going from ag to bs and W (e, bs) its winding from
e to bs and v = exp(—imn/4).

Remark 6.2. For the readers who might have read [ ], since here the graph is oriented
differently, the multiplicative factor v is chosen so that we can keep the same notations for
properties that follow later.

Remark 6.3. Since the domain we consider here is simply connected, the winding W (e, eg)
for a mid-edge vertex e on the boundary does not depend on the random configuration.
Following the interface, we always have the primal vertical line on the right and the dual
vertical line on the left. As a consequence, we have two cases:
« If p; € Qs and p} € QF, then the winding W (e, bs) is a multiple of 27t and Fj(e) is
parallel to v.
« If p,; € O} and p} € Q;, then the winding W(e, bs) is a multiple of 27t plus 7t and
Fs(e) is parallel to iv.
This says that F satisfies the first property in Definition 5.32.

.%ooﬁg.

v v

Figure 6.2 — Local relative position of primal / dual vertices with the direction of F in blue.

We can notice that the winding at e, is W(ey, ep) = 0, thus Fs(ep) = \/LS’ which is called

the normalizing constant.

Then, we define the observable F5 on QO for all p € QF by

F5(p) = Fs(ep) + Fs(ep)- (6.3)

If p € dQQZ, one of the e; and e, is not defined. We then take the undefined term to be 0. As
such, the function F; is defined everywhere on (O§. We notice that F; satisfies the projection
property (5.26).

Let p be a point on dg, or on d},. We denote by 7(p) the tangent vector to Q)5 oriented

from bg to ag in the former case, and oriented from béw to ag’ in the latter case.
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Proposition 6.4. For p € dg, U d} , we have Fs(p) / T(p)~V2.

Proof. We can assume that p € d,;, since the proof is similar in the other case. In this case,
we get two types of tangent vector: 7(p) is horizontal when p is a dual vertex and vertical
when p is a primal vertex.

1. Assume that the tangent vector 7(p) is horizontal. We may assume that 7(p) is oriented
from left to right, then the paths counted in F 5(6; ) are exactly those counted in Fs(e},),
because the interface going through e;; is forced to turn left and go through e,. Thus,
the observable F;(p) at p can be written as

Fs(p) = (1 =)Fs(ep).

The quantity Pg,(e;) being parallel to iv, we have F5(p) € R. Also, we know that

7(p)~"/? is parallel to 1. The case where 7(p) is oriented from right to left can be
treated in the same way.

2. Assume that the tangent vector 7(p) is vertical which can be oriented either upwards
or downwards. If 7(p) is oriented downwards, ;(p) takes the same value as F;(e}, ),
which belongs to i VIR due to Remark 6.3. Moreover, 7(p)~1/2

similar if 7(p) is oriented upwards.

is parallel to iv. It is

O

Figure 6.3 — The Dobrushin domain shown in Figure 6.1 with tangent vectors T drawn in
blue with arrows on the boundary.

6.2.2 Relations and holomorphicity

To study the observables Fs and Fj, we start by establishing local bijections between config-
urations which will give us local relations for F5 and F5. Our goal is to get relations between
the observable Fs and its derivative d, Fs.

To achieve this, we fix a local window with height equal to € and width covering three
columns, as shown in Figure 6.4. We notice that, in the loop representation, if we reverse the
role of primal and dual lines, the loops and interfaces are kept the same but with opposite
orientations. Thus, it is enough to fix an arbitrary choice of primal and dual lines.
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By studying the difference between different contributions of exp(%W(e, bs)) in the ex-
pectation of (6.2) at different vertical positions (at the top and the bottom of the local win-
dow), and by making ¢ go to 0, we will get the derivative. Since the number of points given
by point Poisson processes is proportional to the length of the interval, thus to ¢ in our case.
And actually, in our computation, we will take into account terms up to the order ¢ since
higher-order terms will disappear in the limit. In consequence, only configurations contain-
ing a single Poisson point in the local window will count.

Some abbreviations are introduced below to lighten our notations. We denote the north-/south-
west/middle/east mid-edge vertices by taking their initials: nw, nm, ne, sw, sm and se. We
denote by b,, the primal extremity shared between nw and nm and by b, the one shared
between sw and sm. Similarly for w,, and w;. See again Figure 6.4.

nw nm ne
— O ——O0—Q—0—
1 bn 1 Wn,
1 1
1 bs 1 Wg €
—0—
I sw sm 1 se

Figure 6.4 — A local window with height €. The same notations are used in the following
figures and tables of this section.

To understand the bijections between configurations, the reader is invited to have a look
at Figure 6.5 while reading the following explanation. The bijections are obtained by starting
with an interface going through the middle column, which is not a loss of generality. In our
case, it goes down due to the choice of the local window. We assume that there is not any
Poisson points in this local window.

We will then analyze different possibilities. Once the interface goes out of the local win-
dow, it may never come back to the neighboring columns (i.e., west and east), which is the
case of (1a). Otherwise, the interface may come back to one of the neighboring mid-edge
columns. In (2a), it comes back through the East column and in (3a), through the West col-
umn.

Now we can consider Poisson points in our configurations. As we mentioned earlier, we
are only interested in configurations with at most one such point. In (1b), (2b) and (3b), we
add one Poisson point between b, and b,, whereas in (1c), (2c) and (3c), we add one between
w, and w,,. The configurations (1a), (1b) and (1c) are in bijection, same for (2a), (2b) and (2c)
or (3a), (3b) and (3c). Notice that these configurations do not have the same weight, but we
know the ratio between their weights, which will allow us to get linear relations between the
contribution of exp(%W(e, b(g))llee),(S to f at nw, sw, nm, sm, ne and se.

First of all, we write down different contributions in Table 6.1. Its last column contains
the weight of each configuration up to a multiplicative constant depending on the original
configuration in (1a), (2a) and (3a). However, the fact that this multiplicative constant is
unknown does not raise any difficulty since we only need linear relations between values of
Fs at different mid-edge vertices.

We take the difference of contributions between the north mid-edge and the south mid-edge
in each of the three columns to get Table 6.2. After this, we get Fs(w), Fs(m) and Fg(e) from
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sl

9

I —

I —

(3a) (3b) (3¢)

Figure 6.5 — Bijection between configurations in a local window chosen above.

Table 6.1 by ignoring terms of order higher than ¢; and dFs(w), d,Fs(m) and d,Fs(e) by
dividing the quantities in Table 6.2 by ¢ and then making it go to 0.
The quantities in the first and the second lines of Table 6.3 satisfy

(Fs(e) = F5(w)) -iV2p = 9, F5(m). (6.4)

Moreover, those in the first and the third line satisfy also the same equation. By summing
over the possible local configurations and by gathering them together, we obtain that for
each m € Qg

=(0)

D' ”Fs(m) = 1| Fs(e)—Fs(w) anys(m)

2 o i

= 0. (6.5)

Gathering all the above computations and using Proposition 5.34, we obtain the following
proposition about the s-holomorphicity of the observables Fs and F;.

Proposition 6.5. The observables F5 and Fy satisfy the following properties.

1. The observable Fg is s-holomorphic on Qg.
2. The observable Fy is s-holomorphic on (05,
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| nw  sw  nm sm  ne  se  weights
la o 1 1 0 0 V2
b | e? i3 1 0 0 ep
lc| O 0 1 1 e et Ep
2a] 0 0 1 1 e’z et A2
2b | e> 71 1 e’ i3 ep
2c 1 0 '3 0 2¢ep
3ale? €2 1 1 0 0 V2
3b | e'2 1 0 0 0 2ep
3c | €2 el? 1 1 e’ els Ep

Table 6.1 — Contributions of the exponential term in each configuration at different positions.

Fs(w) | Fs(m) | Fs(e)
nw—sw | nm—sm | ne—se dyFs(w) | dyFs(m) | d,Fs(e)
| | N O A
2iep 0 —2iep 2ip 0 -2ip

| | o [ [
2iep 2ep —21ep 2ip 2p -2ip
| | V2 | V2 | o

2iep 2ep —2iep 3 2ip 2p ~2ip

Table 6.2 - Computation of the difference be-
tween the contributions of North and South.

Table 6.3 — By considering order 0 and order
1 terms in ¢, we get Fs and d,F;.

By Proposition 5.34, the observables Fs5 and Fs encode the same information. We will
then sometimes work with F, sometimes with %5, according to our convenience.

6.2.3 Primitive of .7:'52

In Section 6.3.2, we will see that the observable F; is the solution to some boundary value
problem and we will prove that it converges, when 6 — 0, to its counterpart in the continuum
(Theorem 6.22). To achieve this, we define a primitive of .7:52 which is “almost” harmonic
(Proposition 6.10) and relate the whole problem to the Dirichlet boundary problem studied
earlier (Section 5.3).

The approach is exactly the same as that in [ ]

Given v a site on the lattice, we denote by e} and ¢}, the mid-edges having v as extremity
on the right side and the left side of v, as illustrated in Figure 6.6. In a similar way, we denote
by ef* and e~ the second on the right or left.

Let us define Hg, a “primitive” of .7-;2 in the following way. Since F; and F5 can be related,
in the definitions below we only work with F first.

1. If b and b’ are primal vertices such that Reb = Re b’ and [bb’] C Q%, define

b/
Hy6) - Hylb) = 2-Im [ e Falel o (6.6)
b
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Figure 6.6 — Notations for neighboring mid-edges.
2. If w and w’ are dual vertices such that Rew = Rew’ and [ww’] C (3§, define
w, —
Hs(w’)— Hs(w) = -2 ImJ- Fs(e,)Fs(er)dv. (6.7)
w
3. If b and w are neighboring primal and dual vertices in 0%, define
H;(b) = Hs(w) = 0|F 5 (bw)|*. (6.8)

Proposition 6.6. The primitive Hy is well-defined up to an additive constant.

Proof. 1Tt is sufficient to check that the difference of Hgs along cycles is always 0, or equiva-
lently, the difference along elementary rectangles is always 0. Let uy, u,, v, v1 be a rectangle
as shown in Figure 6.7. We denote by e, the mid-edge between u; and v; fori =1,2.

w M E

U2 ¢—o—0q W2

Uy ¢—o—q W1

Figure 6.7 — An elementary rectangle u; u,w,ow;.

We need to show that the difference of Hy along u;u,, uyw,, wow; and wyu; gives 0.
We apply directly the definitions from Equations (6.6), (6.7) and (6.8).

Hy(uy) — Hy(uq) + Hs(wy) — Hs(up) + Hs(wq) — Hs(w) + Hs(11) — Hs(w)

Uz _ wr _
=2Im | Fs(e;)Fs(ey)dv — 8|Fs(uawy)|* + 2Im | Fy(e,)Fy(ef)dv + O|Fs(ugwy)?
u w
s o o o
=2Im | [Fs(e;)Fsem) + Fs(em)Fslen,)ldm — 8(IFs(upw)|* = [Fs(uywy)).
O
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The first term can be rewritten as:

20m [ [Foles)Falem) + Folem)Fa(el)dm=2Im | [Fy(ep) — Folefy)Fy(em)dm,

my my

and the second term as:

—5(1Fs(13w2)? — [Fa(uywi)P) = —6Ref 129, Fy(en)Fa(en)dm
=—Refmz2i<P5<e;>—Fb<e;1>>P_a<em>dm
“2Im | [Fa(efy)— Fa(en)]Fy (en)dm

where we use the holomorphic relation (6.5) in the second line. Thus, the quantity we were
looking for is indeed 0. O

From the previous proposition, we can fix Hg(by') to be zero, thus fixing the additive
constant. Now, we can really talk about the primitive H.

We will reformulate the definitions above to get relations for Hs between different points
on the same axis (Proposition 6.7) and neighboring points on medial lattice (Proposition 6.8).

This will give us a simpler expression: Hs = Im fé (Fs(2))2dOz.

Proposition 6.7. Let p,p’ € Qf such that Rep = Rep’ and [pp’] C Q5. Then we have

§
Hy(p') - Hy(p) = Imf (5 (0)d. (6.9)
p

Proof. We first assume that p,p” € Q. Given v € [pp’], since Fs(e; ) € ivIR and Fg(e;) € VIR,
we have

Im|[i-F5(v)*] = ReFa(e;)* + Fole])? + 2Fs (e, Foley)]
s(e

= 2Re[Fs(e,)Fa(e})]
= 2Im|Fs(e;Fole])]

+
v

The same computation for p,p” € (0% and v € [pp’] leads to
Im [1 Fs(v ] =-2Im [F5 (e:j)].
Using Equations (6.6) and (6.6), we get the result. O
Proposition 6.8. Let p € QF such that p~,p* € Q. Then,
Hy(p*) = Hy(p™) = Im[F(p)*(p* = p7)]. (6.10)

Proof. We can assume that p € Q% and p~,p* € Q4. The other case when p € Q5 can be
treated in the same way.
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From the parallelism property, we know that F;(e,) € VIR and F;(e ) €ivRR. A simple
computation gives

Im[75(p)?] = Im[Fs(e;)? + Foley)? + 2Fs(e)Foley)]
= Fs(ep)I* = IFs(e,)I*.
Since p™ — p~ = 9, this completes the proof. O
Corollary 6.9. The primitive Hy is constant on both arcs d,;, and a;a. Moreover,
Hsp,, =1 and  Hgge =0. (6.11)
Proof. Proposition 6.4 gives the direction of 5 and Equations (6.9) and (6.10) give its relation

to Hs on each part of the two arcs. We conclude easily that Fs(p) is constant on both arcs. The
difference of these constants can be obtained by estimating Hy at, for example, bs = [bgbg’]:

Hs(b%) = Hj(b2) — Hs(b¥) = 6|F5(bs)I* = 1
]

Proposition 6.10. The primitive Hs is subharmonic on primal axes and superharmonic on
dual axes, i.e.,

AOH (u)>0 and AYHgw)<0
forallu € Qs and w € Q5.
Proof. We remind that in a semi-discrete lattice, the Laplacian is defined as follows:
0 o
A Hs(u) = D Hy(u) + 9y, Hy(u)
for u a vertex in primal or dual axis.

First, we assume that u is a primal vertex. By using the definition of Hy, the second
derivative along x can be reformulated,

DEHy () = < [IFa(er )P = IFa(e)P ~ [Es(en) + Fa(e; ).

Similarly, the second derivative along vy can be rewritten as:

ay;u ( 211‘1’1[8 Fc‘)( ;)F_b(e+))]
= 21m[9, Faley Falel) + Fole)2, Fole])]
= 21m[a Fs(e;)Fs(ey) = Fs(e;)dyFs(ey)]

= %Re[(Fa(el) ~ Fyley))Fs(en) = Fs(e,)(Fs(en™) = Faley))]

= % [IFs(ep)? + |Fs(e)I? — Re[Fole, Fs(ef) + Folen)Falef )]
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Finally, we notice that

IFs(e™) — Fs(ep)|* +|Fs(ey) — Fs(e; )

= |Fs(ei ™)1 + |Fs(ef)|* + |Fs(ey)I* + |Fs(e;)I?

—2Re|F5(e;)Fs (e ") + Foley )Faley)]
= 5D\ Hy (1) + 53, H(u)

= 6A Hy(u).

In consequence, the primitive Hy is subharmonic on primal axes.
The proof for the superharmonicity on dual axes is similar. We do the same calculation
and obtain the above equation with a minus sign. O

6.3 Boundary-value problems

6.3.1 Boundary modification trick

In [ ], the boundary modification trick is introduced to enlarge an isoradial Dobrushin
domain into an isoradial primal domain; and in the same manner, a function defined on a
Dobrushin domain can also be extended to the enlarged primal domain. The goal of this
is to associate a boundary value problem on a Dobrushin domain to its counterpart on the
enlarged primal domain, on which we have a better understanding of such a problem. The
same procedure can also be made in the semi-discrete setting that we describe below.

The primal (resp. dual) domain extended from a Dobrushin domain is given by keeping
the primal boundary d,; and by adding an extra layer dj, to the dual boundary J7,. More
precisely, on the arc a’g , We change the horizontal parts from dual to primal and add one
more primal layer outside (in the sense defined below) the original domain. The same proce-
dure applies similarly if we want to get an extended dual domain: we get J%, from d,j, and
keep 8’;{1. We will denote by Q s and ﬁ’g these two modified domains. See Figure 6.8a and
Figure 6.8b for examples.

In an algebraic way, each dual point p € dy on the dual boundary possesses two primal
neighbors p~ and p*. One of them is in Int () and the other is not (although it may lie on
the boundary d,;). We include the one which is not in Int %, providing us with the new
boundary.

We notice that some points may be added twice (red part in Figure 6.8b) and some points
may overlap the other part of its own boundary d,, (red part in Figure 6.8a). In this way, the
boundary of the extended domain is not described by a Jordan curve anymore. However, this
is not a problem: we just keep these double points and consider that they are situated on the
two different sides of the same boundary and all the theorems concerning boundary value
problem will still be valid. We can also see this as a domain minus a slit.

The following lemma tells us how to extend the primitive Hy to the extended domain
after boundary modification trick, keeping its sub- and superharmonicity properties.

Lemma 6.11. Let w € a;;a be a dual vertex on the arc (bsas). Assume u;,; to be the neigh-
boring primal vertex of w which is in the domain (O and .y, the primal one to be added via
the boundary modification trick. Then, if we set Hs(u,y;) = Hs(w), the function Hs remains
subharmonic at u;,;. We can also extend Hg on ﬁ’g in a similar way, giving a similar result.
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(b) The enlarged dual domain.

Figure 6.8 — The primal and the dual domains enlarged from the Dobrushin domain illustrated
in Figure 1.5. The red part indicates the overlapping part of the enlarged domain with the
original boundary.

Proof. By abusing the notation, we continue writing Fs, 75 and Hg on the extended domain
(~)5. We notice that if we let Fg(u,,,w) = 0 and Fs(w) = Fs(wu;,,;), the properties in Propo-
sition 6.5 are still satisfied. This can be computed by establishing a similar table as Table 6.3
on the boundary. Then, by setting Hs(u.;) = H(w), we get a primitive Hs which always
satisfies Equations (6.7) and (6.8). In such a way, the Proposition 6.10 still holds. O

6.3.2 Riemann-Hilbert boundary value problem

We studied the semi-discrete Dirichlet problem in Section 5.3. In this section, we introduce
the semi-discrete Riemann-Hilbert boundary value problem, which is similar to the Dirichlet
problem, but whose resolution is a bit more technical. However, the boundary modification
trick mentioned in the previous section along with the knowledge of the Dirichlet problem
may help us achieve this.

In a semi-discrete Dobrushin domain (Q5, a5, bs), we say that a function Fys defined on

Qg is a solution to the (semi-discrete) Riemann-Hilbert boundary value problem with respect
to the Dobrushin domain (Q3, a5, bs) if the following three conditions are satisfied:

(A) s-holomorphicity: F5 is s-holomorphic in QF;
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6.4. RSW on the quantum model

(B) boundary conditions: for p € (asbs) U (bsas), Fs(p) is parallel to T(p)~V?;

(C) normalization: Fé(el‘:’) = Proj[F5(by ), v] = \/LS’

where Fy is defined via Equation (6.3).

Existence of such a solution has been shown already. In effect, the observable we in-
troduced earlier satisfies these three conditions, as shown in Section 6.2.2. When it comes
to uniqueness, we will use the primitive Hs we constructed in Section 6.2.3 along with the
boundary modification trick.

Proposition 6.12 (Existence of solution). The observable Fs defined in (6.2) is a solution to
the above boundary value problem.

Proof. Tt is direct from the properties of the observable as shown in Propositions 6.4 and 6.5.
O

Proposition 6.13 (Uniqueness of solution). For each semi-discrete Dobrushin domain (Q)3, as, bs),
the semi-discrete boundary value problem has a unique solution.

Proof. Assume that there are two solutions Fs; and Fs, to the boundary value problem
mentioned above. Let Fs := Fs; — F5,. Note that Fj is still s-holomorphic being difference
of two such functions. Define % as in Equation (6.3). Consider Hg := Imf(]-:g(z))zdz the
primitive defined in Section 6.2.3. The function Hy is constant on the arcs (asbs) and (bgag)
respectively due toe the property (B). Moreover, the identity Pé(eg) = 0 says that these two
constants should be the same. Apply the boundary modification trick to extend (2§ into the
primal domain ﬁé.

Extend the primitive Hg to the new boundary of Q 5 as in Lemma 6.11. The lemma also
says that Hg stays subharmonic in IL ﬁﬁé and superharmonic in IL’(; ﬂﬁé. This gives us that
0> (Hé)“L;r@o > (H5)|1L3053 > 0. By uniqueness of the Dirichlet problem (Proposition 5.17),
we know that Hy is constant everywhere.

The fact that Hg is constant everywhere tells us that Fy is zero everywhere on Qg. Thus,
these two solutions are equal. O

6.4 RSW on the quantum model

In Chapter 4, we showed the RSW property on the critical quantum random-cluster model
for 1 < g < 4, thus in particular, on the random-cluster representation of the quantum Ising
model. Here, we provide an alternative using the fermionic observable (6.2) and the second--
moment method.

6.4.1 RSW property: second-moment method

In the previous section, we established the conformal invariance of the limit of our semi-dis-
crete observables. To show that the interface can be identified with an SLE curve in the limit
and to determine its parameter, we need the so-called Russo-Seymour-Welsh (RSW) property.
This provides the hypothesis needed in [ ] which, along with Theorem 6.22, shows the
main Theorem 6.1.

The goal of this section is to show the following property.
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Proposition 6.14 (RSW property). Fixa > 0. Consider the rectangular domainR,, , = [-n,n]x
[~an, an] and write Rg,a for its semi-discretized counterpart (primal domain). Let & be a bound-
ary condition on wa. Then, there exists c(a) > 0 which is independent of n and 6 such that

where Cy, and C,, denote the events “having a horizontal / vertical crossing”.

The proof of Proposition 6.14 is based on the use of the same fermionic observable intro-
duced in Section 6.2 and the second moment method to estimate the crossing probabilities.
This is inspired from [ ] where the classical Ising case is treated and here we adapt
the proof to the case of quantum Ising.

To show the RSW property in Proposition 6.14, we only need to show the lower bound for
free boundary condition by duality [ ]. In this section, we will just show the property
for the horizontal crossing, since the proof to estimate the probability of the vertical crossing
is similar.

We recall that ()5, 4, bs) is a Dobrushin domain, meaning that the arc (asbs) is wired
and the arc (bsag) is free. In Section 6.3.1, we introduced the notion of modified primal and
dual domains of a Dobrushin domain, which are denoted by ﬁé and ﬁ’g respectively. Let
us write HM, and HM, the harmonic functions on modified domains ﬁo‘ and ﬁ’g having
boundary conditions 1 on the (extended) wired arc (d,, for Q s and a;b for ﬁg) and 0 on the
(extended) free arc (dy,, for Q s and dy for ﬁ’g)

We start by noticing that the connection probability of a vertex next to the free arc (bsas)
to the wired arc (a5bs) can be written in a simple way by using the parafermionic observable.

Proposition 6.15. Let u € Qg such that {u*,u~} N (bsas) # @ (equivalently, u is next to the
free arc). Write e for the mid-edge between u and the free arc (bsags). Then, we have

P22 05,5 (1 © (a5bs))* = OIF(e)]*.

Proof. We take the definition of F,

2

i
OAF(EIR =B a0 [exp (5 b)) Ly |
= 1B (25 ay,5) [ Teey, ]I = P(Q5.a,.05) (€ € o)

where the winding W (e, bs) is always a constant if e is adjacent to the boundary. We also
notice that e € s is equivalent to 1 connected to the wired arc (asbs). O

By using harmonic functions HM, and HM,, we can get easily the following proposition.

Proposition 6.16. Let u € Q5 next to the free arc. Write w € {u™, u™} which is not on the free
arc. We have

VHM, (w) P2 a,,,) (4 <> (a5b5)) < VHM, (1)
Proof. Write wj the neighbor of u which is on the free arc. We have
H(u) = H(u) - H(wg) = 0lF(e)l* = P a,.b,) (1 < (a5bs))’.

144



6.4. RSW on the quantum model

Moreover, by Lemma 6.11, H is subharmonic on 65, we get H(u) < HM,(u). Similarly,
writing e = (uw),

H(w) = 8|F(e)|* - 8|F(¢')|> < 8|F(e)|* = P(22,a5,b5) (1 © (asbs))?

and we conclude by superharmonicity of H on ﬁ’g O

Now, we are ready to show the RSW property. We keep the same notation as in the
statement of Proposition 6.14. We write d_ and d,. for the left and right (primal) borders of
RZ’a. We define the random variable N given by the 2D Lebesgue measure of the subset of
d_x d, C IR? consisting of points which are connected in Rﬁ, «- More precisely,

N = JI{EQ Tyesydxdy.
yeo,

To show Proposition 6.14, we use the second moment method. In other words, by using
Cauchy-Schwarz, we need to show that the lower bound of

PN >0) = E°[1%.,] > E[N]?

2 W (6.12)

is uniform in 7 and 6. First, we get a lower bound for IE°[N].

Lemma 6.17. There exists a uniform constant c independent of n and 6 such that
E°[N] > cn.
Proof. We decompose the right boundary into m = | n/9] parts,

i i . 2n . 2n
d = o d'. where d', :({an}x(—n+z-Z,—n+(1+1)-z)).

We expand the expectation,

E°[N] = J‘Lea_ PO(x < p)dxdy

yed,
m—1 '
_ f Y P o 9)dx.
Xea, i=0

By Proposition 6.16, each IP?(x <> @) can be bounded from below by HM,(w) where w is

a neighbor of x which is not on the free arc, and the harmonic measure is with respect to

the modified domai.n ﬁ’g where the Dobrushin domain (Q, as, bs) is given by Q§ = Rgla, as

and b such that 0", = (asbs). Moreover, from the local central limit theorem and gambler’s

ruin-type estimate, we have that HM,(w) > ¢(6/n)? for a ¢ > 0 uniform in 7, 6 and i.
Finally, we get

o
IEO[N]ZJ m-Ve—dx > c'n
x€d_ n
where ¢’ is a uniform constant. O
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6. SCALING LIMIT OF THE QUANTUM ISING MODEL

To estimate IE°[N?], we need Proposition 6.18, a consequence of Lemma 6.19. Both of
them make use of the so-called exploration path, which is the interface between the primal
wired cluster and the dual free cluster. The proof in the discrete case [ ] can be easily
adapted to the semi-discrete case, since the interface is well-defined and we have similar
estimates on harmonic functions, by means of semi-discrete Brownian motion, local central
limit theorem and gambler’s ruin-type estimates. Therefore, we will just give the proof of
Lemma 6.19.

For any given a,n and 9, let us consider R, , as before and (Rg’a,aé, bs) the semi-dis-
cretized Dobrushin domain obtained from R, , with the right boundary d, = (asbs) which
is wired.

Proposition 6.18 ([ , Proposition 14]). There exists a constant ¢ > 0 which is uniform
in a and n such that for any rectangle Rf’w and any two points x,z € d_, we have

, _ 0 ¢
H)(Rz,a,ﬂa:ba)(x’z ©0d4) = IPR?W(X,Z ©04) < Vix—2n
Lemma 6.19 ([ , Lemma 15]). There exists a constant ¢ > 0 which is uniform in a, n,

0 and x € d_ such that for any rectangle Rﬁ’a andallk > 0,

k
H)(R;’,,a,aé,bé)(Bé(x; k) & (asbs)) < c Z

Proof. Let n,k,6,a > 0, the rectangular domain Rg’a and its semi-discrete counterpart, the
Dobrushin domain (RS ,,a5,bs) where d, = (asbs) is the wired arc. Consider x € d_. For
k > n, the inequality is trivial, so we can assume k < n.

Since the probability H)(Rg’a’ué’bé)(Bé(x, k) & (asbs)) is non-decreasing in , we can bound
it by above by replacing a by a + 1, which we bound by above by a longer wired arc (csd.),
where cs5 and dg are respectively the left-bottom and the left-top points of the rectangular
domain Rg’ «- See Figure 6.9 for notations.

P (RS o a5,5)(Bs (X, k) > (asbs)) SPro 4 (Bs(x,k) < (asbs))
<SP o a)(Bs(x, k) & (csds))

n,a+1’

w b w b
bd bd dd d6
|—9---9--o0O o
| bs 1 dg
1 1
1 1
1 1
1 1
P 1 1
‘ 1 1
2an | !
o T : o T : [
1 1
1 1
1 1
1 1
I a5 1 68
--L---L_-onm ono
<+ 2n—>» ay ag ey c’g

Figure 6.9 — First: The primal domain Rg’a. Second: The Dobrushin domain (Rg,a,a(g, bs).
Third: The Dobrushin domain (RZ’Q,C(S, ds). Third: The Dobrushin domain (RZ,Q,CO',dé).
Fourth: The exploration path starting at c¢5 and touching Bs(x, k) at time T.
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6.4. RSW on the quantum model

Let ys be the interface as defined in Section 1.2.5 and used in Section 6.2 to define the
fermionic observable. The definition of y; tells us that the ball Bs(x, k) is connected to the
wired arc if and only if /s goes through a mid-edge which is adjacent to the ball. We param-
eterize s by its length and denotes T the hitting time of the set of the mid-edges adjacent
to the ball Bg(x, k). Therefore, Bs(x, k) is connected to the wired arc if and only if T < oo.

Write p for the top-most point of Bs(x, k). We can rewrite the probability of {p < (csds)}
by conditioning on y;s[0, T] and using Markov domain property to obtain

P g cr,d(,,)(P o (csds)) = IE(RgYM,Cé,dé)[1T<ooH)(Rg,M,cé,dé)(P o (csds) | 750, T])]

na+1770
=B cpanIT<ooP(R2  \yi[0,T]75(T)d5) (P < (€545))]
We estimate this quantity in two different ways to get the desired inequality. Firstly, since

p is at distance at least n from the wired arc, we have

01
Pigg, (P (€od) < o)

which follows from Proposition 6.16 and the fact that HM, < 7. Secondly, we can write
vs(T) as z+(s,—r,s) where 0 < s < k and 0 < r < 2k. Thus, the line z+ Z x {-r} disconnects
a from the free arc, we estimate the harmonic function and we obtain a.s.
c c
PR . \7510,T]ya(T)dy) (P (Codo)) 2 72; > \/é
which again comes from Proposition 6.16 and the estimate HM, > 7. This final estimate
being uniform in y4[0, T], we get

€2 , , o) < SL
V2k H)(RZ,MCD,M(T <o)< H)(Rﬁ,wcb,do)(l’ © (csds)) < N7
which implies the statement. O

Now, we can complete the proof of the RSW property.

Proof of Proposition 6.14. From Equation (6.12) and Lemma 6.17, we just need to show that
E%Nﬂziﬂ}?%xey&eﬁﬂm@&& (6.13)
is O (n2 )

Consider x,z€ d_, y,t € d, and I the middle vertical line separating them, we get
P (x < Y,z 1)< P%(x,z & l)IPO(y,t <)

because the left-hand side of I and the right-hand side of I are independent. Therefore, the
integral in Equation (6.13) can be cut into two independent parts, each of whom gives the
same contribution,

0
J_Hﬁc,zea P’ (x & p,z < t)dxdydzdt

y,ted,

e
- ( P(x,z & l)dxdz) (H PO(y, t & I)dydt
JJIx,zed_ y,ted,

r

2
P(x,z & l)dxdz)

Il
—
C
C D)

X,2€0_

r c 2 5
< ————dxdz| < (4cn)
Ixzea_ VIx—z|n
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where in the last line we use Proposition 6.18.
The proof is thus complete. O

6.5 Convergence of the interface

In this section, we prove Theorem 6.1 which consists of the two following parts:

+ Theorem 6.22 determines the limit of the observables Fy.

« Proposition 6.14 gives an RSW-type estimate on crossing events. Thus, the condition
G2 required in [ ] is fulfilled and the tightness of the family of interfaces (y;) is
guaranteed for the weak convergence.

The first point can be done by using similar arguments as in [ , , , ]
and the second point by the second-moment method introduced in [ ]. Once these
two technical points are proven, one may follow the classical argument of martingales to
identify the limiting curve, see [ , ].

6.5.1 Convergence theorem

Theorem 6.20 (Convergence theorem for s-holomorphic functions). Let Q C () be a rect-
angular domain such that 9Q C Q). Let (F3)sso be a family of s-holomorphic functions on Q)
and Hs = Imf]-:sz. If (Hg) s> is uniformly bounded on 9Qg, then (Fy) is precompact on Q.

Remark 6.21. For each z € Int(), we can find a neighborhood Q of z small enough such
that 9Q c Q) to have precompactness of (Fz) near z. Then we can use a diagonal argument
to extract a subsequence of (Fs) converging uniformly on all compacts of Q.

Proof. 1Tt is sufficient to show the second point in Theorem 5.27. We write
c 2 — (0) ¢y (0) g
o | Fs(v)|“dv =0 |Dy "Hg(x)|dx + 0 |Dy "Hg(x)|dx
Qs s Q3

which is exactly the definition of Hy in Proposition 6.8. These two terms can be treated in a
similar way. We will thus just look at the first one and show that it is bounded by a constant
uniformly in 6.

On the primal semi-discretized domain 9Qg, write Hs = S5+ R5 where S is semi-discrete
harmonic with boundary values Hy|59¢, on d9Qs.

o C
J o )Sa(x)|dx<f c1-suplS)| < Z ¢, supls,
Qs Qs

9Qs 9Qs
167 C3 Cq
= =52 sup [S;]= 2 sup |Hy|< -
(9Q;) 3(9Q;)

Here, we use Proposition 5.25 in the first inequality; the total length of axes in Qg is propor-
tional to 6~! in the second; the maximum principle (Proposition 5.15) in the third; Hs and
Ss coincide on the boundary d9Qy in the fourth ; and finally, Hy is bounded by hypotheses.
Moreover, the constants ¢; may depend on the domain () but are uniform in 9.

We will now do something similar to Ry. First, we write (Proposition 5.26)

Ry(x) = LQ ARy (v)Gog, (x,v)dy.
)
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Since H is subharmonic, it is the same for Rs. Thus, A©®)Rs > 0 in 9Qj. Then, we have

s i ; F
DRyl < [ ARy (pIDE oo, 5y
Qs JQ, J9Qs
f (6) (6)
= AYRs(y) | |IDx"Gog,(x,y)ldxdy
J9Q; Qs
. .
< CS'A(b)Ré(y)J Goq, (x,y)dxdy
J9Qs Qs
—cs [ [ aORy(9)Gag, (npavan
1 9Q()
—CsJ‘ Rs(x)dx
o
6 _ C5C
ST TS

where we use the triangular inequality in the first line; Fubini in the second line (all the terms
are non-negative); Proposition 5.28 in the third; Fubini again in the fourth, Riesz representa-
tion (Proposition 5.26) again in the fifth; and finally R is bounded in the last one (because
Hg and S are bounded). O

With all what we have done so far, we can determine the uniform limit of Hy and Fj
when 6 goes to 0. First of all, we need to describe the continuous version of the boundary
value problem. Given a continuous Dobrushin domain (Q,4,b), we say that a function f
defined on () is a solution to the Riemann-Hilbert boundary value problem if the following
three conditions are satisfied:

(a) holomorphicity: f is holomorphic in () with singularities at a and b;

(b) boundary conditions: f(C)is parallel to 7(¢)~/? for ¢ € dQ\{a, b}, where 7({) denotes
the tangent vector to () oriented from a to b (on both arcs);

(c) normalization: the function h := Imf( £(€))?dC is uniformly bounded in Q) and

h|(“aba) =0, h|(bo“a) =1

Note that (a) and (b) guarantee that & is harmonic in () and constant on both boundary
arcs (ab) and (ba). Thus, if we write ® the conformal mapping from Q) onto the infinite strip
R x (0,1) sending a and b to Foo, the function o ®@~! is still harmonic. Moreover, the only
harmonic function on the strip IR x (0,1) with boundary condition 1 on R x {1} and 0 on
R x {0} is z > Im(z), we obtain that /(z) = Im®(z) And from the definition of 4 in (c), we
get

h(v) = h(u) = Im(®(v) - D(u)) = Imf (f(C)*dC
for u,v € Q). At u fixed, since ®(v) — DP(u) and f:(f(C))de are both holomorphic in v and

have the same imaginary part, they differ only by a real constant. By taking the derivative,
we can deduce that

or equivalently,
f=Vo.

Since @ is a conformal map, its derivative is never 0 on (2, we can define the square root in
a continuous manner (with respect to (1), and the solution f is well-defined up to the sign.
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Moreover, this tells us that f(C) = ¢(C)7(C)~"/? for all T € dQ\{a, b} where c keeps the same
sign all along the boundary. Therefore, we can choose the branch of the logarithm such that
Vo’ corresponds to ¢ positive and —V’ corresponds to ¢ negative. Actually, if we look
around b, this branch is given by V1 =1.

Theorem 6.22. The solutions Fg of the semi-discrete boundary value problems are uniformly
close on any compact subset of Q) to their continuous counterpart f defined by (a), (b) and (c).
In other words, F5 converges uniformly as 9 — 0 on all compact sets of () to VO’ where @ is
any conformal map from Q) to R x (0, 1) mapping a and b to Foo respectively.

Proof. We start by showing the convergence of the discrete primitive Hs := Im fé(]%((:))zd(: ,

using the boundary modification trick introduced in Section 6.3.1. We extend Hs on (5 and
denote its restriction on the primal axes I/i? . By Lemma 6.11, I/—I\é; is still subharmonic, thus
it is smaller than the harmonic function h§ with boundary condition 0 on (asbs) and 1 on
(bsas). Proposition 5.30 tells that h§ converges to the solution H of the continuous Dirichlet
boundary problem with boundary conditions 0 on d,;, and 1 on d},. We can deduce that

limsup Hs* < h
0—0

on any compact subset of (. In a similar manner, denote 1:1\56 the function Hy extended on
5’(; which is restricted on dual axes. As before, this time by superharmonicity, we deduce
that
liminf H,° > h
0—0
on any compact subset of (). By definition (Equation (6.8)), for a sequence of ws and b
neighbors in ()5, both approximating u € Q (i.e., ws — u, bs — u), we have

h(u) < 11?151&?56(%) < limsup Hy°(by) < h(u).
- 5—0

Since the convergence to /1 on 55 and ﬁ’g is uniform on compact subsets, it is the same for
the convergence of both H(T' and Ifi‘(;o.

Consider Q C Q such that 9Q c Q). By the uniform convergence of Hg, the family (Hy)
is bounded uniformly in 6 > 0 on 9Q. Theorem 6.20 implies that F; is a precompact family
of semi-discrete s-holomorphic functions on Q.

Consider 6, a subsequence such that 75 converges uniformly on all compact subsets of
Qs to F. For u,v € Q5 and converging subsequences u,, — u and v, — v, we have

h(v) = h(u) = lim (Hs (v,) - Hs, (1))

n—-oco
Uy
= lim Im Fs (2)%dz
n—oco v, n
u
=Imj F(2)%dz
v

Same as the discussion just above, the limit F is given by V®’ where @ is any conformal
map from Q to R x (0, 1) mapping a and b to Foo. O

Here we give a brief idea to the proof for the vertical crossing. To start with, we need
to establish propositions similar to Propositions 6.15 and 6.16. We will get /d,HM, and
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6.5. Convergence of the interface

. layHMo in the statement. And to estimate these harmonic functions, we can use Harnack

Principle (Proposition 5.25) to get the correct orders. Then, the end of the story is the same,
since we can always define the exploration path and get the same estimates (Lemmas 6.17
and 6.18).

6.5.2 Conclusion: proof of the Main Theorem

Now we have all the necessary ingredients to conclude the proof of the Main Theorem:

1. The RSW property shown in the previous section gives the G2 condition mentioned
in [ ], giving as conclusion that the family of interfaces (y;) is tight for the weak
convergence.

2. The fact that the fermionic observable (seen as an exploration process) is a martingale
and is conformally invariant allows us to identify the limit via Itd’s formula. More
precisely, if y is a subsequential limit of the interface parameterize by a Léwner chain
W, from property of martingales and It6’s formula, we prove that (W;) and (Wt2 —Kt)
are both martingales (x = 16/3 for quantum FK-Ising). The computation is exactly the
same as in the limit of the classical FK-Ising since we have the same Riemann-Hilbert
Boundary value problem in continuum and same martingales. Readers who are inter-
ested in more details, see [ , ].

6.5.3 Going further: quantum random-cluster model

In the paper in preparation [ ], the quantum random-cluster measure with param-
eters A, u > 0, cluster weight g > 1 and boundary condition & can be defined on any open
semi-discrete domain () 5. Its definition is given by (1.15) that we recall here

k¢ (D,
dp§, . (D, B) < g PPdPg ¢ (D, B),

where D (resp. B) is a finite set of points on primal (resp. dual) vertical lines. In the above
definition, IPg ¢y, is the measure of the family of independent Poisson point processes with
parameter A on primal vertical lines and parameter y on dual vertical lines. The quantity
k¢(D, B) counts the number of connected components in the configuration (D, B) with re-
spect to the boundary condition & on the domain Q).

It is proven in the same paper that this model exhibits a phase transition for parameters
A, p > 0 such that /A = q. Moreover, for these values, we may write the measure associated
with the loop representation of the model as follows:

1°(D,B
dpg o, (D,B) < v PPl (D, B),

where 1¢(D, B) denotes the number of loops in the configuration (D, B). And if we look at
the model defined on a Dobrushin domain (Q, as, bs) as we studeid in Section 6.2, we get a
collection of loops and an interface y5 going from as to bs.

In particular, using the approach of isoradial graphs [ , Sec. 1], one can see that
there are reasons to believe that for the following parameters
4 4r 1
A= _ and p= —\/ﬁ’ where r = — arccos(—q),
oyq(4—q) ON4—q " 2

the quantum random-cluster model is isotropic. Therefore, a result on the conformal invari-
ance of the interface could be expected: 5 should converge to SLE . with x = 47t/ arccos(—+/q/2)
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6. SCALING LIMIT OF THE QUANTUM ISING MODEL

as o goes to 0 as in the discrete setting [ ]. This might be achieved by using the so-called
parafermionic observable, which is a modified version of the one used here,

2
Fs(e) = % -IE[exp(iGW(e, bs)) Ileeyé], where 0 = ;arcsin(?). (6.14)
However, as for the discrete setting mentioned in [ ], only half of the Cauchy-Rie-

mann relations are known, which is not enough to establish the conformal invariance.
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APPENDIX A

Computation of residues

For a non-negative integer k and an integer m, define the following meromorphic function

on C,

(Z)__l( L1 )k(z+1) B 2kzk-1

Soml2) =\ v1 T z-1) \z -1 C(z—1)k2m(g 4 1 )k-2m’

We notice that the possible singularities are at 0, 1 and —1.

Lemma A.1. When k = 0, we have Res(gk 1) = Res(gk,,, —1) = 0 for all integer m.

Proof. We fix k = 0. When m = 0, the result is trivial. For m > 1, the function g ,, does not
have any pole at —1, so it is clear that Res(gy ,,,—1) = 0. The residue of g ,,(z) at z =1 is
the residue of g ,,(v + 1) at y = 0. We have

Skm(y+1)= T( %)

2m 2
Z( 71)2’(—1)1—1 - [(1-2)*"-1]=0.

I=1

When m is negative, the proof is similar. O
Lemma A.2. Fork > 1, we have Res(gx ,, 1) + Res(gk ,,—1) = 0.

Proof. When k > 1, the singularity at 0 is removable. We observe that |g ,,,(z)| behaves like
|z| %=1 < |27 when |z| is large, giving

1
lim — Sk,m(z)dz=0

Moreover, when R > 1, we have
1
T gk,m(z)dz = Res(gk,mr _1) + Res(gk,mr 1)'
7Tl J9B(0,R)

Thus, we get the desired result. O
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A. COMPUTATION OF RESIDUES

Lemma A.3. Fork >1 and k < 2|m|, Res(g ,;, 1) = Res(gk m,—1) = 0.

Proof. The previous lemma tells us that it is enough to show that the residue is zero at either
1 or —1. If m is positive, we notice that g ,,(z) does not have any pole at —1, thus the residue
at —1 is zero. If m is negative, the residue at 1 is zero. O

Lemma A.4. More generally, for all k € 2N,

Res(gk m,1) = Res(gk m,—1) = 0.

Proof. Assume that k = 21 > m > 0 for a positive integer /. Look at the residue of g ,,,(z)
around z = 1 is equivalent to looking at the residue of g ,,,(v + 1) around y = 0,

Res(gk,m(z)lz = 1) = Res(gk,m(y + 1)'3} = 0)'

We have the following equivalent relations

Res(g1,m(y+1),y=0)=0

(y + 1)2[—1 _ B
< Res p2l2m(y 4 2)2l—2m’y =0]=0
A+ iamy

where the notation R(y)[yk] gives the coefficient of yk in the Laurent series of R(p).

We expand the rational fraction to evaluate this coefficient by applying the three follow-
ing identities,

(2m—2l):(_1)2m+p(2l+p—1) (A2)
2m+p 2m+p
21-1
(21+p—1): (p)( 21-1 )’ (A3)
2m+p q/\2m+p—-q
q=0
Z(Z)('j)(—x)k = ()’ (1 —x)”’(’:). (A4)

k=0

Equation (A.2) comes from the general definition of binomial coefficients, and in our case,
we have 2m — 2] < 0. Equation (A.3) is an easy combinatorial identity and Equation (A.4) a
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simple expansion. Then, the left-hand side of Equation (A.1) equals

Zf 21-1 (1)2”2”11? 2m - 21
p 2 2l+2m—-1-p

o~ B-1-p :j:‘;(”,;l)(%)”””(ii;?)
L)

awion 30 =3 ()Y L)
21-1 m+p 21=1

aerma =) () G

PR

eawion 01 =(5Y (22 )T
)

2m+21-121-1
21-1 21-1
W alar 1)

2m+q)\2l-1-¢q

q=0
where the sum in the last line is the coefficient in front of x2"*+2/=1 jn (1 -x)2=1(1 + x)2-1 =
(1 -x%)?=1, which is zero because the polynomial only contains monomials of even degree.

O]

Proposition A.5. For ( = m+it e IL; withm € %Z and t € IR, let fr as defined in (5.22).
Consider C the path defined in Proposition 5.18. Then,

J fc(z)dz = 0.
C

Proof. We will expand the exponential into series and show that this integral is zero for
all terms. We can do this because the series converges uniformly on all compacts to the
exponential function. Therefore, it makes sense to exchange the integral and the series. After
expanding, we get
(2it)k
fe@=) “8kn(2)

k=0

and the residue theorem along with Lemma A.1 and Lemma A.2 allows us to conclude. [

The previous proposition is important because it shows that the Green’s function as de-
fined by (5.23) does not depend on the lift of the logarithm.

Proposition A.6. Around { = m € Z\{0}, the function G is C2",
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A. COMPUTATION OF RESIDUES

Proof. To show this, we need to check that for all k < 2|m|, we have
[ sintemnitzitz = [ gonoins(aii

where In; is chosen such that In;(1) —In;(—1) = (=1)*i7. Here, In; corresponds to the log-
arithm chosen in the upper half-plan and In; in the lower half-plane. From Proposition A.5,
we can fix a lift of the logarithm such that In; —In; is non zero around 1 and —1, for example
11'11(1) = 2iTl, 11'11(—1) = 3i7T, 11’12(1) =0and 11’12(—1) =—iT.

Let I be the integral on the left-hand side and I, be the one on the right-hand side. Since
In; —1In, is non zero at 1 and —1, we can write

I - I =2in[2imRes(gk m(2),z2 = 1) + 4imRes(gy m(2),z=-1)] =0
due to Lemma A.3. O

Proposition A.6 provides us with the regularity of Green’s function; in particular, the
second condition giving in Section 5.4.1 is satisfied. This comes to complete the proof of
Proposition 5.18.
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APPENDIX B

RSW theory and applications

In this part of Appendix, we provide proofs concerning different equivalent formulations of
the RSW property. In the case of Bernoulli percolation, these proofs are classical and readers
are referred to [ ] for a good reference. In our current case of random-cluster model, the
boundary conditions count, thus more care is needed and proofs are slightly more technical;
however, the main idea remains the same.

We start by proving Lemma 3.10 then Lemma 3.14.

Proof of Lemma 3.10. Fix a doubly-periodic graph G with grid (5,,),ens (1) neN-

Let p > 1 and v > 0. Assume that (BXP(p, v)) is satisfied and we want to show the strong
(Euclidean) RSW property. The converse can be proven in a similar manner, so we omit the
proof here.

We start by saying that we can assume p > 2 and v < 1. Indeed, if p < 2, in the first part
of the proof, we show that it is possible to create longer horizontal and vertical crossings,
knowing only (BXP(p, v)), to obtain (BXP(p’,v)) for p” > 2. The same method can also be
applied to reduce the value of v. Finally, we note that this also allows us to deduce (BXP(p, v))
for any value of p>1 and v > 0.

The first step is to show that if (BXP(p, v)) is true for some p < 2, then we also have
(BXP(2,v)). Let 6 := 01(p,v)and K = (p — %)‘1. For —K < k < K, consider

R} := R(2%n,2(%+%)n;—n,n), Vi :=Cy(R}),
RZ = R(2%n,2(% + p)n;—n,n), Hy = Ch(RZ),

where Vi (resp. Hy) is the event that there is an vertical (resp. horizontal) crossing in R}
(resp. RZ), If for all =K < k < K, both V}. and H, occur, then there is an horizontal crossing
in the domain R(2#n;n). See Figure B.1 for the overlapping between domains that ensures a
longer crossing. Thus, we have

op [Hil @R Vi > 62K+,

@R, [Ca(2m;m)| > .

k=-K

where R,, = R((2+v)n;(1+v)n). The above inequality is a consequence of the FKG inequality,
comparison between boundary conditions and the fact that for all -K < k < K, the translated
domain R((p+v)n; (p+1)n) centered at RZ or R((1+ %)n; (1+ %)n) centered at R} is included
in R,,. The same construction works for the vertical crossing in R(#; 2n) with respect to the
measure (pg;1 where R}, = R((1 + v)n; (2 + v)n).
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B. RSW THEORY AND APPLICATIONS

2
2pn <p—>
-—  »
/
2n
b
Ri_i  RP R}

Figure B.1 — The overlapping between successive rectangular domains ensures a longer hor-
izontal crossing. Horizontal rectangular domains RZ_I and RZ (in blue) are of size 2n x 2pn;

the vertical one R (in red) is of size 21 x %n. To create this overlapping, we shift domains

by 2pn— %n = %n each time.

By considering larger domains with crossings in rectangles of same ratio, one can also
reduce the value of v. We only refer readers to Figure B.2 without providing details here.

8n
\777777777777777777777777777777A
L !
| I
I A
6n :QWI /—\é» : :
I
: /% |
| — !
R I
\ 8ni | 12n
I
|
I
I
|
I
I
| Yo
- > |
: 16n !
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 1y
- 20n .

Figure B.2 — We apply (BXP(2,2)) in smaller rectangular domains to create (BXP(2, %)) in
a bigger rectangular domain. Smaller domains are of the form R(2#;n) with boundary
R(4n;3n) and the bigger one is of the form R(8-2#; 8n) with boundary R(8(2+%)n; 8(1 +%)n).

Now, assume that (BXP(p, v)) is true with p > 2 and v < 1 and show the strong (Eu-
clidean) RSW property. Let K be a fundamental domain of G which is bordered by sy, s, £
and t; with sy and t included in K; s. and t; excluded. This implies that (s,,) is c-periodic
and (t,) is d-periodic. Moreover, up to a rotation, we may assume that (¢,) has asymptotic
direction (1, 0), which also means that the graph G is invariant by a horizontal vector.

Letn € IN. Fori,j € Z, thecell C; j is defined to be the translated square domain enclosed
by S(2i-1)cdns S(2i+1)cdn> E(2j-1)cdn and t(2j11)can With the bottom and the left tracks included;
the top and the right tracks excluded. Note that C;; contains d (resp. c) periods in the
horizontal (resp. vertical) direction.

For k > 0, let R = [-2k,2k] x [=k, k] be a Euclidean rectangular domain. Also write
Ry = [-3k, 3k]x[-2k, 2k]. The goal then is to show that for k large enough, (p%k [Ch(Rg)] = 0,
where 0 is independent of k.

For p> 0, let Rl = R(un+2cdn;2cdn) and ﬁ’; =R(pun+3cdn;3cdn). Write C; = C; o and
K = [%] + 1. If for —-K <i < K -1, C; UC;, is crossed horizontally and for -K <i < K,
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C; is crossed vertically, then the event Ch(R’,;) occurs. Hence, by the FKG inequality,
P [Cu(Rh)] > 5%, (B.1)

where 6 = 01(2,1) is provided by BXP(2,1).

Figure B.3 — The graph G is in grey. Black domains are rectangular domains with respect
to a grid of G; blue domains are Euclidean rectangular domains. Domains with overline are
those in which we define random-cluster measures. A horizontal crossing in R}, induces a
horizontal crossing in R.

To conclude, it is sufficient to show that for k large enough (corresponding to specific
values of y and n),

©5, 1CH(R)] > P [Ca(RY] (8.2

To this end, we need to fix a value of p such that for all k large enough, we can choose n

properly such that (i) Ry, is higher and shorter than Rl and (ii) ﬁz is included in Ry as shown
in Figure B.3. These conditions can be rewritten as

k = 2cdtn, 2k > 3cdln,
2k < pn, 3k > (pu+6cdl)n.

Thus, we may choose y = 12cd{ and k = 6¢cd{n.

The above shows that the probability of crossings in IR? can be bounded from below
uniformly, depending only on the ratio of the rectangle, in both asymptotic directions given
by (s,) and (t,,). Then to show that it is the case for any direction, the proof is quite similar
as above and we only refer readers to Figure B.4.

O]
Proof of Lemma 3.14. Fix a > 1 and take b > 3a whose value is to be chosen later. Assume

that the condition (BXP(p, v)) is true for all p > 1 and v > 0. We show (3.5) only for primal
crossings since the proof is exactly the same for dual ones. First of all, we have,

Phiom [Co(55 5] > PRzan [Co(G5am)] > 1(2,1),
whenever b > %an.
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B. RSW THEORY AND APPLICATIONS

Figure B.4 — Small rhombi indicate Euclidean domains in which we have the RSW property.
By putting crossings together in this way, we create a horizontal crossing in the bigger box.
Since we the rhombi and the domain can be scaled together, the number of rhombi needed
depends only on the ratio, thus the RSW property.

Then, consider the following rectangles and crossing events (see Figure B.5),

R! = R(-2an, 2am; 1L, 1), H! =Cy(RY),
R? = R(-2an, 2am;~1,—11), H? = Cp,(R?),
( (R%)
( (R).

Figure B.5 — The rectangles Rl ...,R%* are hashed and crossing events HY, H?2, V3 and V* are
drawn in thick red lines.

(pf\(bn) [Ch(an,2an; %)] > (P9\(3an) [Hl NH>NVY3N V4]
> 61(4a%,1)%61(2,1)%,

where in the last inequality we use the FKG inequality, comparison between boundary con-
ditions and the following facts:

« The rectangles R! and R? are translations of R(2a#; 15) of ratio 8a.
« The rectangles R3 and R* are translations of R(55; %) of ratio 2.

« Inclusion of rectangles: translated rectangles R((8a” + 1)45;(1+1)4-) having the same

n.3n

center as R! and R? are included in A(3an); so are translated rectangles R(Z; 5,

the same center as R® and R%.

) having

In consequence, we may choose 6, = %min{él (2,1),61(4a%,1)%5;(2,1)%}.
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Finally, let us show that as b — oo, we have
(pR(bn)[C(?)an, bn;bn)] — 1.

Consider b > 3a and an integer k such that 3aX < b < 3aX*!. For any j > 0, define the square
domain A; = A(3a/n), the annulus A;j = Ajy1\A; and the event C; = {9A; < I\, inAjl,

where <> denotes the connection in the dual model. Then, we have

PR Cr(3an, bu;bn)| = @R, [R(3an; 0) < IA(bn) |

where in the last line we use again the argument of exploration from outside and the com-
parison between boundary conditions. The complement of C;f is exactly the event A; that

there exists a (primal) circuit in the annulus A]-. Consider four rectangles R;. withi=1,...,4
and associated crossing events Hjl. = Ch(R}), H]z = Ch(RJZ), V]~3 = CV(R?) and Vf = CV(R;L) as
shown in Figure B.6.

2-3a’tn

Figure B.6 — The annulus A; and the four crossings events H}, 7'[]2 , V]~3 and Vj4 creating A;.

Note that if the crossing events HJI., H]g, V]~3 and V].4 occur, then so does .A]-. More-

over, we may also find ﬁ; (having the same center as R;-) which are included in A, such
that (BXP(p, v)), for some fixed p > 1 and v > 0 independent of j, can be applied on them.

These rectangular domains R and ﬁ; can also be chosen such that from scale j to scale j +1,
they are enlarged by factor a. Thus, for j > jj, where j is a threshold provided by the RSW

property,
o [A]]> @f [HE 12 V2 V] 2 810, v) =i, (B3)
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B. RSW THEORY AND APPLICATIONS

where ¢ only depends on p and v which are chosen to depend only on a. In the above
inequality, we use the FKG inequality and the comparison between boundary conditions. In
summary, we have

k-1
PR o |Cn(3an, b bn)°] < ]_[(1 —c)<exp[In(1 —¢)( k3 _ jo)] o,
J=io
as b — oo. This concludes the proof. t
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APPENDIX C

Proof of phase transition for
1 <g<4: Theorem 3.1 and
Corollary 3.3

We give details of the proof of Theorem 3.1. To show the first point of the theorem, the
uniqueness of the measure, we can for instance adapt the proof from [ , Cor. 4.40], where
only the condition (pé[O o oo] = 0 is needed. This is also explained in the upcoming Propo-
sition C.1, with a sketch of proof. This condition is an immediate consequence of the second
point of the theorem.

The second point concerning the polynomial decay. Actually, we show that there exist
A,B,a, > 0 such that for all n large enough,

A < g0 & dA(m)] < pg[0 © IA ()| < BnP. (C.1)

Then, we can pick A = B =1 by adjusting constants a and p.
Finally, the last point of the theorem, the RSW property, can be deduced from Corol-
lary 3.12.

Proposition C.1. Ifqoqllﬁ'q[o o oo] =0, then go%yﬁ’q = (Pcls,ﬁ,q'

Proof. Let A an increasing event depending on a finite number of edges of G. We can assume
that these edges are all in A(k) for a certain k. For N > n > k,

PAN) g AN OAK) & IA(m))]
= Pa) gl A| PAK) @ IAM)] @) () 5 oA K) > IA ()]
< PR p.al Al Phy p.g A K) > IA()]

where in the last line we compare the boundary conditions by using the fact that {dA (k) <
dA(n)} is exactly the event that there exists a dual circuit in the annulus A(n)\A(k).
Taking N — oo, we get

(P‘}Srﬁrq[A N{IA(k) «» aA(”)}] < 90?\(” [A]- @als,ﬁ,q[a/\(k) @ 8A(n)],

)89

Then, taking n — co and using the fact that qodll 5, q[aA(k) PN oo] = 0 (recall that k is fixed),
we obtain

(p(ll:;,ﬂ,q [A] < (Pg},ﬂ,q [A]l
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C. PROOF OF PHASE TRANSITION FOR 1 < g < 4: THEOREM 3.1 AND COROLLARY 3.3

which implies (pé’ Baq = (p(%, B O

Then, we go to the proof of the polynomial decay, or equivalently, (C.1). The upper bound
is shown by saying that if a path can go to the boundary dA(n), then it also crosses all the
annuli A(2/)\A(2/71) for 1 < j < [In#n]. The lower bound is shown by making crossings of
boxes of ration 2 which garantee the existence of a path going to the boundary dA(n). More
details are given below.

Proof of (C.1). Fix n and consider an integer k such that 2K < n < 2%*1. For j > 1, define
Euclidean annuli A; = A(27)\A(2/71) and crossings of annuli Cj= {0A(2)) & dA(2]) in Ajl
Then, we have
k k k
P[0 aAM)] <l [ﬂc ] ]_[%[cj‘ ﬂci] <[ Teilc)
j=1 j=1 i>j j=1

where in the last inequality we use again the argument of exploration from outside and the
comparison between boundary conditions. The complement of C; is exactly the event that
there exists a (primal) circuit in the annulus A;. Hence, from Lemma 3.19, there exists a
constant ¢ > 0 such that for j > J, where ] is a constant,

1
Pa; [Cf] <1
In conclusion, we have,

(p};[o - aA(n)] exp[ln —c)(lr‘” J+ 1)]
In2 -
For the lower bound, let R; = [0,2"~1] x [0, 2] for i odd and R; = [0, 2] x [0,2/71] for i
even. We also write C; = C,(R;) for i odd and C; = Cj,(R;) for i even. The RSW property (3.1)
gives 6 such that for i > I, we have

Hence, we may take g = —

(P:(z)R,-[Ci] >0

Take n > 0 and integer k such that 25~1 < 1 < 2k, If C; occurs for all I < i < k, then
we have a crossing from v to dA(2F) with |v| < 2l0. Hence, by the FKG inequality and the
comparison between boundary conditions

@G[oea/\ ] H(pZR[C exp[lné“—2 IO+1)]
i=I,

To finish the proof, we choose a = }Eg O

Proof of Corollary 3.3. We prove the corollary for 1 < g < 4. Since qaé 1 q[O <> 00| = 0 from
Theorem 3.1, we also have (pql3 8 q[O <> o0o] = 0 for all B < 1. Then Proposition C.1 implies

the uniqueness of the measure for f < 1. For > 1, we use the duality (pé Ba = (pqlsjj /B
for £ = 0,1 and apply what we just said above to G*. Hence, the uniqueness also follows for
p>1

For the two remaining points, we use the fact that the unique measure (p(%’l] 0= (pql;’l’ .
satisfies the RSW property. Then, we can follow the same strategy as in [ , Prop. 4.1
and 4.2]: the polynomial decay, Russo’s formula and the theory of influence. t
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APPENDIX D

Separation Lemma and
Consequences

Fix # > 0 small enough and below we define the #-separated k-arm event using a grid of G.
Cut the top boundary of dA(n) into 2k + 1 parts IF, . .,ngﬂ from left to right such that

the intervals of the same parity have the same length: even ones are of length 21 and odd

1-2kn
k+1

and denote the resulting intervals by | 17 yeer] Zk 1

ones n. Repeat the same procedure to the top boundary of dA(N) by replacing n by N

The 11-separated k-arm event AZ (n,N) is the event A (n, N') with the following additional
constraints:

« Each P; connects Igi to ];71.. We write (x;, N) € ];71. for the endpoint on the outer bound-
ary dA(N).

« Inthe box [x; =N, x; + yN]x [(1 +n¥*)N, (1 + \/1)N] there is a horizontal crossing
of the same type as P,.

« The two above crossings are connected in (x;, N) + A({/N).

+ The same thing for the inner boundary.

The first item says that we can decide the position of each path P; on the inner and the outer
boundaries of the annulus A(#n, N); the second and the third say that these crossings have
a 1]-fence that will allow us to extend the arm events outwards; the last one states the same
thing but inwards. This is illustrated in Figure D.1.

The following lemma says that the #-separated k-arm event is comparable to the k-arm
event in probability. We remind that the random-cluster measure on G is uniquefor 1 <1 <4
at B = 1, so we will simply write ¢ without any boundary conditions. However, on any
finite domain R, there is not uniqueness: (pg # (pll{.

Lemma D.1 (Separation Lemma). Fix k € IN and 1) € (0,1). Then there exists c > 0 such that
for all N > n large enough, we have

PglAL(n,N)] > c pg[Ax(m, N)].

To show the above separation lemma, we start by stating the following proposition about
the extension of arms in larger boxes.
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2nN

-+

m] (B

775/4N \

\,ﬁ
S
i

OA(n) AA(N)

Figure D.1 — The 71-separated 2-arm event that we draw only in the upper half-plane. The
primal arm is drawn in red and the dual arm in blue. The #-fences on the exterior boundary
are drawn but on the interior boundary, only the primal one is drawn, the dual one is omitted.

Proposition D.2 (Arms-extension Lemma). There exists ¢ > 0 such that for N > 2n large
enough,

PglAk(n,2N)]
pglAk(3,N)]

C@@[Ak(”;N)]J

=
> C@G[Ak(”rN)]'

The proof of the Arms-extension Lemma is given below, and that of the Separation
Lemma later. We note that in the case of the random-cluster model, we do not have indepen-
dence between disjoint regions, but by comparing boundary conditions, we can still get rid
of this constraint and proceed in a similar way as for the classical Bernoulli percolation.

Proof of Proposition D.2. We just show the first point, the second being similar.
Consider, for 1 < i < k, the two following domains

R; = (A1) x[(1 +5**)N,2N] and
R} =3 x [N, (2+7**)N].
Then, write V; for the event that there exists a primal (for i odd) or a dual (for i even) vertical
crossing in R;. In other words, V; = C,[R;] for i odd and V; = C; [R;] for i even. See Figure D.2
for an illustration of the case k = 2.
Moreover, if AZ(n,N) and V; for 1 < i < k all occur, then so does Ay (n,2N) due to the
n-fences provided by AZ (n, N) that grow on the boundary. Then,

@glAk(n,2N)] > (pG[AW n,N)Nn (W ﬁ---ﬂVk)]

—(PG[A n,N ]]—[9003[ |A (n, N ﬂﬂV] (D.1)

j<i
By comparing boundary conditions and the RSW property, we get
%[ (n,N)N ﬂv ] PR [Vi]> ¢, for i 0dd; (D.2)
j<i
(o [Vi (n,N)Nn ﬂV ] (pR,[V > cq, for i even, (D.3)
j<i
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OA(2N)

Figure D.2 — From the 7/-separated 2-arm event Ag(n,N ), we can add one vertical primal
(darkred) and one vertical dual (darkblue) crossings such that A,(n, 2N) is realized. In the
figure we only draw the upper-half plane.

where ¢; > 0 does not depend on i. From Lemma D.1, we get ¢, > 0 such that
PlAL (1 N)]> c2 9g[Ak(n,N)]. (D4)
We replace (D.2)-(D.4) in (D.1) to conclude that
P6lAk(n,2N)] > cfes og [ Ax(n,N)L
O]

The proof of the Separation Lemma (Lemma D.1) is based on the RSW property. It is
almost identical to the one in the case of Bernoulli percolation, with the main difference that
the random-cluster measure is not a product measure, thus no independence between disjoint
domains. However, we can overcome this problem by means of the RSW property and the
comparison between different boundary conditions. We start by introducing some notations
and lemmas before showing Lemma D.1 in the end of this section.

Write By = [0,8N] x [0,N]. For 7 > 0, the box By is said to be #-separable if any
sequence of disjoint bottom-top crossings (I}); of alternating colors in By can be modified
into (I;); such that

« Each ﬁ has the same bottom-endpoint as [; and is a bottom-top crossing of the same
type as I;.

 The endpoints of ﬁ are separated by at least \/ifN from each other and from corners.

« At the top-endpoint of each ﬁ, there is a 77-fence. The definition of a 7j-fence is the
same as above.

Unlike the definition of the 7j-separated k-arm event AZ(n,N ), we do not ask the crossings
to land in some particular intervals.
To show Lemma D.1, we start with the following lemma.
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Lemma D.3. For v > 0, there exists 5’ = 1°(v) > 0 and Ny = Ny(v) € IN such that for any
boundary conditions & and all N > N,

v

QOEEBN [BN is q'-sepamble] >1- 1

We note that the boundary conditions & here may be random, as in Lemma 3.13.

Lemma D.4. There exist Cy,C, > 0 such that forv > 0 andn’ = n’(v) as given by Lemma D.3,
for N >n> Ny(v)and & =0,1, we have

ol An2"2Y)] < Crpgla] (27, 29|+ veg[ A2t 28]

and
w2 Y cipefalien2 )
0<j<N-n
< ) GiChigg[al 22V ) (D.5)
0<j<N-n
Proof. This lemma includes Lemmas 2.3.5-2.3.8 from [ ].

We cut the event A (2",2N) into two disjoint subsets A}( and AI%. The subset Ai is such
that one of the four rectangles forming the annulus A(2N~!,2N) is not 7’-separable. We
write

R] — [_2N+1} 2N+1] X [3 . 2N—1)2N+1]’
R2 — [_2N+1’ 2N+1] X [_2N+1’_3 . 2N—1]]
R3 — [3 . 2N—1)2N+1] % [_2N+1)2N+1]’
R4 — [_2N+1’_3 . 2N—1] X [_2N+1’2N+1].
See Figure D.3.
: Ry 2R, !
R4 R3
o
2N
Ry
2N+1

Figure D.3 — Boxes R; are shaded in red. Each arm coming from dA(2") should go through
one of R; before reaching dA(2N).
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This gives

(PG[AIU = @glone of Ry,... Ry is not 1"-separable and A (2", 2M)]
< 4@g[R; is not n’-separable and Ay (2", 2M)]
= 4 [Ar(2",2N)]pg Ry is not 17’-separable | Ay (2", 2N)]
<veglAr(2",2V)],

where we apply Lemma D.3 in the last line, by choosing & the boundary conditions induced
by ¢ on Ry knowing Ay (2", 2N),

Concerning A?, it is the event that all the four rectangles Ry,..., Ry are 1’-separable,
but the endpoints of the arms might not distributed as we wish as in AZ (2",2N). How-
ever, [ , Lem. 2.3.6] is a combinatorial lemma, allowing us to pick a sequence of inter-
vals in which the endpoints have the highest probability to land in. Then, from this sequence,
one can extend the arms to the next scale and ask the position of these endpoints to be dis-
tributed as in AZ (27, 2N+1) | , Lem. 2.3.7]. The second step is basically what we did
in the proof of Proposition D.2. These two steps together give the constant C; > 0. The first
inequality has been shown.

For the recurrence step, one uses the same technique to extend arms to get C, > 0 which
is the cost to make the arms distributed as in AZ’ at all the scales. This is Lemma 2.3.8
from [ ].

O]
Proof of Lemma D.3. Fix v > 0 and we show the lemma in three steps:
« with high probability, the number of crossings cannot be too large;
« the crossings can be made to be far from each other and from the corners;
« we can construct fences from the endpoints of the crossings.
The proof is based on circuits in concentric annuli and more precisely, on Lemma 3.19.
Let I be the number of disjoint horizontal crossings of By with alternating colors. Write

&1,..., & for the existence of such crossings from left to right. If they exist, denote the cross-
ings by I3,..., 1} and their right endpoints zy,...,z;. Then, we can write

P35 11> T) @zBN[ﬁgl] I_[%BN[ |O ]

i=1 i=1

We estimate the probability in the product above as follows. We start by exploring the cross-
ings from the left of By knowing ﬂ};l &j. Assume for example that ; is a primal crossing.
Then,

i-1
¢§BN[€i| ﬂé’] (pZBN[E] 1-g
j=1

where ¢ > 0 is a uniform constant in 7 provided by the RSW property. See Figure D.4 for an
illustration. Hence,

Pp 1> TI<(1-0).

Take T > Ty(v) = h}gfc) so we have (1 -¢)T < v.
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o 6 |
(@) (b) (©)

Figure D.4 - (a) (b) We explore the horizontal crossings from the bottom of By. Explored
area is shaded in grey. In any of these two cases, the induced boundary conditions are less
favaroable than that in (c).

Denote Z~ (resp. Z*) the upper left (resp. upper right) corner of By . Now we show the
two following points.

« With high probability, the corners Z~ and Z* are far from all the other endpoints z;.

« Let v’ = 7. The probability that each crossing of By may be made into a #-fence is
greater than 1 —v’.

The proofs work exactly in the same way as in the case of the Bernoulli percolation once
Lemma 3.19 is at our disposition. We will just give a sketch here.

For 11 > 0, we say that Z~ is 5-protected if there exist one primally-open and one dual-
ly-open path both at distance at least 4/ifN from Z~, separating Z~ from the bottom of By.
See Figure D.5 for an illustration. The same definition also applies to Z* with Z~ replaced.

ViIN

-—> 7+

By

Figure D.5 — Left: The corner Z~ is 17-protected. Right: The endpoint z; is #-protected and
there is a 77-fence for the path I;.
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Write A; = Z~ + A(\N 21, \/ﬁNZiJrl) for the annulus centered at Z~ with outer radius

VIN 2*1 and inner radius ViIN 2!, The number of such annuli is given by maximal K such
that \/ﬁ2K+1 <1l,orK = —%E—Z — 1. We also denote by I and I'* the outmost primal and the
dual circuit at distance at least \/ffN from Z™. This gives

(prN [Z_ is not q—protected] < (prN [F does not exist] + (prN [T* does not exist].

Consider ¢ > 0 as given by Lemma 3.19. We explore the configuration from outside
annulus by annulus and use the classic argument of conditioning, then we get

§0§BN [F does not exist] <(1- C)K'

For K large enough (7 small enough), this quantity can be made smaller than v. More pre-
cisely, we need the following condition

2lnv
17 < exp[—man—Zan] = 1’]1(V)

The same bound can also be obtained for the non-existence of I'*. In conclusion, we have

(prN [Z * is not q—protected] <2v and

(PgBN [Z_ is not q—protected] < 2v.

We come to the endpoints of vertical crossings I;. Recall that v’ = + and we will show
that for # small enough, the probability that each I; can be made into a #/-fence is greater
than 1 -v".

For K € N to be chosen later, an endpoint z; is said to be ;-protected if:

+ One of the annuli A(nN 2k nN 2k+1), % <1 € K, contains a circuit of the same color

as [;. See the inner-most annulus around z; on the right-hand side of Figure D.5.
« There are two annuli among A(\/ﬁNZk, \/ﬁNZk” ), 1 <i < K such that one contains
a primally-open (resp. dually-open) path connecting [ to {N} x IR.
We will take 7 and K such that 725" < 1 < {/72X%2. As such, if z; is -protected, the
first point guarantees that there is a circuit of the same color as [ in A(r]3/ 4N, 1 N), which
creates a 7j-fence. Then, the second point ensures that different z;’s are separated by distance
larger than /7N

As before with an exploration process from below and the comparison between boundary
conditions, we can show that

(PEBN [Zi is not n-protected] <3(1- C)K,

where ¢ > 0 is again given by Lemma 3.19 which only depends on the RSW property. Finally,
choose

’

2Inv
< 2" In2-2In2|= )
" eXP[ In(1—c ™ n ] 12(v)

and we have

(P§BN [Zi is not ﬂ-protected] < 3y,
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In summary, we have

(prN[BN is not 77-separable| < (prN [I>T]
+ (PEBN [Z+ is not q—protected|1 < T]
+ (prN [Z_ is not q—protected|1 < T]
+ (prN [one of the z;’s is not 7j-protected | I< T]
SV+2v+2v+3v'T =7v.

O
Now we are ready to show the separation lemma in the case of the random-cluster model.
Proof of Lemma D.1. It is a consequence of Lemma D.4. We take Cy,C, > 0 as given in the

lemma. Pick v = % and 71" as given by Lemma D.3. Then, Equation (D.5) gives

el An(2",2Y)] < 2C gg[A] (27, 2V
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