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Abstract

Explicit stabilized methods are highly efficient time integrators for large and stiff systems
of ordinary differential equations especially when applied to semi-discrete parabolic problems.
However, when local spatial mesh refinement is introduced, their efficiency decreases, since the
stiffness is driven by only the smallest mesh element. A natural approach is to split the system
into fast stiff and slower mildly stiff components. In this context, [A. Abdulle, M.J. Grote
and G. Rosilho de Souza 2022] proposed the order one multirate explicit stabilized method
(mRKC). We extend their approach to second order and introduce the new multirate ROCK2
method (mROCK2), which achieves high precision and allows a step-size strategy with error
control. Numerical methods including the heat equation with local spatial mesh refinements
confirm the accuracy and efficiency of the scheme.

Key words. stabilized second-order Runge—Kutta methods, explicit time integrators, stiff
equations, multirate methods, local time-stepping, parabolic problems, Chebyshev methods.
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1 Introduction

Semi-discrete parabolic problems yield large systems of ordinary differential equations (ODEs)
where the stiffness is strongly influenced by the spatial mesh refinement. In fact, considering a
finite element discretization, the stiffness depends only on the diameter of the smallest element.
Consequently, when the spatial discretization involves local refinements, the stiffness of the system
and the stability of numerical integrators is determined by only a few elements. A natural strategy
is to split the system into two parts: an expensive but only mildly stiff component, associated with
relatively slow (S) time scales, and a cheap but severely stiff component, associated with fast (F)
time scales. This leads us to consider the system:

y=fy) = fry) + fsy), y(0) = yo, (1.1)

where §(t) = % and the vector field f : R™ — R™ can be spitted into fg, the expensive but only
mildly stiff part and fz, the cheap but severely stiff part. This decomposition also arises naturally
in other contexts, such as chemical reaction kinetics and the modeling of electrical circuits.

For stiff problems on high-dimensional systems, standard explicit Runge-Kutta methods are
limited by severe time-step restrictions, while implicit methods are computationally costly for
large systems. Explicit stabilized Runge—Kutta schemes, such as RKC based on Chebyshev poly-
nomials [17, 18, 20, 15] (see also the presentation in [10, 2]), and ROCK methods which rely on

orthogonal polynomials with quasi-optimal stability [1, 4], overcome this limitation by enlarging
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stability regions along the negative real axis, making them efficient for uniformly refined meshes,
see for instance the explicit stabilized method PIROCK [6] buit upon ROCK2 and applied recently
in astrophysics in the context of solar atmosphere simulations [21]. However, their performance
deteriorates under local mesh refinement, where stiffness depends only on a few fine elements.

For such problems, it is desirable to construct methods that combine a multirate strategy with
the favorable stability properties of explicit stabilized schemes. A partitioned approach has been
proposed in the literature [7, 23] and more recently in [16], but these methods are adapted to
problems where the slow component is assumed non-stiff, which is not the case in the context
of local mesh refinement. To overcome this limitation, a method combining multirate strategy
and stabilized integrators was introduced by A. Abdulle, G.R. de Souza and M. J. Grote [3]: the
multirate RKC scheme (mRKC)!. This scheme applies explicit stabilized Runge-Kutta techniques
to an averaged force f,, whose stiffness is independent of fr. A micro-step procedure with step
size 7 is then employed to approximate the averaged force while stabilizing the fast component fg,
whereas the macro-step 7 is used to integrate the full system and stabilize the slow component fg.
These techniques have been developed in the context of first-order methods. Extending such
stabilized multirate methods to high order is however challenging. Indeed, an earlier attempt in
[5] is an interpolation-based approach that employs two different explicit stabilized methods, but
which suffers from undesired order reduction phenomena and instabilities.

In this paper, we extend this approach [5, 3] by introducing mROCK2, a second-order explicit
stabilized multirate method based on the same averaged-force concept. Analogously to the first
order mRKC, mROCK2 does not require any scale separation or interpolation between stages, but
its improved order two of convergence yields not only a better accuracy, but also it allows for an
adaptive step-size strategy with error control which is essential of an efficient time integration of
large dimensional dissipative systems.

To construct this method, this paper is organized as follows. Section 2 builds on the approach
introduced in [3], focusing on a modified equation whose spectrum is bounded by the slow com-
ponent of (1.1). While the previous work relies on a modified equation providing a first-order
approximation of the original problem, we extend this approach by introducing a new modified
equation that achieves a second-order approximation. In Section 3, we present the stabilized
methods used to approximate the fast and slow components of the system based on the modified
equation. Section 4 is the presentation and the convergence and stability analysis of the new
second-order multirate stabilized scheme, the mROCK2 method. Finally, in Section 5, we demon-
strate the effectiveness and efficiency of our approach through applications to stiff ordinary and
partial differential equations (PDEs).

2 Averaged force and modified equation

The goal of this section is to construct a multirate strategy based on explicit stabilized methods.
Inspired by [3], we replace the force function f with an averaged force whose stiffness depends
only on the spectral radius of the slow component. The micro-macro strategy consists of first
approximating with a micro method with step size n this averaged force, and then applying a
macro method to the corresponding modified equation with a macro-step size 7. We now explain
how the averaged force proposed in [3| can be modified to to attain second-order accuracy and we
analyze its stability properties.

2.1 Averaged force and limitations for acheiving second-order

The main idea in [3] is to introduce a modified equation

yn,l = fn,l(?Jn)a yn,l(o) = Yo, (21)

'n the literature RKC usually refers to the second order Runge-Kutta Chebyshev methods [18, 20, 15]. In this
paper, it shall refer to the order one version with optimal stability domain size used for the design of mRKC [3].




where the original force function f in (1.1) is replaced by an averaged force f, 1 that depends on
a parameter n > 0 and defined by

hﬂ@z%@@%ﬂ) (2.2)

where the auxiliary solution w : [0,1] — R™ is given by

o= fr(u)+ fs(y), u(0)=y. (2.3)

This modification results in a reduced spectral radius. Specifically, the spectrum of the Jacobian
0fn.1/0y, denoted by py, 1, is smaller than that of the Jacobian 0fs/0y, denoted by pg, for n > p%.
Thus, the stiffness is governed only by the slow component fg, which makes the integration of
the modified system significantly cheaper. However, the averaged vector field f, ; does not yield
straightforwardly a second-order method. Indeed, if we perform a Taylor expansion of ¥, ; around

. 7_2
yo = y(0), we obtain y,1 —yo = 7f.1(¥0) + T f11(w0)f(y) + O(%) and fri(y) = f(y) +
. T 7_2
3fF(W0)f(yo) + O(n?). Then, it follows that y,1 — y(n) = Ffr(v0)f (o) + 5 F1 1 (o) f(vo) —
2
= f'(yo) f(yo) + O(mn* + 721 + 73). Hence, when using this modified equation, we obtain only a
first-order approximation. To construct a second-order scheme, we need to modifiy the definition
of of the averaged force (2.2) and introduce a new modification f, o, which satisfies

Fa2(y) = f(y) + O0?). (2.4)

In the next section, we detail the construction of such a second-order averaged force.

2.2 The second order averaged force

Analogously to the first-order case, the original force function f from equation (1.1) is replaced by
an averaged force f, o. The resulting equation becomes

yn,? = fn,2<yn)7 yn(o) = Yo, (25)
Definition 2.1. Forn > 0, the second-order averaged force f, 2 : R™ — R" is defined as

1

fn2(y) = 5(?}(77) - ¥), (2.6)

where the auziliary solution v : [0,n] — R™ is defined by solving successively two fast ODE systems.
Considering first u : [0,n] — R™ given by:

= fr(u)+ fs(y), u(0) =y, (2.7)

we obtain as an intermediate step fy1(y) = %(u(n) — ), the classical averaged-force as defined in
(2.3). Then we consider the differential equation for v(t) given by:

o= e (0= L)) + fto) o0) =y (28)

Forn =0, let foo=f.

This second-order averaged force also provides a spectral compression, Theorem 2.2 (Sec-
tion 2.3) establishes that the spectral radius satisfies p,2 < 1.5p,. In exchange for increased
accuracy, we incur an additional computational cost: the evaluation of fr twice per time step,
which is acceptable since fp is the cheaper part of the force. Furthermore, although spectral re-
duction is slightly less effective than with f, 1, the numerical method will later improve this bound
to pp2 < 1.35 ps (Theorem 4.5).



2.3 Stability analysis of the modified equation

We now study the stiffness of the modified equation (2.5). We determine necessary conditions
to have robust bounds on p, 2 of the system. It will only depend on pg the spectral radius of
the Jacobian of fg, and hence the stiffness of the modified equation only depends on the slow
components.

Let the Jacobians of fr and fg be simultaneously diagonalizable in the same basis. Then,
after linearization of the dynamics, the stability analysis of equations (1.1) and (2.5) reduces to
the scalar multirate test equation:

¥ =y +Cy, y(0) = yo, (2.9)

with A, ¢ <0 and yo € R, which corresponds to setting fr(y) = Ay and fs(y) = Cy; thus, pp = ||
and pg = |(|. Since we do not assume any scale separation, we have A € [—o0,0] where |A| is

possibly very large. Using the variation of constant formula with ¢(z) = € ;1, we first calculate
fn,1 obtained from (2.7):
u(n) = (€™ +pmA)nC)y. (2.10)
foa(y) = emA)(A+ Oy (2.11)
Then, we evaluate v(n) (2.8) and f, o defined in (2.6):
nA 772)‘
v(n) = ey +emA)nCy — e(nA) 5= Faa (), (2.12)
A
Frals) = o) (A4 €= Zo0+ ) ) (2.13)

Thus, we can rewrite the modified equation (2.5):

Un2 = eMA)(A+ () (1 - TZ\w(nA)) Y-

Now we can establish the stability equation for the modified equation.
Theorem 2.2. Let ¢ <0, then p(n\)(A + ¢)(1 — Bo(nA)) € [2¢,0] for all X <0, if n > 2/|C.
Proof. By Theorem 2.7 in [3],

PN+ ) € [=¢,0, for all¢ <0, A< 0, 03> 2/|c. (2.14)
Moreover,

— %g@(r]/\) =1-1(-1)€0,3], since ™ € 0,1].
The product of these two intervals gives the result. O

Thus, 1 does not depend on A and the result holds for all A < 0.

3 Construction of explicit stabilized multirate methods

In the previous section, we introduce a new second-order averaged force f, 2, extending the first-
order averaged force f, 1. This construction allows the use of a multirate strategy inspired by the
mRKC method [3], now adapted to a second-order context by employing f,, 2. The key advantage of
this multirate approach lies in its efficiency: the number of evaluations of the expensive component
fs remains independent of the stiffness of the fast component fr, leading to significant gains over
classical explicit stabilized methods.



This section sets the foundation for the new multirate method by first reviewing the explicit
stabilized methods RKC [17] and ROCK2 methods [4] that we use for the design of mROCK2. In
the new method, RKC is employed as the micro-method to approximate the modified equation f, 2
(2.6), while the ROCK2 method serves as the macro-method for integration the modified equation
(2.5).

In contrast, we recall the previous multirate RKC (mRKC) method [3], which already uses
this averaging-based multirate strategy in only first-order accurate. Specifically, it uses the RKC
method both to approximate the averaged force as a micro method and to solve the modified
equation as a macro method.

3.1 The explicit stabilized Runge-Kutta methods

Stability is a fundamental property of numerical method for stiff differential equations. A method
is stable if the numerical solution is bounded throughout the integration process. To study this,
we use the scalar test function:

with A € C. When applying a Runge-Kutta method (RK) with step size 7 to this problem, the
iteration takes the form y;,1 = R(AT)yx, which by induction yields y = R(A\7)*yo. The function
R(z) is called the stability function. The stability region is then defined as S = {z € C : |R(z)| <
1}. Hence, yj, remains bounded for all & if and only if Ah € S. For implicit RK methods R(z) is a
rational function, while for explicit ones, R(z) is a polynomial.

The explicit stabilized Runge methods [1, 4, 12, 17] (see also the survey [2]) are are families of
explicit Runge-Kutta methods, with a large number of internal stages built to extend the stability
domain along the negative real axis. By increasing the number of internal stages s, these methods
enlarge the portion of the negative real axis contained in the stability region ([—¢s,0] C S) with
size that grows quadratically w.r.t. the number of internal stages s as £; ~ 3s? with a constant 3
independent of s — 4+00. We present here the methods that we use for the design of mROCK2,
the first-order RKC method [17] and the second-order ROCK2 method [4].

3.1.1 The RKC method

The first-order RKC method [10, 17] is not much used in practice for deterministic problems due
to its low (first) order of accuracy. However, the method possesses an optimally large stability
domain. It is defined by the following m-stage Runge-Kutta method that can be implemented as
a two-term reccurence as:

k;O = Yn,
k1 = ko + pa7f(ko), (3.2)
kj = ijj—l +/€jkj—2 +[1,ij(]€]'_1) j = 2,...,m, ’
Yn+1 = k.,
where 7 is the step size, 1 = wi /wp and
Ky = 2w1bj/bj_1, Vi = 2w0bj/bj_1, Rj = —bj/bj_g fOI"j = 2, e, M,
with € > 0, wg = 14+ ¢/m?, wy = Ty, (wo)/Th,(wo) and bj = 1/Tj(wy) for j =0,...,s.
When applied to the test equation (3.1) and using
To(z) =1, T (z) = =z, Ti(z) = 22T 1 (x) — Tj—a(x),
equation (3.2) yields yp+1 = Py (2)yn, where z = 7A and
Po(2) = by T (wo + w12) (3.3)

is the stability polynomial of the method. As |T),(z)| < 1 for z € [-1,1] then |P,(2)| < 1 for
2 € [—45,0] and £5 = 2wp/wy. As fm? < (5, for B = 2 — 4g/3, then |z| < Bm? is a sufficient
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(a) Stability polynomial Pp,(z) of the RKC method with m = 10 and different damping values €.
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(b) Stability polynomial Rs(z) of the ROCK2 method with s = 10.

Figure 1. The stability function for the RKC and the ROCK2 method.

condition for stability (see [19]) and the stability domain S increases quadratically, with respect to
the number stage m on the real negative axis. The parameter ¢ is the damping parameter which
avoids for € > 0 points z in the domain such that P, (z) = 1. The stability domain becomes a bit
shorter with size /5 = fm? where 3 = (2 — 4/35) instead of the optimal length (0 = 2m? achieved
without damping € = 0. In Figure 1(a), we represent the stability function P,,(z) for m = 10 and
different damping values . The number of stages s is chosen large enough such that 7p < f3s?
where p is the spectral radius of the Jacobian of f for the equation § = f(y). In practice, we

choose s = {, /EPJ + 1 where |-| denotes the integer part function.

3.1.2 The ROCK2 method

Constructing a second-order explicit stabilized is not a trivial task and various methods exist.
There exist several methods as the second order RKC [10] or the DUMKA method [11]. We
describe here the ROCK2 method [4]. The central idea behind this method was to achieve the
second-order accuracy [4] while preserving a three-term recurrence relation and a nearly optimal
stability domain with size 0.81 s2. The scheme is defined as follows:

ko = yn

k1 = ko + T f (ko)

kj = hu;f(kj-1) —vikj—1 — Kjkj_a, j=2,...,5—2
ks_1 =ks—o+ 701 f(ks—2)

ky =ks—1 + 7101 f(ks—1)

ks = ki —7o1(1 - %)(f(ks—l) — f(ks—2)),

where u;, v;, and k; for j = 1...s — 2 are the three-term relation of the orthogonal polynomial and
&(x) = 14201 240922, Using the same test function as the first one, we have R, (z) = &(2) Ps_2(2),
where P,_5(2) is a member of the orthogonal polynomial family {P;(2)};>o with respect to the
weight function w(z)?/(1 — 22). Moreover, we note that @(z) = w(1 + 2z/{), where {4 denotes
the length of the stability domain. The polynomial Ps_o has degree s — 2, while w is a positive
polynomial of degree 2 (depending on s). One constructs the polynomials w such that R, satisfies

2

Ry(z)=1+z+ % +0(2%),



together with a large domain of stability, increasing approximately as 0.81 s? along the negative
real axis. Figure 1(b) represents the stability function of the ROCK2 method for s = 10. Thus
the length of the negative real axis included in the stability domain is approximately 81.

3.2 Explicit stabilized multirate Runge-Kutta method of order one (mRKC)

The multirate Runge-Kutta—Chebyshev method (mRKC) [3] is a first-order multirate explicit
stabilized method. It was the first method that approximates the averaged force (2.1) in order
to reduce its spectral radius. This scheme 3] is obtained by discretizing the modified equation
with an s-stage RKC method, where fn,l, the approximation of f, 1, is constructed by solving
problem (2.3) with one step of an m-stage RKC method. Let 7 > 0 be the step size and pp, pg
the spectral radii of the Jacobians of fr, fg. Now, let the number of stages s, m be the smallest
integers satisfying

67 m?

ot e e HCE)

TPs < ﬁ827 npr < Bm27 with n

The function Get _Stages(At, ps, pr, €) in Algorithm 1 returns the smallest values s, m and 7 that
solve 3.5.

Algorithm 1 One step of the mRKC method [3] with damping e = 0.05 (as presented in [14]).

1: function MRKC STEP(t,, yn, At, fF, fs, pF, ps)

2 s,m,n < GET__STAGES(At, pg, €) > Solve (3.5)
3 foi(t,y) < AVERAGED FORCE(t,y,n, fr, fs,m)

4: Yn+1 < RKC(tn, Yn, At, fy, s,€) > Compute y, from (2.1) using RKC (3.2)
5 return y,

6: end function

7. function AVERAGED _FORCE(t,y,n, fF, fs,m)

8: Julryw) < fr(r,u) + fs(t,y) > Iterate on fr with fg frozen
9: u, < RKC(t,y,n, fu,m,€) > Approximate u(n) (2.3) using RKC
10: return f, 1 = %(un -v) > Compute the numerical averaged force f, 1

11: end function

In what follows, we analyze the stability of the scheme using the multirate test equation (2.9).
We use the stability analysis of the averaged force f,, 1 (2.10) to understand the stability analysis
of the multirate method. The stability analysis from the modified equation is no longer applies
once is approximated numerically, since ¢(z) is replaced by a discrete stability function. For the
multirate test equation (2.9), the RKC approximation of u, is given by

where P,,(z) = amTim(vo+v12) is the m-stage RKC stability polynomial, and ®,,,(z) = % for
z # 0 with ®,,(0) = 1. For the multirate test equation, the first order averaged force equation (2.11)
becomes

i) = (A (X+ Q) (3.6)
and thus the full stability function of the mRKC scheme reads
Ynt+1 = Rs (T(I’m (A (A + C))y'm (3.7)

where R;(z) is the s-stage RKC stability polynomial. By Theorem 4.5 of [3], the method is stable
for the multirate test equation (2.9), namely |R; (7@, (7\)(A +¢))| < 1 under the condition (3.5).
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Figure 2. mRKC on the multirate test equation with T =1, n = %m@iil’ e =0.05, s =10, m =10, and { = ¥s.

In Figure 2, we display the inner (micro) (3.6) and outer (macro) (3.7) stability polynomials for
s =m = 10 as a function of \. Weset 7 =1, n = 5% m®_ and ¢ = ls. The first plot shows

Bs2 m2—1°
the stability region of the micro-step; the orange line indicates the boundary condition: 7¢ < fg.
The second plot show the stability of the RKC method, thus |Ry(7®.,(nA)(A+¢))| < 1 under the

condition (3.5).

4 New mROCK2 method: second-order multirate explicit
stabilized explicit method

This section introduces the new multirate ROCK2 method (mROCK?2), which is constructed by
applying an s-stage ROCK2 scheme to discretize the modified equation (2.5), where the second-
order averaged force f,o (2.7) is approximated using two successive steps of an m-stage RKC
method as introduced in Section 2.2.

We first introduce the mROCK2 algorithm, detailing also a variable step size selection with
error control. Then we compare its efficiency gains with the ROCK2 method, and finally analyze
its stability and convergence properties.

4.1 New second-order mROCK?2 method

Let 7 > 0 be the step size and pp, ps the spectral radii of the Jacobians of fr, fg, the fast and
slow component as (1.1). Now, let the number of stages s, m be the smallest integers satisfying

2
Y Tps < Bss?, npr < Bmm?, with 7= S _m
ﬁ832 m2 —1
Here, 35 denotes the stability constant of the ROCK2 method with stability domain size 3s2
(Bs ~ 0.81 for large s), while /3, is the stability constant of the RKC method (8, ~ 1.93 for
e = 0.05). In addition, 7, is a constant that depends on the second derivatives of the RKC
method: «a,, = P/ (0) and 7, = 1 4+ a;,. The function Get Stages(At, ps, pr,€) in Algorithm
2 returns the smallest values s,m and 7 that solve the stability constraints (4.5) defined below.
Algorithm 2 gives one step of the mROCK2 scheme.

To better understand how the method works, we provide in Table 1 a comparison of the

number of evaluations of the slow and fast components of the vector field for one (macro) step



Algorithm 2 One step of the new mROCK2 method

1: function MROCK2 STEP(t,, yn, AL, fF, fs, pF, ps)

2 s,m,n <— GET__STAGES(At, ps, pr, €) > Solve (4.5)
3: fu2(t,y) + AVERAGED _FORCE(t,y,n, fr, fs,m)

4: Yn+1 < ROCK2(ty, yn, At, fy 2, 5) > Approximate y, from (2.5) using ROCK2 (3.2)
5 return vy,

6

: end function

7. function AVERAGED FORCE(t,y,n, fr, fs,m)

8: fuw) <« fr(u) + fs(y) > Tterate on fr with fg frozen
9: uy < RKC(t,y,1n, fu,m,€) > Approximate u(n) from (2.7) using RKC (3.2)
10: fn,l = %(un )

1 fo(v) « fr(o— 0 f0) + fs(y) > As an, = P1i(0), we impose f,2(y) = f(y) + O(n?)
12: v, < RKC(t,y,n, fu,m,€) > Approximate v(n) from (2.8) using RKC a second time
13: return f_n’g = %(v?7 —y) > Compute the numerical averaged force fmg

14: end function

of the methods, as well as the size of the stability domain, with those the mRKC and ROCK2
methods. Analogously to RKC and ROCK2, we observe that increasing the order of convergence
from mRKC to mROCK2 reduces the size of the stability domain. However, this trade-off is clearly
acceptable, as the improved accuracy of the second-order method compensates for the reduction
in the stability domain (see Section 5). We also included RKC and ROCK2 in the comparison, as
it requires a large number of fg evaluations when fr is very stiff. In Section 4.4, we discuss in
more detail the situations where the multirate method is more efficient.

Order | #fs | #/[fF ls lm
RKC 1 m m ~ 2m? ~ 2m?
mRKC 1 s ms ~ 252 ~ 0.665%m?
ROCK2 2 m m ~ 0.81m? ~ 0.81m?
mROCK2 2 s 2ms | ~0.6s® | ~0.27m?2s>

Table 1. Comparison of the number of function evaluation per time step and the sizes of the stability domain for
the RKC, mRKC, ROCK2, and mROCK2 methods.

4.2 Variable time step with error control

A key advantage of second-order methods over first-order ones is their compatibility with variable
time stepping and error control. To implement variable time steps, the error of the mROCK?2
method must first be estimated. The microstep can be neglected in this estimate, while the overall
error is dominated by the macrostep. Indeed, if s > 1, then n < 7 and the errors made when
approximating f by the averaged force f, . is negligible. We observe numerically in Section 5
that the numerical solutions of mROCK2 and ROCK2 are very close. Therefore, it is natural to
adopt the error estimator originally developed for ROCK2 ([4], Section 6.3), that we recall here
for completeness:
err = [k — k|



where k} and ks denote, respectively, the penultimate and the final stages of the ROCK2 algorithm
as defined in (3.4). Finally, compared to the usual stepsize selection for non-stiff problems

1 1/2
Thnew = fac - Tn ) (41)
€Ty 11

we shall consider the same step size selection strategy with memory, originally introduced by Watts
[22] and Gustafsson [9] to tackle the integration of stiff dynamics:

1/2 1/2

1

Thew = fac - T, Tn el ) (4.2)
€ITp 41 Tn—1 €Il 41

Here we use the value fac = 0.8 commended for stiff problems (instead of fac = 0.9 for non-stiff
Runge-Kutta methods). As recommended in [10, p. 125], we take for 7,y the minimum of the
step sizes proposed by (4.2) and the conventional strategy (4.1). This conventional strategy is
also applied after a step rejection which occurs if err > tol where tol is the brecribed accuracy.
In Section 5, we observe the efficiency of such a variable time step strategy notably for the stiff
Robertson problem (see Figure 6(b)).

4.3 Computation of the number of stages

To simplify the calculation of s, m, and 7, we fix the damping parameter to ¢ = 0.05, although any
value € > 0 could be used to increase the damping if needed. The general system of constraints
obtained from the stability analysis in Section 4.5 reads:

27

(1 + o) Tps < Bss?, npr < Bmm?, with n> =
am/BSS

(4.3)
We note that obtaining a computable system requires an estimate of «,,. Hence, we give the
following bounds.

Lemma 4.1. Let m € N and ¢ > 0 and define an,(e) := P/ (0) where P, (z) is the stability
polynomial given in (3.3) of the RKC method. Then,

am(0) < ap(e) < ale), (4.4)

2_ .
where om (0) = 3 - %5t and a(e) = limp 00 am(2) = 50755 (tanmlm) - ﬁ) '

The first inequality in (4.4) follows directly from Lemma 4.2 proved in [3], while the second
inequality in (4.4) is proved in Appendix.

Lemma 4.2. [3, Lemma A.1] The function o, (g) is an increasing function of € > 0.

Using (4.4), we obtain:

2T 67 m?

>

1+am<1l4+ale), and

For the typical value ¢ = 0.05, we estimate a(e) =~ 0.34 < 0.35. Based on these bounds, we can
reformulate the stability constraints as follows:

67 m?

1.357ps < Bs52, npr < Bmm?, with 7= ERCARTT

(4.5)

Remark 4.3 (Relaxed stability condition). In the presence of scale separation, when A < (, the
stability requirements can be relaxed, as observed also for mRKC in [3]. In this regime of scale
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separation, it becomes advantageous to adjust the micro—step size 1 to a modified value 7, which
leads to the following stability constraints for mROCK2:

2.8
Bes?’

For more details, see Remark 4.8. The value of 7 is clearly smaller than (4.5). Thus, we need fewer
evaluations of fr and the computational cost is reduced.

1.357ps < Bys°, 1 pr < Bmm?, with 7=

(4.6)

4.4 Computational cost of the multirate ROCK2 method

Given the spectral radii py and p, of the Jacobians of fr and fg, respectively, we now analyze the
theoretical speed-up of the mROCK?2 method compared to the standard ROCK2 method. For this
purpose, we assume € = 0 and allow the parameters s and m to vary continuously in R.

We introduce cp and cg as relative costs of evaluating fr and fg, normalized with respect to
the cost of evaluating the function f. These coefficients satisfy ¢z, cs € [0,1] and cp +c¢s = 1. We
also suppose that the spectral radius of the Jacobian p = pr + pg, to allow pp < pg.

Since the ROCK2 scheme requires s = \/57p/4 evaluations of f per time step, its cost per time
step is
57(pr + ps)

4

For the mROCK2 method, on the other hand, we infer from (4.3) with the approximation Bs =

%,Bm =2 and v, = % and ";n}l ~ 1. Thus, we have the system of equations:

Crocka = s(cr +cs) = (4.7)

4 4 15
37Ps = 5527 npr = 2m?, with 7= 2—;2—

Its gives s = ,/%Tps external stages and 1 = f—that it needs m = /npr/2 = ,/4pp/ps

internal stages. Since mROCK2 needs s evaluations of fg and 2 s m evaluations of fp, its cost per
time step is

5T
Cmprock2 = scs +2smcep ~ (1 —cp) 305 +cp (\/157'pp) (4.8)

The ratio between equations (4.7) and (4.8) yields the relative speed-up

g Crock2 VPF+PS \/1‘1'7“13

CrmRroCK2 (1—cp) 47% +ep 127—pF 1 + cF 97‘,, - 1)

with stiffness ratio v, = pr/ps € [0,00).

In Figure 3(a), we display the speed-up S as a function of cp for various values of the ratio
r, = pr/ps. When cp is sufficiently small, the mROCK2 scheme consistently outperforms the
standard ROCK2 method (S > 1). However, for values around cp ~ 0.3, the mROCK2 scheme
becomes slightly less efficient (S < 1). This case is less important, since we assume that fr is
relatively inexpensive to evaluate.

Remark 4.4. (Relaxed stability condition) In the case of scale separation (4.6), where the stability
analysis is provided in Remark 4.8, the value of 7 is smaller than in (4.5). This reduction leads to
fewer evaluations of fr. We denote S the relative speed-up of mROCK2 compared to the ROCK2
scheme under condition (4.6). The corresponding speed-up is then given by:

= »

1+cF 4rp—1)

In Figure 3(b), we compare it with the speed-up obtained without scale separation, S. We have
always S > S.

11
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(a) Theoretical speed-up S of the mROCKZ over  (b) Comparison between S (the relative speed-up with-
ROCK2 scheme scheme with respect to cp and rp, = out scale separation) and S (the relative speed-up with
pPF/Ps scale separation) for r, = 100

Figure 3. Computational cost of the mROCK2 compared to the ROCK2 method

4.5 Stability analysis of the mROCK2 method

We consider the multirate test equation (2.9) and examine both the discrete analogue of the second-
order force (2.6) and the modified equation (2.5). The objective of this section is to establish
the stability of the mROCK2 method under the condition (4.3). Let R (A, ¢, 7,n), denote the
stability function of the mROCK2 method, defined by

Yrt1 = Rsm(N €7 m)y, (4.10)

when we apply the mROCK?2 method on the multirate test equation: § = (A+()y, y(0) = yx, With
this formulation, we are now in a position to state the following theorem.

Theorem 4.5. Let A < 0 and { < 0, o, = P (0) and B, the stability coefficient of the ROCK2
method. Then, for all T > 0,s,m and n such that

27(1 + am)

(14 am)7l] < Bos?, Al < € with nz

, (4.11)

|Rs,m(N, ¢, 1,m)| <1, d.e. the mROCK2 scheme is stable.
First we have to find the value of Rs (A, ¢, 7,7):

Lemma 4.6. Let \,¢ <0, fs(y) = Cy, friy) = Ay, n > 0, m,s € N and y € R. Then, the
stability function of the mROCK2 method is given by

Rsm(N C,7,m) = R (T(I)m(n)‘)()‘ +¢) (1 - 77)\20[m<1>m(71>\)>>

where @,,(z) = % and a,, = P!(0) and Rs(z) is the stability polynomial of the s-stage
ROCK2 scheme.

Proof. We use the fact f, 1 = ®,,(nA\)(A + )y from (3.6). Then, by definition of v,),

nAcm,
2

vy = Pr(nA)y + 1@ (nA) (Cy — fo1)

Then, we calculate f, 2 = %(Un —y) =P, (nA)(A+ ) (1 - %@m(n)\)).
Finally, we compute the internal stage into the external stage, which leads to

bt = R, (@MW(A +0 (1- 25 <I>m(n/\)>> e

12
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—2500 —2000 ~1500 ~1000 500 0
A

(a) The inner stability function: T®m(2)(z + w)(1 — Fam®Pm(2)) for z =X, w = n¢ and the stability
condition £s = venC.

1

0

—1-

~2500 ~2000 ~1500 ~1000 -500 0
A

(b) Stability function Rsm (X, ¢, T,1)

Figure 4. The inner and outer stability function of the mROCK2 for w = n(, z =n\, 7 =1, n = w,
s =m = 10 and w = 60 chosen such that the condition v:{T = 0.81¢s for e = 0.05. k
with R,(z) the stability polynomial of the s-stage ROCK2 scheme. O

To prove the stability of the mROCK2 scheme, we need the following lemma on the stability
property of ®,,(z) used and proved in [3]:

Lemma 4.7. (see [3, Lemma 4.5]) Let m € N and w < 0. There exists €, > 0 such that for
€ <Em, P (2)(z+w) € [w,0] for all z € [—£5,,0] if and only if, ®,,(0)|w| > 1, i.e. |w|>2/PY(0)
since @] (0) = P (0)/2.

Proof of Theorem 4.5 . |Rsm(N, ¢, 7,1m)| = |Rs(T@rm(nA)(X + ()| < 1, if 7®,,(nA)(A + ¢)(1 —

“MT"ACI)(W)\)) € [—¢5,0]. So we have to prove this condition. First, we can remark

m >\ m
= 220N =1 - S (Pu(n)) = 1) € [1L,1+ay)

1

because P,,(n\) € [—1,1]. Hence, it is sufficient to prove the equivalent condition:

@y (1) (A + 7€) € [u(n), 0], with W) =~ e

Since nA € [—¢5, 0], it holds | Py, (nA)| < 1 and we deduce that ®,,(nA) > 0. Furthermore, (4.11)
yields ¢ > w(n) which implies

0> Py (A) (A +1C) = P (2(n))(2(n) + w(n)),

with z(n) = nA. Hence, it is sufficient to show that ®,,(z(n))(z(n) + w(n)) € [w(n),0] for all
z(n) € [—€5,0]. From Lemma 4.7, we know that

2
w > —
wln)| > =
is a necessary and sufficient condition which is verified when 1 > %JFZM) O

Figure 4(a) represents the inner stability polynomial: 7®,,(2)(z + w)(1 — 2z, @, (2)) for
27—(1+amr)

amls

w=nlz=n\T17=1,n= , s =m = 10 and w =~ 60 chosen such that the condition

13
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Figure 5. The inner stability function in the case of scale separation: T®m (z)(z +w)(1— %zamfbm (2)) forw =n¢,
z=n\ T7=1, Qéﬁ, s =m = 10 and w ~ 60 chosen such that the condition v-{1T = 0.81¢;

Y:¢T = 0.8145. The orange line represents the stability condition for the macro-step ¢; > 1.357p;.
We observe that the method remains stable with a certain margin. Thus, the stability function
Rs m (A, ¢, 7,m) shown in Figure 4(b) remains stable for the same parameter values.

As emphasized in [3] for mRKC, the restriction € < &, is necessary to prove Lemma 4.7, but
probably not necessary in practice also for mROCK2. Indeed, we can numerically verify that for
any € > 0, 9,,(2)(z + w) € [w,0] for all z € [—£5,,0], if and ounly if, |w| > 2/P/(0). Hence, we
can suppose &,, = ¢ in (4.11) and replace ¢5 by S3,,m? where 3, is the stability coefficient of the
RKC method.

P cpe 27 (14+aum)
Similarly, the condition n > =~/

—7* 1s not restrictive in practice and smaller values of 7 may
be chosen. Indeed, the minimum of ®,,(z)(z + w) (1 — 320, P (2)) does not correspond to the
product of the minimum of ®,,(z)(z + w) and the maximum of ®,,(2)(z + w) (1 — F20,Pm(2)).
Based on numerical stability experiments for m € [1,200], we observe that the micro-step size of

the mRKC method remains applicable, namely 1 = %T mjtgl.

Remark 4.8 (Stability in the scale separation case). From [13], it is shown that ®,,(z)(z + w) €

[0,w], for w > 2 whenever z < —8 (A < —%). This improves upon the condition w > % ~ 6,

which holds under a larger damping parameter £ = 0.1. In our setting, we keep the original damping

€ = 0.05, but adjust 7 in order to increase the stability margin, choosing 77 = Qéﬁ > ZZ—ET. Figure 5

illustrates this stability: the blue curve shows the quantity 7®,,(2)(z +w) (1 - %zamq)m(z)) , the
orange line corresponds to the stability condition needed to apply the macro-step mROCK2, and
the red vertical line marks the threshold value A < —% for scale separation.

4.6 Convergence analysis of the mROCK2 method

This section presents the proof of second-order accuracy for mROCK2, the first high-order stabi-
lized multirate method.

Theorem 4.9. The mROCK2 scheme is second-order accurate

Proof. We estimate the local error after one step. From equation (2.1) with y replaced by yo in
equation (2.8).

Let g,(7) be the solution of g, = fi2(9y) with 4, (0) = yo and ?n as in Algorithm 2. Since the
RKC scheme is first-order accurate then u, = yo + nf(yo) + O(n?) and f;1(yo) = f(v0) + O(n).
Then,

(0% = 2@
vy = Yo+ (f(yo) - 772mf'(yo)fn,1(yo)> + L5 £ (w0) o) + O() = o + 1 (uo) + O ) -

Thus f,2(s0) = F(yo) + OP) and £ 4(y0) = F(yo) + O(n), which yields with y(r) the exact
solution at time 7:

Wr) = al7) = (£ o) = Foalon)) +

=01+ +13).

(f'(yo) f(yo) — f;,,z(yo)fn,z(yo)) +0(°)
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Figure 6. Test of the mROCK2 method on the Robertson’s stiff problem

Finally, let y; be the solution after one step of the mROCK2 scheme Algorithm 2, which can also

be seen as the solution after one step of the ROCK2 scheme applied to 1757 = f,(yy). Using the
fact that the ROCK2 scheme has second-order accuracy then

By triangular inequality we obtain |y(7) —y1| = O(n*7 +n7? +73) and from equation (4.3) follows
n <7, thus |y(7) — 1| = O(73) and the scheme is second-order accurate. O

5 Numerical experiments

In this section, we compare the performance of the mROCK2 method with the classical ROCK?2
method through a series of numerical experiments. We first apply both methods to a stiff nonlinear
ODE. Additionally, we include a comparison with the order one mRKC to illustrate the advantage
of the higher order two of accuracy.

For the second and third experiments, involving PDEs, we study the performance of the meth-
ods as both the mesh size H and the time step 7 are refined. The efficiency of mROCK2 is
evaluated relatively to ROCK2 in each case.

All simulations are implemented in Python using the NumPy and Matplotlib libraries.

5.1 Robertson’s stiff test problem

First, we study the convergence of the mROCK?2 scheme on a popular stiff test problem, Robert-
son’s nonlinear chemical reaction model [10]:

Yy = —0.04y; + 10?7y ys3, y1(0) =1,
yh =0.04y; —10* yp y3 — 3-107 92, y2(0) =2 - 1075, (5.1)
Yy =3-107y3, y3(0) =107",

where ¢ € [0,100]. With this set of parameters and initial conditions, following [3], the term
inducing the most severe stiffness is —10* y5 y3. Thus, we let

0 —0.047y; + 10* yo y3
frly)={—-10%y2ys |, fs(y)=| 0.04y1 —3-107y3 |, f(y)=fr(y)+ fs(y). (5.2)
0 3.107 42

Now, we solve (5.1) either with the ROCK2, mROCK2 or mRKC scheme using step sizes 7 = 1/2",
k=0,...,5. For comparison, we use a reference solution obtained with the standard fourth-order
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Figure 7. Heat equation on the unit square with local mesh refinement.

Runge-Kutta scheme using 7 = 10~4. In Figure 6(a), we observe that both the mRKC method
achieves first-order convergence while mROCK2 and ROCK2 are two to four orders of magnitude
more precise thanks to their second-order convergence. Figure 6(b) illustrates the efficiency of the
adaptive step size strategy for the mROCK2 method by comparing the computational cost versus
the error. We contrast the performance of mROCK2 with and without adaptivity, using the same
adaptive time step strategy (see Section 4.2).

5.2 Heat equation on the unit square

Next, we verify the space-time convergence properties of the considered multirate methods. To do
so, we consider the heat equation in the unit square Q = (0,1) x (0, 1),

Ou—Au=g in Q x (0,7)
u=0 on 002 x (0,7, (5.3)
u=0 on Q x {0},

where T' = 1/2 and g is chosen such that u(x,t) = sin(7z1)? sin(mz2)? sin(7t)? is the exact solution.

Starting from a uniform mesh of 27 x 27 simplicial elements with j = 2,...,5, we perform two
successive local refinements of all elements located within the square domain QF = (1/4,3/4) x
(1/4,3/4). Each refinement step is carried out by subdividing interior triangles into four smaller
triangles and boundary triangles into two, by inserting a point at the midpoint of the hypotenuse,
see top left picture in Figure 8.

Let M be the set of elements in the mesh and Mp = {T' € M : TNQr # 0} the set of refined
elements or their direct neighbors. Then h = H/4 is the diameter of the elements inside of Qp,
with H the diameter of the elements outside of Qp.

Next, we discretize (5.3) in space with first-order FEM on the mesh M. After inverting the
block-diagonal mass matrix (A = M 'K where M is the mass matrix and K is the stiffness
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matrix), the resulting system is

where A € RY*YN and G € C([0,T],RY) corresponds to the spatial discretization of g(-,t). Let
D € R¥*N be a diagonal matrix with D;; = 1 if the ith degree of freedom belongs to an element
in Mg and D;; = 0 otherwise. We also introduce

Ap=DA, As=(I-D)A and  fe(y) =Ary, fs(t.y) =Asy+G(D),  (55)

with I the identity. We recall that the spectral radii ps and pr of Ag and Ar behave as O(1/H?)
and O(1/h?) = O(4/H?), respectively.

We now consider a sequence of meshes with j = 2,...,5 and solve (5.3) the mRKC using the
same step size 7 = 1/27/2 to have H = O(7?). The parameters s and m for mRKC are chosen
according to (4.3).

In Figure 7(b), we display the error at the final time with respect to the time step 7 for both
mROCK2 and ROCK2. The results show that the two methods exhibit identical convergence
behavior. We also plot the spectral radius for each value of j in Figure 7(a), and compare the
number of iterations required by each method in Figure 7(d). The number of evaluations of the slow
function fg is observed to be approximately three times higher for the ROCK2 method compared
to mROCK2.

5.3 The L-shape diffusion problem

Next, we verify the space-time convergence properties on a non-convex surface, which naturally
gives rise to singularities near the corners, as discussed in [8]. To do so, we consider a diffusion in
the L-shape includes unit square = [0,1] x [0, 1] without the square Q = [0.5,1] x [0, 0.5],

Ou—Au=g in Q x[0,T7,
u=0 in 09 x [0, T, (5.6)
u=0 in 2 x {0},

We consider the problem with final time T"= 1 and a Gaussian source term given by

m—mﬁ+m—mf)

o2

g(x,t) = 10exp <—

As a reference solution, we first perform a standard finite element discretization using a uniform
mesh composed of small triangles with diameter 0.005. The classical finite element method (FEM)
is used for the spatial discretization, and the ROCK2 method is applied for time integration
with a time step 7 = 0.005 to obtain a high-quality approximation of the exact solution. Next,
we consider a multiresolution approach: we construct a coarser mesh with larger triangles of
diameter 0.1, except in the region surrounding the singularity, where we refine the mesh with
smaller triangles of diameter 0.01. We then use the matrices Ar and Ag with the same construction
as in the previous experiment (but this time without the square 2 = [0.5, 1] x [0,0.5]), and apply
the mROCK2 method for time integration on this refined mesh. Figure 8 shows the approximate
solution computed on the coarser mesh with local refinement using the mROCK2 method, alongside
a comparison with the solution obtained on a uniformly coarse mesh without refinement. We
observe that the locally refined mesh yields better accuracy and efficiency. In cases like this, the
mROCK2 method proves to be particularly effective: for example, the number of evaluations at
each step of the slow component is reduced to 28 with mROCK?2, compared to 96 with the ROCK?2
method. We add the plot of the number of iteration of fg (Figure 9(b)) and fr (Figure 9(c)) and
the relative number of iteration for f (Figure 9(d)) and compared it with the cost for the ROCK2
method for H = 1/5,1/10,1/20,1/40,1/80 and h = H/10 . The relative cost of evaluating f is
modeled as 1 = cp + ¢g, and the relative number of function evaluations per step in the mROCK?2
method is given by (1 — ¢p)s + 2c¢psm. In our experiments, we estimate cp = 0.05.
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6 Appendix

In this appendix, we prove the second inequality in Lemma 4.1. We first establish a few preliminary
lemmas:

Lemma 6.1. For any wg > 1, the following inequality holds:

> arccosh(wg) > 1.
wi—1

Proof. Let g(wp) := wp arccosh(wp) — \/wg — 1, for wy > 1.

First, we observe that g(1) = 0. Next,we compute the derivative ¢'(wgp) = arccosh(wg) > 1.
Thus, g is strictly increasing on [1,00). Since g(1) = 0 and g increases thereafter, it follows that
g(wg) > 0 for all wy > 1. This completes the proof. O

Lemma 6.2. For any integer m and € > 0,
m arccosh <1 + 62> < V2e
m

Proof. We rewrite the inequality by setting § = —=;. Hence, it remains to prove that arccosh(1 +
§) < /26 for § > 0.

We define the function h(d) = v26 — arccosh(l + 6). We want to show that h(d) > 0 for all
4 > 0. h(0) =0 and A'() = \/% - \/ﬁ > 0 for 6 > 0. Therefore, h is strictly increasing on

(0, 00), and since h(0) = 0, it follows that h(d) > 0 for all § > 0, which completes the proof. O

Lemma 6.3. For any x > 0, the function s an increasing function

1 1
anh?(z) z tanh(z)

Proof. Let ¢(x) = —L5— — ————. We will show that ¢/(z) > 0 for x > 0.

tanh? x tanh(x)

cosh(z) sinh?(z) + x sinh(x) — 222 cosh(z)

22 sinh®(z)

¢'(z) =

Since the denominator z2 sinh3(x) > 0 for all > 0, the sign of ¢'(x) depends on the numerator.
Thus, showing that ¢’(x) > 0 is the same as:

¥(z) = cosh(z) sinh?(x) + zsinh(z) — 222 cosh(z) > 0 for z > 0.

We consider the Taylor series expansions of hyperbolic functions. In particular, from the series for
4

sinh(z), it follows that sinh?(z) > 22 + % for all z > 0. Exploiting both the Taylor series and this

inequality, we bound ¢ (z) from below:

P(z) > %4 cosh(z) + 2 sinh(z) — 2% cosh(x)

B i 1z2n+4 N x2n+2 B l,2n+2
S =3 em! 2n+D! o (20)

= /1 1 1 1
a2 2 1 . 2n42
o +;(3(%_2)! T ans) (%)!)x

L= [(8n3—6n—2)\ 5,5
_3Z< 2n+1)! )y '
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If n =1, 82% —6n—2 = 0 and it’s easy to prove that for all n > 1, 8n% —6n —2 > 0, so every term
in the sum with n > 1 is positive. Hence, ¢(x) > 0 for all z > 0, and consequently ¢'(x) > 0 for
all x > 0. This proves that ¢ is strictly increasing on (0, c0). O

Proof of the second bound in Lemma 4.1. By definition, a,,(g) is given by

Lo (wo) T (wo) €
Oém(5): W, Where CU():].*FW

The Chebyshev polynomials of the first kind satisfy for wg > 1, that T}, (wp) = cosh(m arccosh(wyg))
and their derivatives can be expressed as:

m sinh(m arccosh(wy)) m? cosh(m arccosh(wy)) ~ muwy sinh(m arccosh(wp))

Ty, (wo) = T (wo) =

21 (@2 _1)3?

Vws —1 ’

Using these expressions, we obtain the formula:

G- 1w 1 1 1w
HmAE) = tanh®(z) m /w?—1 tanh(z) ~ tanh(z) \ tanh(z) m wg—1)’

where we set z := m arccosh(wp). Thus, - =1 “0__ . arccosh(wp). Finally we obtain:

. @o .
m \/wgfl T \/w(zlfl
1 1 1
am(g) ( . R arccosh(wo)> .

- tanh(z) \ tanh(z) 2 /wZ -1

w

From Lemma 6.1, we deduce that 1 - ﬁ -arccosh(wg) > 2. Therefore,
(JJO*

am(e) < tanlll(x) (tanlll(x) - i> .

Next, since x < v/2¢ by Lemma 6.2, and since the function = — tanlll(m) (tan}ll(w) — %) is increasing

by Lemma 6.3, we conclude that:

( 1 1 1
am(€) < tanh(v/2¢) \ tanh(v/2¢) Ve

This completes the proof of the first part of the theorem.

We now prove lim,—cotm (&) = tanh(l\/g) (tanh(l\/%) — ﬁ) We recall the definition of ay,,:
1 1 w 1

—_— —_ — O .
~ tanh®(m arccosh(wg)) m wZ —1 tanh(m arccosh(wo))’

am(€)

with wo = 1+ -5. As m — oo, we expand arccosh(wg) using arccosh(1 + &) = v/26 (1 4+ O(J)), as
d — 07, Applying this with § = =5, we get

m arccosh (1 + n;) =2 (1 + O(é)) .

Hence, as m — oo,

1 1 1
tanh(m arccosh(wp)) — tanh(v/2¢) and =

— .
2 _ 2
my/wg — 1 m %Jr% \2e

Taking the limit in the original expression, we conclude:

, N 1 o 11
mlgnoo am(€) = tanh?(v/2¢)  v2etanh(v2e)  tanh(v/2e) <tanh(\/%) \/%) '

This completes the proof of the second inequality in (4.4).
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